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STABLE SELF-HOMOTOPY GROUPS OF COMPLEX
PROJECTIVE PLANE

SHINICHIRO OMAE

ABSTRACT. We compute the stable homotopy group Gi(CP?) =
{Z*CP?,CP?} of the complex projective plane CP? for k < 20 by using
the exact sequence associated with canonical cofiber sequence and Toda
bracket.

1. INTRODUCTION

Throughout this paper, all spaces, maps and homotopies are assumed
to be based, and we will not distinguish the map and its homotopy class.
Moreover, we use freely the notations of homotopy groups of spheres given
in the book of Toda [10]. For connected spaces A and B, we denote by [A, B|
the set consisting of all based homotopy classes of based maps from A to
B, and by {A, B} the stable homotopy groups nli_r}noo[Z”A, ¥"B]. We would

like to determine the stable self-homotopy groups Gi(X) = {Z*X, X} for
the case X = CP?, where CP? is the complex projective plane. In general,
G.(X) = {Gk(X)} is a graded ring by composition. We want to know
the ring structure of G.(X). There is the necessity of knowing the group
structure of G (X) first for that purpose. If we denote by {Z*CP? CP?; p}
the p-primary components of {S*CP2 CP?} and p > 3 is an odd prime,
there is an isomorphism {E*CP2,CP?;p} = (Gr_2;p) @ (Gr;p) @ (Gr;p) &
(Gk42;p), where Gy, (resp. (Gg;p)) denotes the k-th (resp. p-primary) stable
homotopy group of spheres. So in this paper we shall study the stable group
Gr(CP?) = {X*FCP?,CP?;2}. More precisely, the main result of this paper
is to determine the group G(CP?) for k < 20 and it is stated as follows.

Theorem 1.1. The group Gi(CP?),k < 20, are isomorphic to the corre-
sponding groups in the following table:

k | GL(CP?) | generators
-2 | Z i
-110
0|ZaZ lep2, (1, 20)m
1 ZQ T
27 (20007
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3 ZS@ZZL (77,1/)71‘, i[V777]_(7]aV)7T
410
5| Zig P Zy iom, (n,v)[2t,n] — 2iom
6| Zy D Zo (n,v)vm, wlv,n) — (n,v)vr
7| Z16 © Z1s (n,20)on, [io,n]
8| Z4 (n,v)[v,m]
0| Zoy 0240 2, ES;? 1/2)430%77], (n,me)m—4[(n, 2¢)o, 1],
100
11 | Zs ® Zs ® Zo [(n,n€),m], (n, )7, (n,v)v[v,n]
12 | Zo & Zo 10°T, IKT
13 | Zea ®© Z4 [(n ) nl, (77 ¢)[2¢,7]
14| 24 ® 22 ® Lo (0,077, 0% 1] = (.0, [l
15 | Zso @® Zzo @ Zy (n, 2b)m lip,nl, (n,nK)m
16 | Zs © Zy [(n,0%), ], iv*m —2[(n,°),n]
17 | Toso 0 T B oy 6 T & Zo [( =2L)p nl, (mn?p)w, [(n,nk),n],
(n,v)km, ioT
18 | Zs ® Zy ® Zy (n,v*)m, ikm, i[v*,n] — (n,v*)m
19 | Zg ® Zg © Ly ® 7o (0, )7, [(n.n*p),nl, (n, ), i[5, n]
20 Z8 ® Z4 @® Z4 [7' ] ( )[QL’ 77]! (77’ 2L)H7T

It was obtained by [1] when k& < 1 in this table. Furtheremore, [2] showed
the case of k = 2.

An element o € G (X) is called nilpotent, if a” = 0 for some integer n.
By Nishida [8], any element of positive stem of the stable homotopy groups
of spheres is nilpotent. Here, I consider the next conjecture.

Conjecture 1. If k # 0, then any element of G(CP?) is nilpotent.
Moreover, above table suggests the next relations.

Conjecture 2. If " =0 for a € Gy, then
(1) ((n,a)m)™ =0,
(2) [ia,n" =0,
(3) [(n, @), n]" =0.

2. PRELIMINARIES

For elements o € {Y,Z},5 € {X,Y},v € {W, X} with the conditions
aofl =0and Boy =0, we denote by @ € {C3,Z} and ¥ € {EW,Cs}
the extension of a and coextension of 7 satisfying the conditions @oi = «
and m o7y = ¥, where Cg denotes the mapping cone Cg = Y Ug CX and

the diagrams X Sy 4 Cs 5 ¥X is a cofiber sequence. We denote by



STABLE SELF-HOMOTOPY GROUPS OF COMPLEX PROJECTIVE PLANE 149

Ext(a, B) (resp. Coext(3,7)) the set of all homotopy classes of extensions
@ (resp. the set of all homotopy classes of coextensions 7¥), and the Toda
bracket (o, 3,7) is defined by (a, 3,7) = Ext(c, 3) o Coext(3,7).

Denote by Gj = nli_}mOo Ttk (S™) the k-th stable homotopy group of the

sphere. We investigate stable Toda brackets (n,a, 3) for n € Gy, o € Gy,
and § € G with the conditios noa =0,a08 =0.
Lemma 2.1.
(1) 0 € (n,v*,8) mod 8G2
(2) 0€(n,¢,8) mod {nr}
Proof. (1) By use of the relation 4v* = n?n* of Theorem 14.1 of [10],

(", 81,m) D (4v*,20,m) = (n°n*,20,m) D nn*(n,2¢,n) > 2qm*v = 0.
Since (v*,8¢,m) is a coset of trivial subgroup, (v*,8:,1n) = 0. By Theorem
2.1 of [7], (8t,m,v*) D 4(2t,n,v*) 2 0. Therefore, we have 0 € (v*,8:,7), by
(3.9) of [10].

(2) By (3.7) of [10],

0 € ((n,¢,8),20,8) — (n,{C,8,20),8L) + (n,(, (8,20, 8L)).
Since 0 € (n,(,8¢) and 0 € (8,20,8:),
0€ ((n,¢,8),20,8) mod 8Gy,
0€(n( (8,20,8)) mod n(Gig;2) =0.

Therefore, we have 0 € (n, (¢, 8t,20),8) = (n, (,8). O

Lemma 2.2.

(1) 0= (v,n,ne)
(2) 02 = (v,0,v)

Proof. Since vG11 +neGs = 0, vG11 = 0, these Toda brackets are cosets of
trivial subgroup. Therefore, (v, 7, ne) and (v, o, v) consist of a single element.
We consider composites of these Toda brackets and n. Then we have

n(v,n,me) = (n,v,n)ne = v*ne =0 and nlv,o,v) = (n,v,0)v =0.
Since (v,n,ne), (v,0,v) are subsets of the same group (G14;2) = {o?} @
{k} = Zy ® Zy and no? = 0,9k # 0, these Toda brackets are equal to 0 or
o2. Next we consider the composites of these Toda brackets and o. Then
we have

o(v,n,ne) = (o, v,n)ne =0 and o(v,0,v) = (o,v,0)v = v'v = 0°.

Since the element ¢ is not zero in the group (Ga1;2), we have (v,n,1e) = 0

and (v,0,v) = o2 O
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Lemma 2.3.

0e <777 v, C) = <777C7 V> mod 77(G1572) = {77/)}

Proof. We apply (3.7) of [10] to the case («, 3,7,0,¢) = (n,v,0,16¢,v). By
(9.3) of [10], ¢ € (v,016¢) (xz:0dd). And by (9.1) of [10], ¢ = (o, 16¢,v).

Therefore, we have

<"77 C7 V> = <777 V? C>'

Next, we apply (3.7) of [10] to the case (o, 3,7,6,¢€) = (n,v,m,me,2¢). Since
v? = (n,v,n), we have {(n,v,n),ne,2t) = (V2 1z, 21) D (nr?,e,2t) > 0. Since
(1%, me,21) is a coset of trivial subgroup, we have 0 = ({n,v,n),ne, 2).

By (1) of Lemma 2.2, we have 0 € (n,(v,n,ne),2t) mod n(Gis;2) +
2G16 = {np}. And by Lemma 9.1 of [10], (n,v, (n,ne,2t)) = (n,v, (). Since
this Toda bracket is a coset of subgroup 7(Gis;2) + ((G5;2) = {np}, we
have 0 € (n,v, (). O

Lemma 2.4.

(1) 2¢ € (9,2, 1) mod n(G1o;2) = {4¢}

(2) nr = (v,e,v) _

(3) 2C € (n, 21, 1) mod  n(Ghs;2) = {4¢}

(4) 0€ (7,8, %) mod 1(G21;2) = {n*R}
Proof. (1) The Toda bracket (1,2, 1) is a coset of the subgroup {4¢}. Since
2(n, 20, 1) = (2¢,m, 20)p = n°p = 4¢, we have

2¢ € (n,2¢, ).

(2) By (3.10) of [10], (v,e,v) and (e, v, 2v) have a common element. Since
these Toda brackets are the coset of trivial subgroup, they consist of a single
element. By p.189 of [10], nx = (g,2t,v2). (g,21,0%) C (g,2v,v) D (g,v,2v)
with the indeterminacy e(G7;2) + v(G12;2) = 0, and hence we have

nk = (e,v,2v) = (v,€,v).

(3) The Toda bracket (1, 2¢, i) is a coset of the subgroup n(G1s;2) = {4(}.
Since 2(n,2t, 1) = (2t,n,20)0 = n’m = 4¢, we have 2 + (G € (n,2t,71)
mod {4¢} for some integer £. Moreover, v(n,2:, ) = (v,n,2.)i = 0 and
V@ is non-trivial in GG9y. Therefore, £ must be 0.

(4) (n,8t,R) is a coset of the subgroup 7(Ga1;2) + 7#(Ge;2) = {n’&}. By
[10] p.189, € € (n,2t,?). Then we have

(1,84, ) D (n,20,4R) = (1,21, V%K) D (n,20,V*)k 3 ek = °R.
Therefore, 0 € (n,8:,%) mod {n*&}. O
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3. THE HOMOTOPY GROUPS 73 (CP?)
Since CP? = 52 U e*, we have the cofiber sequence
s 2, 82 L cp? T 8t
this also induces the short exact sequence
0 — Gi—2/noGg_3 LR Wz(CPQ) L Gr_a Nkern, — 0,
where 73 (CP?) = {S*,CP?}.

Lemma 3.1. The 2-primary components wi(@lﬂ; 2) of the homotopy groups
Wz((CPQ) and their generators are listed in the following table;

k 213 4 5 |6 7 8 9 10 11 12
’/TZ((CP2;2) Z 0 Z Z4 0 Zg Zg Zlﬁ Z4 Z16 0

generators | i (n,20) | v (n,v) | i? ] dio [ (n,v)v | (n,20)0

13 4] 15 16 | 17 ] 18 19 20

Zo @ 7. 0 7 Lo D Lo | Z3o Ly Zi3o ® 7y Zy

(n,v)v?, (n,7m¢) (n,¢) | id®is | ip [ (n,0®) [ (n,20)p, (n,nr) [ iv*
21 22 23 24

Zs ® Lo ® Lo Zs & Zsg Lg D Ly ® Lo Ly ® Zo
(n,m2p), (n,v)k,i5 | (n,v*),ik | (n,Q), (n,0),i0% | (n,20)k, ive

Here, (n,a) is an element of Coext(n, «). Moreover, these elements sat-
isfy the next relations.

Relations; ie = 2(n,v)v, ip=8(n,2)0, i¢ =2(n,ne), in* = 2(n,0%),
ivk = 2(n,nK), i@ = 16(n,2¢)p, iC = 2(n,n%p).

Proof. For k = 3,4,6,7,12 and 14, 7, : 7§ (CP?) — Gj_4Nkern, is an iso-
morphism. For k = 2,5,8,9,16,17 and 20, i : Gg_2/noGj_3 — w3 (CP?) is
an isomorphism. Now we compute 73,(CP?). Other cases can be computed
by trying the similar argument.

Consider the short exact sequence

0 — G/ 0 G1g — m3(CP?) ™ Gis Nkern, — 0,

where Gag/n o Gig = {k} = Zg and G1s Nkern, = {v*} = Zg. By Lemma
2.1 (1), 0 € (n,v*,8t). Hence we have 0 € i.(n,v*,8) = 8 Coext(n, v*),
by Proposition 1.8 of [10]. Therefore, we can choose an element (7, )
of Coext(n,v*) whose order is 8. This implies that the above short exact
sequence splits. Therefore we have 75,(CP?) = {(n,v*)} @ {ir} = Zg ®
Zs. O
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Moreover, we have following relations, by Lemma 2.3 and Theorem 2.1 of
[7].

Relations; 0= (n,v)¢ = (n,Q)v
2

2iv* = (n,2u)n".
By Spanier-Whitehead duality, we have an isomorphism
75 (CP?) = {xF-SCp?, 50},

Lemma 3.2. The 2-primary components {SFC,, S% 2} of the homotopy
groups {ZkCn, SYY and its generator are listed in the following table;

k —41-3] =2 |—-11]0 1 2 3 4 5
{3*C,,S8%2 [ Z | 0 Z |Zs|0| Zs | Zy | Zis| Z4 Z16
generators | [2e,7m] | v v, | V2 | o | v[v,n] | o[2¢,7]
6 7 8 9 10 11 12 13 14
0 Lo @ Ls 0| Zs |Zo® Lo | L3z | Z4 ZL3o @ Ly Ly
v, ), [ne, n] [Con] | o?m,wm | pr [ [0% 0] | p[2e,1], [, m] | v
15 16 17 18
7.8 ® Lo @ Lo 78 ®Ls | Lg® Lo ® Lo Ly ® Lo
[ p, ), &lvy ] o | (v 0] R | (G nl, [0, n), 0% | ®[2¢, ], vor

where [a,n] is an element of Ext(a,n), and these elements satisfy the fol-
lowing relations.

Em = 2”[”7 77]7 uT = 80[2L777]7 (m = 2[7767 77]7 7’]*7T = 2[02777]7
vim = 2[nk,n], fir = 16p[2, 1], {m = 2[n*p, 1),
0={Clv,n =v[(,n), n'r=0c[2¢,n], 2v*7 = n*[2,7)].

4. THE HOMOTOPY GROUPS {X*CP? CP2}
By considering the following exact sequence, we will calculate G (CP?).
0 — 75, 4(CP?) /7, 5(CP?) o ) =5 Gy(CP?) -5 75, (CP?) Nkern™ — 0

If we have 2m Ext(a,n) for any a € 7r,5€+2(CP2) N 7n* and its order 2m, then
we can determine G (CP?) by similar argument to the proof of Lemma 3.1.
So the rest of this paper is devoted to the determination of 2m Ext(«, n).

Lemma 4.1.

(1) 4i[v,n] = 4(n,v)m
(2) 4i[¢,n] = 4(n, ()
(3) 4i[v*,n] = 4(n,v")w
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(4) 4i[¢,n] = 4(n, O)m
Proof. (3) For the exact sequence
m55(CP?) = Gis(CP?) = 8 (CP2),

we have i*(4i[v*,n]) = 0. Then there is an element of o € 75,(CP?), such
that am = 4i[v*, n]. By Theorem 2.1 of [7],

200 = am(2e,n) = 4i(v*,n,2t) = 0.

Therefore, we have o € 475, (CP?) and an = 4(n, v*).
(4) For the exact sequence

755(CP?) =5 Go(CP?) -5 73, (CP?),

we have i*(4i[(,n]) = 0. Therefore, 4i[(,n] = x(n, ()7 + y(n, )7 for some
integer z and y. Since

0 = m(4i[C,m]) = 2¢m + yor,

x and y must be 4 and 2, respectively.
(1) and (2) are proved similarly. O

The stable class of identity map of CP? can be considered as an extension
of 7. Similarly, it is considered also as an coextension of w. Therefore, we
obtain the next Lemma.

Lemma 4.2.
(1) If aon =0 for a € w;(CP?), then Ext(a,n) C (a,n, ).
(2) If noa =0 for a € {SFCP?, S}, then Coext(n,a) C (i,n, ).

Lemma 4.3. If i o Gjqo C 275, ,(CP?), then
(i,m,2a) C (ia,n,2t) mod 2my44(CP?)
for any a € Gyg.

Proof. Assumption of Lemma shows that (ia,,2¢) and (i, na, 2¢) are cosets
of the same subgroup 25 ,(CP?). Therefore we have

(i, m,20) = (i,mar, 20) D (i, 7, 2ax).

We can apply this Lemma to the case a = o, k and p.

Corollary 4.4.
(1) (n,21)0 € {io,n,2t) mod 275, (CP?)
(2) 0 € (ik,n,2t) mod 2mis(CP?)
(3) (m,20)p € (ip,n,2t) mod 2w}y (CP?)
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Proposition 4.5.

1) (n,¢) € {(n,me),1,2¢) mod 2m};(CP?)
ip € ((1.¢),n,2¢) mod 2mf;(CP?)
0 € ((n,0%),n,2t) mod 2ms,(CP?)
0 € 2{(n,mK),n,2¢t) mod 45 (CP?)
(n,C) + tio® € {(n,1°p),n,2¢) mod 2m5;(CP?) (£=0 or 1)
0€{(n,v"),8:,n) mod {ive}
Proof. (1) We apply (3.7) of [10] to the case («, 3,7,9,¢) = (i,nm,ne,n,2¢),
with the facts : (n,ne) € (i,n,ne),¢ € (ne,n,2t) mod 2Gi; by Lemma 9.1
of [10]. Thus, the result can be obtained.

(2) We apply (3.7) of [10] to the case («, 3,7,0,¢) = ((n,ne),n, 2¢,7n,8).

<<(77a 775)7 UR 2L>> UR 8L> = <(77> C)v n, 8[’>

is valid by using the result of (1) of this Proposition. Moreover, we have

((m,me), (n,2¢,m),8t) = ((n,me), 2v,8t) D (2(n,ne), v, 8¢)
= (i¢,v,8t) D i((, v, 8L) > 4ip,

by Proposition 2.3 (7) of [9]. Thus, we obtain
dip € (n,¢),n,8:) mod 8m};(CP?) = {ip}.

Since the Toda bracket ((n, (), n, 2¢) is a coset of 25, (CP?) = {2ip}, it must
contain ip.

(3) First we show (n,02%) = (y(n,v),o,v) for some odd integer y. We
apply (3.7) of [10] to the case («, 3,7,6,¢) = (i,n,v,0,v) with the facts :
(n,v) € (i,n,v),0 = (n,v,0) and 0 = (v,0,v) by Lemma 2.2 (2). Then we
have

((i,n,v),0.v) = (z(n,v),0,V)
for some odd integer x, 0 € (i, (n,v,0),v) mod iGis + 7j5(CP?;2)v =
{in*} + {2(n,0?)} and (i,n, (v,0,v)) = (i,n,0%) > (n,0?) mod G +
{(n,2t)0%} = {2(n,0?)}. Therefore we obtain

+(1,0%) = (z(n,v),0,v),
and we put y = £x. Next we apply (3.7) of [10] to the case («, 3,7,d,¢) =
(y(n,v),o,v,m,2¢). Since (o,v,n) = (v,n,2t) =0,
0€ (y(n,v), (o, v,m),20) + (y(n,v), 0, (v,1,20))
mod  y(n, v)(G13; 2) + 215 (CP?) = 25, (CP?).

Therefore, we have 0 € {(n,0%),n,2t) mod 2m5,(CP?).
(4) First we show that

(n; k) + bigp € ((n,v),e,v) mod  {ivk} = {2(n,nK)},
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where ¢ is 0 or 1. We apply (3.7) of [10] to the case («,[3,7,d,e) =
(i,n,v,e,v) with the facts : (n,v) € (i,n,v), (n,v,e) =0 and (v,e,v) = nk
by (2) of Lemma 2.4. Then we have ((i,n,v),e,v) = ((n,v),e,v), 0 €
(i,(n,v,e),v) mod iG17+7is(CP?%;2)v = {ivk}®{im} and (i,n, (v,e,v)) =
(t,mymK) > (n,mk) mod iGi7 + {(n,2t)nk} = {ivk} & {ig}. Therefore we
have (n,nk) + lip € ((n,v),e,v) mod {ivk}.

Next we apply (3.7) of [10] to the case (o, 3,7,d,¢) = ((n,v),e,v,1n,2¢)
with the facts :

(i, 0, 20) = (16(n, 20)p, 1, 20) D 8(1), 20)p(20, 1, 20) = 8(1, 20) pi” = 0,
(v, n, 20) = (2(n,0K),,20) D (0, 0K)(26,1, 20) = (0, 1r)n? = 0.
Then we have
{(n,v),e,v),m,20) = (0, 1K), 7, 20),
0 € ((n,v), (e, v,m),2) mod (,v)(G1a;2) + 25, (CP?)
= {(777 V)H} D 2W§1(CP2)7
Therefore we have
0 or (777 V)’i € <(n’77li)7777 2L> mod 27T§1(CP2)

Because order of (n,v)k is 2, we obtain that

0e 2<(777 77’{)’ n, 2L> mod 471—;1 ((CPZ)

(5) We apply (3.7) of [10] to the case («, 3,7, 6,¢) = (i,1,1m%p,n,2t) with
the facts : (n,m%p) € (i,n,1n?p) mod iGig, 0 € (n,n?p,n) by Lemma 5.5 of
[10] and ¢ € (n?p,7n,2t) by Theorem D of [6]. Then we have

((i,m,m7p),m, 20) = ((n,7°p), M, 20),
0 (i, (n.n?p.m),20) mod iGar +2m35(CP2) = {2(n, O)} & {io*}
and
<i)777 <772p777) 2L>> = <%7772> > (7772) mod iGZl + 27753(((:})2)

Therefore we obtain

(1,C) + tio® € ((n,7°p),m,2) mod m55(CP?) = {2(n, {)}.

(6) We apply (3.7) of [10] to the case (o, 3,7, 0,¢) = (i,n,v*,8t,m) with the
facts : (n,v*) € (i,n,v*), 0 € (n,v*,8) by Lemma 2.1 (1) and (v*,8:,n) D
(4v*,20,m) = (0%, 20,m) D (0, 2¢,m) = 0 mod  v*(Ga;2) +1(Gre;2) =
0. Then we have

(@, v"), 8e,m) = ((n,v*), 8t,m),
(i, (n,v*,8),m) 30 mod G + m53(CP?) on = {iv5}
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and (i,n, (v*,8t,m)) 2 0 mod iGes = {ivg}. Therefore we obtain 0 €
{((n,v*),8,n) mod {ivs}. O

Finally, we can determine the set 2m Ext(a, n) for a € 7§ (CP?;2) Nker n*.

Lemma 4.6. The set 2m Ext(«,n) contains the corresponding element in
the following table.

(6% 2(77,1/) 21/2 ZO' (7772[,)0' (77,778) (77,]/)]/2 (777<) 71/‘:3
2m 4 [2]16] 16 8 2 D)
representative of )
2m Ext(a, n) 0 0|0 |4(m,ne)r| 0 0 4ipm | O
io” [ip [ (n,0") [ (m,20p [ (m.nw) [iv™ [ (n,0p) [ io | ik | 2(n, %)
2 |32 4 32 4 4 ) 2 8 4
0 | 0 2iv*7 | 4(n,n°p)m 0 0 0 010 0

Proof. We shall prove this Lemma for the case of a = 2(n, v), ix and (1, 7%p).
All of the remainders can be computed by trying the similar argument.

o 0 € 4Ext(2(n,v),n).

We can choose (1,v)[2t,n] — 2iom as an element of Ext(2(n,v),n).
By Lemma 5.13 of [10], 4(n,v)[2¢,n] = (1, 2¢)2v[2¢,n] € (n,20)(n,2¢,71)
[2¢,m] C (2iv,2¢,2vm) C (iv,8,vm) D i(v,8t,v)m > 8iomw. Here, the
Toda bracket (iv,8:,vm) is a coset of trivial subgroup. Thus we obtain
a relation 4(n,v)[2t,n] = 8iomw. Therefore, we have that the order of
(n,v)[2t,m] — 2io7 is 4.

o 0 € 2Ext(ik,n).
By Lemma 15.2 of [4], we have the relation x[2¢,7] = 0. Therefore,

2 Ext(ik,n) = Ext(ik,n) o 2(1cp2)
= Ext(ik,n) o (i[2¢,n] + (n,2¢)7) by (8.4) of [1]
= ik[2e, ] + (ik,n, 20)7
= (ik,n,20)m
>0 by (2) of Corollary 4.4.

o 0 € 8Ext((n,1°p), 7). - B
For an element ([2:,7] in {ZY7CP?, 5%}, we have i*(([2t,7]) = 2 =

i*(2[¢,n]). By exactness of the sequence

0 — Ga1/Gao o —— {£17CP2, 5} - G Nkernp* — 0,

we have
C[2e,n) = 2[C,n] mod {o*n}.
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By Proposition 4.1 (4) and the relation of Lemma 3.1, we have
4(n, 17 p)[20,m] = 2iC[2e,m] = 4i[¢,m) = 4(n,O)m mod {2i0*w} = 0.

Therefore,
8Ext((n,n°p),n) = 4(n,n*p)[2¢,m) + 4((n,n*p), n, 2t) by (8.4) of [1]
3 4(n, Q)m +4(n, Q) by (5) of Lemma 4.5
—0.
0

proof of Theorem 1.1. Now we compute G19(CP?). Other cases can be com-
puted by trying the similar argument. Consider the short exact sequence

0 — m34(CP2) /75, (CP2) 0y = G19(CP?) - 73,(CP2) Nkerny* — 0,

where 35(CP?) /3,(CP2)on = {(1, D)} & {(1,7)} 2 Zs ®Z5 and 73, (CP?)1
kern* = {(n,n?p)} @ {ic} = Zs ® Zs. By the table of Lemma 4.6, we have

0 € 8Ext((n,7%p),n) and 0 € 2Ext(i7,n).

These show that the above exact sequence splits. Thus, we have

G19(CP?) = {(n, O} & {[(n, n*p), )} @ {(n,7)7} @ {ilo, n]}
78D LD LoD Zo.
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