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SYMPLECTIC INVARIANTS ARISING
FROM A GRASSMANN QUOTIENT
AND TRIVALENT GRAPHS

Hiroki AKAZAWA

ABSTRACT. In this paper, we study the sp-invariant graded algebra aris-
ing in a specific quotient of a Grassmann algebra, and identify it with
an algebra generated by trivalent graphs.
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1. INTRODUCTION

Let sp := sp,,(C) be the Lie algebra of symplectic matrices of degree 2g
over the complex number field C. Let H be the fundamental representation
of sps, (C), A" the k-th exterior functor, and U the irreducible sp-module
isomorphic to A\*H/H. Suppose g is large enough. Then A’U as well as
A?(A*H) contains a unique irreducible sp-component [22]p, where [Asp de-
notes the irreducible sp-module corresponding to a partition A\. We consider
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the quotient space of the Grassmann algebra AU (or A(A*H)) divided by
the ideal ([2%]sp), Where ([2%]sp) is the ideal generated by [2%]sp € A*U (or
AA’H)). The algebras AU/([2%]sp) and A(A*H)/([2%]sp) are important
in the study of the mapping class groups of surfaces. In particular, using
a classical theorem of H. Weyl in the invariant theory, S. Morita ([6]) gave
an interpretation of the sp-invariant space (AU)®® (or (A(A*H))®®) by the
algebra C(¢), where C(¢) denotes the commutative graded algebra freely
generated by the connected trivalent graphs, i.e., by the connected graphs
where each vertex meets exactly three ends of edges. Furthermore, recent
studies by Garoufalidis-Nakamura ([2],[3]), Kawazumi-Morita ([4],[5]) gave
relations of trivalent graphs in the symplectic invariant ideals of Grassmann
algebras. Let [ ng‘s be the ideal of C(¢) generated by the graph invariants
of type:

T-Htgeagplle+®l+ glel-A- Y -525 5 )

Here, the symbols indicate graphs differing from each other only in parts
where certain 4 distinct edges are connected as illustrated. Let (loop) denote
the ideal generated by graphs containing loops, where a loop is an edge which
begins and ends at the same vertex. Then the following theorem is shown
by S. Garoufalidis and H. Nakamura [2], [3]:

Theorem 1.1 ([2],[3], cf. [5, Remark 11.2]). There exists a stable isomor-
phism of graded algebras

C(¢)/(1HE™ +loop) — (AU/([2%]s))

which multiplies degrees by 2. It gives also an isomorphism in the range of
g > 3m.

Here, ‘stable’ means that the homogeneous subspace of degree m in the left
side is isomorphic to the homogeneous subspace of degree 2m in the right
side if g > 3m.

Next, for the Grassmann algebra A(A*H) and its ideal ([22]5p) generated
by [22]sp € A*(A’H), we introduce the ideal TH* of C(¢), which is generated
by the graph invariants of type:

14%
) il -l e A e 2 - )
e || oo+ T -8}

D2+ D)
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Observe that killing the graph invariants with loops in (1.1) yields the graph
invariants generating the ideal IH(I)’iS, viz., I H*+loop = IH8i8+100p C C(9).
In this paper, we shall closely study the graph invariants generating the ideal
IH* in C(¢). In particular, we obtain the following:

Theorem 1.2. There exists a stable isomorphism of graded algebras

C(o)/TH* — (NN H)/([2%6p))

which multiplies degrees by 2. It gives also an isomorphism in the range of
g > 3m.

The proof of Theorem 1.2 will be given in §4. By the above remark,
Theorem 1.1 immediately follows from Theorem 1.2.

2. PREPARATION

In this section, we briefly review the representation theory of a semisimple
Lie algebra and its Casimir operator. Especially, we describe about that in
the case of spy,(C).

2.1. Review of the representation theory of a semisimple Lie al-
gebra. Let g be a semisimple Lie algebra over C. We take a maximal
subalgebra h of g acting diagonally on g by the adjoint representation

ad: H — ad(H)(X) := [H, X].

Such a subalgebra exists and is unique up to inner automorphisms of g. We
fix one such h and call it the Cartan subalgebra of g. Then we find that b
acts diagonally on any representation V of g and that V' will admit a direct

sum decomposition
V=D

where the direct sum runs over a finite set of @ € h* (linear characters of
h). Here, b acts on each V, by multiplication by the eigenvalue «;, i. e., for
any H € h and v € V,, we have

H(v) = a(H)wv.

These eigencharacters o € h* are called the weights of V' and the V, them-
selves are called weight spaces. Especially, for the adjoint representation we
have a direct sum decomposition, called the Cartan decomposition

(2'1) g:h@@ga-
a€ER

The weights for the adjoint representation are called the roots of the Lie
algebra and the corresponding subspaces g, are called root spaces. The set
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of all roots is usually denoted R C h*. For any H € h and X € g, we will
have
ad(H)(X) =a(H)X.

Then each root space g, is one dimensional. We can choose a lexicographic
ordering in h*, and this allows that the roots can be divided into positive
and negative ones. And the maximal weight of a representation V is called
the highest weight of V.

The Killing form is a bilinear form on the Lie algebra g, and is defined by

B(X,Y) :=tr(ad(X) o ad(Y)).

The Killing form B is nondegenerate on the semisimple Lie algebra g. We
find that the restriction of B to a Cartan subalgebra b is also nondegenerate
and that

(2.2) B(H,H') =) o(H)a(H')
aER
for any H, H' € . By the nondegeneracy, any « € h* has a unique T, € b
such that
B(To, H) = a(H)

for all H € hh. The map a +— T, gives a linear isomorphism from h* to b.

For any X, € g, we can take some Y, € g_, so that H, := [X4, Ys]
satisfies a(H,) = 2. Then H, € h, and for any H € b, we have

B(H,,H) = B(H,H,) = B(H,[X4,Ya])
= B({H, X4],Ys) = a(H)B(Xa, Ya)

by Jacobi’s identity. Especially, we have B(H,, H,) = 2B(X,,Y,). Hence,

we find that
T _ H, B 2H,
" B(Xa,Ya) B(Ha Hy)
We denote the Killing form on h* by (o, 8) := B(T4,13).
Let Uy, ..., U, be a basis for the semisimple Lie algebra g, and U}, ..., U
be the dual basis with respect to the Killing form on g. Then the Casimir

element of g is given by

C=U Uj+--+U, U
Note that C' is an element of the universal enveloping algebra Uy of g and
independent of the choice of a basis. We shall take a basis Hy,..., H; of b
and nonzero X, € g, for each root a € R so that {H;, X,;1 =i < g, € R}
forms a basis of g by (2.1). Taking this {H;, X, } as the above {Uy,...,Uy,},
we obtain

9
C=) Hi-Hf +) Xo- X
i=1 aER
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Moreover, by the nondegeneracy of B,

H;
Hf = i
! B(I‘IZ‘,I:TZ‘)7

X =

2Y,
*  B(Ha,Ha)

In general, the Casimir operator C' acts on the irreducible representation
with the highest weight A by multiplication by the scalar

A+p,A+p) = (p,p) = (A A) +(2),p).

Here, p denotes the half sum of the positive roots.

2.2. In the case of sp, (C). The Lie algebra spy,(C) is defined by the
space of the 2g x 2g matrices X satisfying the relation
XJ+JX =0.

Here, J = (_(}g Ié’) and I, is the g x g identity matrix.
As a Cartan subalgebra of spy,(C), we can take the following:

( a1

ay a0, €Cy C 5p29(C).

For convenience, the (g + i)-th row or the (g + j)-th column (1 < 4,5 < g)
of any 2g x 2¢g matrix will be called the (—i)-th row or the (—j)-th column
respectively. Hence, b is spanned by the g matrices H; :== E; ; — E_; _; (1 £
i < g) where E; ; is the matrix whose entries are 0 except 1 at the (7, j)-th
entry. We correspondingly take L; (1 < j < g) with Lj(H;) = d;; as basis
of the dual vector space h*. Furthermore, as a basis of sp,,(C) we can take
the followings:

H;, =F,;—F__; (12iZg),

Xij =Eij—E_ji (1=2i,j=g,1i#]),
Yij =Ei-j+E- (12i<j=g),
Zij =E_j;+E_;; (1%i<j=yg),

Uy =Ei- (1=i<yg),

Vi =FE_;; (1=iZyg).
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For any H =), a;H; € b, we find that

ad(H)(Xij;) = (a;—aj)Xij; = (Li — L;)(H)X,
ad(H)(Yi;) = (ai+a;)Yi; = (Li+ L;j)(H)Y:,
ad(H)(Zi;) = (—ai—a;)Z;; = (—L;—L;)(H)Z,,
ad(H)(U@) = 2alUi = 2LZ(H)UZ,
ad(H)(V;) = —2a;V; = 2L;(H)V;
Hence, the set of all roots for spy,(C) is
R={+Li+L; 1<ij<g}Ch.
The set of all positive roots is
Rt = {Li + Lj}igj U {Li - Lj}i<j.
For each root a € R, we find that
OéZLZ‘—Lj = Xa:Xi,j7 Ya:Xi,ja HQZHi—Hj,
a:LZ+L] = Xa:)/i,ja Ya:Zi,j7 Ha:HZ+H]7
a:_Li_Lj = Xa:Zi,ja Ya:}/i,jy Ha:_Hz_Hja
a = 2LZ = Xa = Uq, YO{ = Vi, Hoz = Hi7
o = _2Li = Xa = Vi, Ya = Uz Ha = _Hi-

Next, we will compute the Killing form for sp,,(C). From (2.2), we have

B(H, H') = (49 + 4)(_ aiby)

for any H = Y a;H; and H = Y b;H; € h. Hence, we can compute the
Casimir element of sp,, (C) as

1 g
- 4g+4{;Hi‘Hi+ > Xig-Xji

1Zi,j=g, i#j
g
b3 (g2t 2 ¥y 4230 (U Vit Vi)
1§i<j§g i=1
1
T dg+ 4{ Z (Eii Bii — Eii B )

+ Y. (Bij-Eji—Eij-Eij)
(2,5),15>0,37£5
+ Z (Eij-Eji+Eij-E_i_j)
(i’j)vij<07i¢7j
+ Z (Bii - E_ii+ Ei—i - E_;;) }
(@)
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Here, (i1, ...,15) indicates the summation over the set
{(il, ...,in); —g g ’il, ...,in § g, ’il ce in 7'5 0},

and henceforce, we conclude the following proposition.

Proposition 2.1. The Casimir element of 5p,,(C) is given by

1 ..
~ It Z (Bij-Eji—e(ij)Eij-E_i_j) € Usp,, (C)-
(4,9)

Here, € means the signum function.

3. Sp-INVARIANT ALGEBRAS AND TRIVALENT GRAPHS

As the fundamental representation of sp,,(C), we have the 2g-dimensional
vector space
H=C%=> Cu
(@)
In this section, we summarize the correspondence between the sp-invariant
of the exterior algebra A( /\‘SH ) and the commutative algebra generated by
trivalent graphs.

3.1. Isomorphisms of graded algebras. At first, we consider tensors
of H as the representation of spy,(C). The third exterior power of H is
decomposed as an sp-module as follows:

NH=HOU = [1sp® [1%]p

for ¢ > 3. Furthermore, the second exterior power of /\3H and U are
decomposed as sp-modules in the following way [6, Lemma 6.3]:

N (N H) 2 [0]5p @ [12]ap @ [1%]5p ® [2'1%]5p @ [1Y]ap @ AT,
N°U 22 [0]ap @ [2%)p © [1]sp © [14]5p ® [2°1%)5p © (175

In general, it is known that the sp-invariant space (H®2")%F are gener-
ated by the basis corresponding to the graphs which are determined by
ways of choosing n pairs from 2n vertices. For example, in the case of
n =1, the space (H @ H)®" is generated by the sp-invariant >, €(i)(z; ®
x_;). In the case of n = 2, the space (H®*)*? is generated by the sp-
invariants >~ ; y €(if) (i @ 1 ® x; @ x—j5), D (; 5y €(if) (i @ 15 @ 2 @ T_5)
and }_; -y €(ij) (2 @2 ®v_; ®x—;). Next, we will introduce an sp-invariant
ar € N*™(N\*H), which are corresponding to the trivalent graph I' with 2m
vertices. We call m the degree of the trivalent graph I'. The quotient space
(A*™(A*H))®P in (H®5™)sP is generated by the ap’s. The map I' — ar is
given as follows. Let I" be a trivalent graph with vertex set Vert(I") and edge



106 H. AKAZAWA

set Edge(T") and let Flag(T') be the set of flags, where a flag is by definition
a pair consisting of vertex and an incident half-edge. Then a total ordering
7 of I' consists of the following data:

e a linear ordering of vertices Vert(I') = {v1, ..., vam },
e a linear ordering of Flag(v) = { f1(v), f2(v), f3(v)} for each v € Vert(I'),
e an ordering of Flag(e) = {fi(e), f-(e)} for each e € Edge(T).

Such a 7 is called A-admissible if it satisfies the condition:

sgn<f1(vl) fa(v1)  fa(v1)  fi(v2) - fs(UQm)>:1
filer) f-(er) fr(e2) f-(e2) --- [f-(esm)

for every linear ordering of edges Edge(I') = {e1, ..., e3m }. We define f3;4; :=
fiis) (0 =4 < 2m,j = 1,2,3) and OR := {fy(e)}ecrdger). For a
trivalent graph I' given a total ordering 7, put

I'={i=(i1,...,i6m); —9 S i; =g, ix = —1; < fi, fi is in the same edge},

and for any i € I, set

E(i) = H G(ik),

fr€OR

Ti =T O Q Ty, -

Then, we define an sp-invariant

Q7)) = Ze(i)xi S (H®6m)5p.
iel
®6m __,

We find that the image of a(r ;) via the standard projection H
A" (A\*H) is independent of A-admissible 7, which will be denoted by ar €
(A*™(A\>H))®*. Since the kernel of \*H — U equals to H A > @) (@i A
x_;), the image of ar in /\QmU vanishes when the graph T'" has a loop.
Namely, (A*"U)® is generated by the trivalent graphs with 2m verticies
without loops [2]. Therefore, if ¢ is large enough, we have stable isomor-
phisms of graded algebras

(3.1) C(9) = DA™ N'H)™ = (ANN*H))™,

m>0

(3.2) C(¢)/(loop) = P (N*"U)* = (AU)*™".

m>0

Here, ‘loop’ denotes the ideal generated by the graphs containing loops.
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3.2. Isomorphisms of Grassmann quotients. Let I be a trivalent graph
and I, H, X be a graph as indicated in the following figures respectively.

1 = X

The graphs I, H, X.

Given an embedding of graphs I — I'| let I' = I';, 'y, 'y denote three
trivalent graphs constructed by replacing I-part in I' by the graph I, H, X
respectively. For t =t; ® to @ t3 ® t4 € H®*, we define sp-homomorphisms
I fm fx s H® — N2(A*H) as follows:

fr(t) = ele)(tr Aty Axe) A (ts ANa Ax_e),
(e)

fH(t) = Z 6(6)(t1 Nt A .%'e) A (t4 Nita A 1'_6),
(e)

Fx(t) =3 "ele)ti Aty Awe) At Mg Aa_e).
©

And for any triple of scalars (a, b, c), we define
Jape = aft + 0 +cfx : H¥ — NY(NH),
Inpe:=(al'1+ by +cl'x; I —T) CC(e).
Furthermore, we denote the composite of f,; . with the projection
N (N°H) — N°U
by fa,b,c- Then,

Proposition 3.1 ([2, Proposition 2.1]). The stable isomorphism of equa-
tions (3.1), (3.2) induces stable isomorphism of graded algebras

C(®)/Tase = (NN'H)/(Imfupe)™,
C()/Lape +1oop) = (AU/(Imfope)) ™
which multiply degrees by 2.
Definition 1. We define

fri = fr—fu = fi—10: H* — N2 (N*H),
IH = ]17_170 = (F[ —Ty; I — F) C C(qb)
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From [2, Corollary 2.2], Imfry € A*(A*H) and Imf;y € A’U are de-
composed as an sp-module in the following way:

Imfrg = Imfry = [2%]sp © [17]p @ [0]sy.

Therefore, we have the stable isomorphisms:

C(¢)/1H = (N(N°H)/(Im f111)) ",
C(¢)/(IH +loop) = (AU/(Im frr))™.

4. PROOF OF THEOREM 1.2

In this section, using the Casimir operator for the representation of
5Py (C), we construct the projection from Imfry (or Imfry) to the irre-
ducible component [2%]5p, and describe graph invariants generating ([22],)°".

4.1. Projection Prpe), @ Imfry — [22]sp. As recalled in §2.1, the Casimir
operator C'is multiplication by the constant (A, \)+(2), p) on the irreducible
representation with the highest weight A\. Here, p denotes the half sum of
positive roots and equals to gL1 + (g — 1)La + -+ + L for sp,,(C). Hence,
the eigenvalue of C' equals to

2g+1

I 1 on [22]5p,

g1 on [12]5p,
O on [0]5p

respectively. Therefore, we compute the projection from [22]5,® [1%]5p® [0]sp
into the [2%]sp-part as

g+lc(c g )_g+102 g

P - - = - C.
2% T 951 1 g+1) T 2911 29+ 1

4.2. Tensors in the ideal ([2%]s,). Recall from §3.2 that
(Imf71)%° = ([2%]sp & [1%]sp @ [0]ap)* = [H = (I; —Tpy; 1 —T).
The generators I'f — 'y for the ideal I H can be classified into the following
three patterns:
e [ Hy-type, where indices a, b, ¢, d indicate 4 distinct edges as
a____ b a b

c— —d c d
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e [ Hi-type, where a and c indicate a same edge and b, d indicate distinct

edges as
b b
d d

e [ Hy-type, where a, c indicate a same edge and b, d also indicate another

same edge as
D -0-0.

The sp-invariants corresponding to these types are respectively in the forms
of
Z e(abede - - ){(zg Nap Ne) A (Te NTg Aa_e)
(abcde,..) —(@a ANz Nae) A(Tg Aoy ANa_e)}
/\/\x_a/\/\x_b/\/\x_c/\/\x_d/\ ,

Z e(hbde - ){(zp Aay Axe) A (@_p ANzg Ao_e)
(hbd.e,...) —(zpn NT_p Axe) A (g ATy ANo—e) }

Z e(hfe-- ) (xnAag Aae) Nw_p Aa_f ANa_)

(h.fre5e0) — @R AT AT) AN (@ p ATgAT_e)} Ao,
where we should understand that the total orderings of the corresponding
graphs are given to be A-admissible. In order to get the ideal ([2%]4,)°P C
C(¢), we want to apply the projection Pripz)  to the first {*}-part of the
above forms. More precisely, we argue as follows.

Let J be the ideal of A(A*H) generated by [22]sp € A*(A*H), i.e, gener-
ated by the image of Prppe),, o frm and Joy, its homogeneous part of degree

2m. Then we will describe the sp-invariant part J;f;. We can obtain Js,, as
the image of an sp-homomorphism

(4.1) HE™ — A (A°H)
which is defined as follows. We define the sp-homomorphism
HE™ — N2(N°H) @ N2 (N°H)

in such a way that the domain components of the canonical contraction
H®? — C (which maps > €(0)(z; ® 2—;) to 1) share the third and sixth
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factors of H®%™ and
PI‘[QQ OfIH H®4—>/\ (/\ H)

share the first, second, fourth and fifth factors of H®5™ and the standard
surjection H®m=6 _ A?™=2(ASFTY) share the last 6m — 6 factors of H®6™,
The composite of this map with the obvious surjection

A (NH) @ N (N H) — N (N°H)
yields the sp-homomorphism (4.1) and gives a surjection onto Jo,,. Here,
the semisimplicity of sp-representations implies that J;,’fI is generated by the
images of sp-invariants o(r -y € (H ®6m)sP via the sp-homomorphism (4.1),
where (I',7) runs over the trivalent graphs of degree m with A-admissible
total orderings such that f3 = fi(e), f6 = f-(e) for some e € Edge(T"), cf.
also [2, §3.1, p.396].

4.3. Tensors in the image of Prpe), o fig. In order to identify the image
of Prp2),, o fru above, let us first compute the image of

f](.%’a Rxp X xR xd)
= Z e(e)(a Ay Ae) A (ze Aag Az_e) € Imfr € N2(N2H)

by the Casimir operator C. Since f; : H#* — A*(A*H) commutes with the
action of C, we may only take care of the actions on x4, xp, Z¢, £q. Using
Proposition 2.1, we compute that

(DB Bi)wa =292 (D i) Big - Boivy )20 = —a,
(0.7) (i)
and the operators act on xp, z, x4 in similar ways. Furthermore, we compute
that

Y (Bijra @ Ejmy) = Y (Bjita © Eijzy) = 2 ® 4,
(4,3) (6.3)

Z E(Z‘j)(EZ'J.’L'a X E—i,—ij)

i,j
(9 —Z €(ij)(E—i—jTq ® E; jxp) = €(a)dq,— bz Nz @
(4.5)
and the operators similarly act on the pairs of x, and Z¢e, etc. We now
introduce the following symbols:

Definition 2.

(a,ble,dy = Z ele)(xag ANy Axe) A (Te ANxg AN x_e),
()
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(h,b] — h,d) :== Z e(he)(xp Naxpy Axe) N (T_p Axg Ax_e)
(hse)

= e(h){h, b — h,d),
()

(h, fl =h,—f) = Z e(hfe)(xp Nxg Nze) N(x_p NT_§ ANT_¢)
(h.f:e)
=Y ehf)(h, fl = h,—f).
(h.f)
It is easy to see
<CL, b’67 d> = _<ba CL|C, d>7 <h7 b| - h, d> = 7<7ﬁ; b|ha d>
and so on. Under these symbols, the above computations combined with

Proposition 2.1 yield:
C{a,blc,d) 7{89 a,blc,d) + 4(a, b|c, d)
49 +

+2<b alc,d) — 2e(a)dq,—p(h, —hlc, d)
+9{e, blayd) — 2e(a)5u_ell, bl — b d)
206, dle, @) — 26()d,_ath, b, ~h)
+3(a,clb, d) — 2e(5)5y_o{a, | — b, d)
2(a, d|c,b) — 2€(b)dy,—afa, h|c, —h)
+ 2(a, b|d, ¢) — 2¢(c)de,—q(a, blh, —h) }

=2 +2{49@ ble,d) + 2(c,bla,d) + 2{a, c|b, d)
(

(
—€(a)bg,—c(h,b| — h,d) — €(b)dp _a(a, hlc, —h)
—€(a)bq,—alh,blc,—h) — €(b)bp,—c(a, h| — h,d)
— €(a)da,—p(h, —hlc, d) — e(c)dc,—ala,blh, —h)}.
Furthermore, we compute

C{h,b| — h,d)
—Z )3 +2{49hb! h,d) + 2{=h,blh, d) + 2(h, =h]b,d)

- (h‘)(sh,h<i7 b’ - i? d> - E(b)(sb,fd<hai‘ - h7 _i>
—e(h)on,—alf,bl —h,—f) — €(®)dpn(h, f| — f,d)
- G(h)5h o(f, = f| = h,d) — e(=h)d_p_alh,blf,— )}

2+2
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- 29<i7 b| - iv d> - E(b)db,—d<ﬁai| - ﬁa _i>

- <f bld, —f) = (b, f| = f,d) = (f,— fIb,d) + (. b f, —[)}
=2 2{29 (h,b| — h,d) — €(b)dp,—alh, f| — h,—f)},
and thus

C{h, f| - >
=D (f)29 —5{20(b 1 = b, =) = e(1)0p p{hsi] = —i) } = 0.
(£

Since
fra(xa @xp @ e @ xq) = f1(2, @ Tp @ @ xq) — fH(Ta @ Tp @ T @ T4)
= <a7b‘c7 d> - (a, C‘d7 b>7

according to the above calculations, we conclude the action of C on the
general element frg(zq ® @ @ e ® 24) of Imfrg € A*(A*H) as in the
following lemma:

Lemma 4.1.

(i) C((a,b|c, d)y — {(a,cld, b))

_ 2g+1 e
- g+1 {<a7b,cvd> < ) ’d7b>}
1
— =L e(@)da_c((hb] — h,d) — (b, —h|d,b))
209+ 1){ + e(a)da, o ((h, — h!c d (h,c|d, —h))
(b)5b —d({a, hlc,—h) — (a,c| — h,h))
€(¢)6._a({a, blh, —h) — (a, h| — b, b)) }
(ii) C((n, b\ —h,d) - (h —hld, b))
9 b~ b~ (bbb}
- 2(gl+1){e<b>ab,d(<h, Sl = b f) — b~k — . 1)},

(i) C((h, f| = k= f) = (h,=R| = [, [)) = 0.

Letting C' act on the above results, and applying Lemma 4.1 again, we obtain
the action of C? as follows:

Lemma 4.2.

(i) C*((a.ble,d) — (a,cld,b))
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- 299:-112 {{a,blc,d) — (a,c|d,b)}
3g+1
= 29T L e(@)da—o((hyb] — hyd) — (b, —h|d, b))
2@+1P{+4@@ o((h, hkd (h, c|d, h)
+ €(b)0p, d( a,hle,—h) — {(a,c| — ))
+ e(¢)e,—a((a, blh, —h) — (a, h| — »}
gl Dameba(h ]~ ho=f) = (b= £.1)

+ e(ac)daode—a((ls ~hlf = f) = (b, £ = f,=h) }.

@m<ﬁ«hm—hdy4h—m¢w)
2

_2(g+1)2{ 5b,—d(<b7i|_h)_i>_<ﬁ,_ﬁ|_i,i>)}.
(i) C*((h, f] = by~ f) = (b, B = £, £)) = 0.

According to the above lemmas, we conclude the action of

g+1 g
P = -
2% 29+ 1 ¢ 29+ 1

on the general element of Im fr € A2 (A*H) as follows:

Lemma 4.3.

(i) Prp,, ({(a,ble,d) — {(a, c|d, b))
= (a, ble,d) — (a,c|d,b)

1
_ €(a)da,—c ({h, b] — hyd) — (b, —h|d, b))
%9+D{+4@@ Ah,hkd (h, ¢|d, —h))
—|—6(b)5b d( a,hlc,—h) — (a,c| — h, >)
+ €(c)6e,—a({a, bR, h — (a, | — D}
1
+ 2T D2g F 1) {e(ab)(sa,_ctsb,_d((@ﬂ —h, _i> — (h, —h| - /s i>)

+ €03 s0e-a((h—hIf, —f) = (b, {1 = £, ~D)) }.
(ii) Prpey,, ((h,0] > (h, —h|d, b)) = 0.
(iii) Pregey,, (o f| = b, —f) = (b —hl = £, f)) = 0.



114 H. AKAZAWA

4.4. Completion of the proof of Theorem 1.2 (and Theorem 1.1).
Returning to the situation §4.2 (4.1), we shall consider the sp-invariants
arising in the sequence of surjections

H®™ — Im(Prpge), o frr) @ N N H) — Jom € N*"(N°H).
Taking into consideration the A-admissibility, we may translate Lemma 4.3

(i) into the language of graph invariants as follows:
a___ b a b

c——d c d
) a b a b a b a b
ol Jol s TR
29+ cid d
a b b a b a, b
S R R I
d d c—d C d
a
1

a b aq b

O—OE+ g - B }

c d c d

b a

d c

* T DTN 1

This means the type of the graph invariants generating the ideal I H*. Since
any graphs having loops vanish in (AU)®P, we get the type of graph invari-
ants generating TH{™ = ([2%]4,)°P C \U:

a b a a

L b a b a b b
H+1 {‘C<+;D‘+ ! ‘CD‘
J " 2(g+1)c " , 29+ 1 ;

a b aq b

c——d c

a b
: Lﬂ - Y - 2 : ;6 }
i ——d 9T ——d
which appeared in the theorem of [3]. This completes the proofs of Theorem
1.1 and Theorem 1.2. U

5. THREE TYPE I H-RELATIONS

As shown in §4.1, we can compute the projections from [22]4,®5[1%]sp® [0]sp
into the [1%]sp or [0]sp-part as
_9+1
g
(9+1? o (g+D)Bg+1)

Prg =91 g2 WTIOIT )y
e = g(29 + 1) 9(2g +1)

2 1
Pr[lz]sp = 02 + iC,
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respectively. Now, we summarize the images of the three types I H-relation
via the projections to each part of Imf;y as the following theorem.

Theorem 5.1. The ideals ([2%]sp)°", ([1%]sp)%*, ([0]sp)®® C (Imfrp)®® C
(/\(/\3111))5’J are respectively generated by sp-invariants corresponding to the
graphs of following types:

([2%)sp)* = <IIH
+m{\¢*\ﬂ+i*ﬂ+ﬁ‘*@\+gfﬁ}

1
+2(g+1)(2g+1){ ||

(%) = (&= of+ 5-{ @] oo},

([0lsp)" = (@ — oo).

~loe[+ 8 ~ 8}

Proof. The first line comes from the proof of Theorem 1.2. The other two
lines follow from similar computations. In fact, the sp-invariants of the
images of the projection Pryz) ~ are respectively given by the graph

1 R N
—m{‘i_‘o*rﬁ_ﬂ*ﬁ‘_%“g_ﬁ}
1 N N
“aga @Il & -8 )
for the type IHy, and

@~ ot gt |- ool}

29

for the type IHy, and O for the type 1Hy. See §4.2 for the definitions of
IHy,ITH,,IH>. Since the graph for 1 Hy consists of the graphs for I Hy, the

second line follows. The sp-invariants of the images of the projection Pr(
are respectively translated into the graph

1 -
g T @lleel+ & -8}

for the type IHq, and

sp

1
SACIE}
29
for the type IHi, and @ — oo for the type IHy. The third line follows
similarly to the second. Thus we complete the proof. ([l
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Remark. The third line of Theorem 5.1 is given in [5, Proposition 10.2]. If
we argue in the similar way using Prpe), g[12,, , then we see that the graph

invariants
I H 2929+1){ _OO}*{:_‘ """ ‘}

generate ([2%]sp @ [1?]sp)°P. Namely, we have

T-H=garptee- =3 (-1 D)

n (/\(/\3H)/([22]5p69 [1%]5p))°P. This gives an alternative proof of the propo-
sition presented by N. Kawazumi and S. Morita in [5, Proposition 11.1].

By Theorem 5.1, we obtain the following:

Corollary 5.2. Let IHy,IH1,IH> denote the ideal generated by the graph
mmwariants for the type I1Hy, IH1,IHs of §4.2 respectively. Then we stably
have

(Imfr5)°P = ([2%)sp © [1%]sp © [0]sp)F = THy + THy + T Hy = T H,
([12]5)0 @ [O]sp)ﬁp = JHy+1Hy,
([0]sp)*F = I H,.
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