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IGUSA LOCAL ZETA FUNCTIONS OF REGULAR
2-SIMPLE PREHOMOGENEOUS VECTOR SPACES OF
TYPE I WITH UNIVERSALLY TRANSITIVE OPEN
ORBITS

Satosat WAKATSUKI

1. INTRODUCTION

In this paper, we explicitly determine the Igusa local zeta functions of
several variables for all but one type regular 2-simple prehomogeneous vector
spaces of type I with universally transitive open orbits. As for the remaining
one type of space, we give the explicit forms of the Igusa local zeta functions
of one variable for each of the basic relative invariants.

In [4], [5] and [8], the irreducible, simple or 2-simple regular prehomoge-
neous vector spaces with universally transitive open orbits were classified.
As for the irreducible reduced regular prehomogeneous vector spaces with
universally transitive open orbits, J. Igusa gave explicitly their Igusa local
zeta functions in [4]. And as for the simple regular prehomogeneous vector
spaces with universally transitive open orbits, their Igusa local zeta func-
tions were given explicitly in H. Hosokawa [3] and the author [17]. These
results indicate that their p-adic I'-factors are expressed by the Tate local
factor and the b-functions. Here we treat the Igusa local zeta functions of
regular 2-simple prehomogeneous vector spaces of type I with universally
transitive open orbits, which were classified into the following nine spaces:

(1) (GL(1)3 x SL(5) x SL(2), A @ Ay + AT @1+ AT @ 1),
(2) (GL(1)3 x Sp(n) x SL(2m), Ay @ Ay +1® (A1 + A1) (n > m),

(3) (GL(1)3 x Sp(n) x SL(2m),A1 @ Ay +1® (A1 + A})) (n > m),

(4) (GL(1)3 x Sp(n) x SL(2m), A1 @ A1 + Ay @ 1 ® (A% + AL)) (n > m),
(5) (GL(1)? x Sp(n) x SL(2m +1),A1 ® A1 + Ay ® 1) (n > m),

(6) (GL(1)*x Sp(n)x SL(2m+1), Ay @A+ A @1+1@ (A1 +A1)) (n > m),
(7) (GL(1)*x Sp(n) x SL(2m+1), A @ A1 + A @1 +1® (A} +A})) (n > m),
(8) (GL(1)3 x Spin(10) x SL(2), (a half spin rep.) ® A1 + 1 ® (A1 + A1),
(9) (GL(1)* x Spin(10) x SL(2), (a half spin rep.) ® A1 +1® (A1 +A1+A1)),

(cf. [8]). We can easily reduce calculations of the Igusa local zeta functions
of the spaces (2), (4) to a result of [2]. We can immediately get those of
the spaces (3), (5), (8), (9) from results of [4] and [3]. So we mainly deal
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with those of the spaces (1), (6), (7), which are non-trivial at all. For the
Igusa local zeta function of a prehomogeneous vector space, the number
of its variables is the same as that of the basic relative invariants. As for
the spaces (6), (7), we calculate explicitly the Igusa local zeta functions of
several variables. As an approach of calculations of that of the space (1),
we calculate explicitly those of one variable for each of three basic relative
invariants. In order to calculate these Igusa local zeta functions, we use
some results of spherical functions of alternating forms of [2], and integrals
of [18]. In [18], we calculated integrals on some fibers of Sp(n)-invariant
maps by the results of [2].

We shall mention that the generalized Iwasawa-Tate theory holds for the
spaces (1) ~ (9) (cf. [6] and [9]). In such a space, a global zeta function has
an Euler product, and their local factors of finite places are expressed by the
Igusa local zeta function. In [7], T. Kimura calculated explicitly the Fourier
transform of the complex power over R for a simple prehomogeneous vector
space by using the explicit form of the Igusa local zeta function which was
given in [3]. We apply this method to the spaces (2) ~ (9), and get their
b-functions.

We found some exceptional properties of the space (1) as against other
reduced spaces with universally transitive open orbits. The spaces (2) ~ (9)
have the following two specific properties (i) and (ii):

(i) All roots of their b-functions of the basic relative invariants are neg-
ative integers.
(ii) Each basic relative invariant f(x) is of the form

[z, an) = > Civigeim * TiyTig *** Tiy,
1<) <ig<-++<im<n
with Citige i € R.
In [4] and [5], J. Igusa mentioned these properties (i), (ii) hold for the reduced
irreducible prehomogeneous vector spaces with universally transitive open
orbits. However the non-irreducible reduced space (1) satisfies neither (i)
nor (ii).

The plan of this paper is as follows. In Section 2, we review some known
properties of prehomogeneous vector spaces with universally transitive open
orbits. In Section 3, we give our main result on explicit forms of the Igusa
local zeta functions of several variables for the spaces (2) ~ (9). In Section
4, we prove our main result. In Section 5, we give explicit forms of the Igusa
local zeta functions of one variable for each basic relative invariants of the
space (1).

Notation. Let K be a p-adic field i.e. a finite extension of Q,, and Ok the
ring of integers in K. We fix a prime element 7 in Ok, and then 7Ok is
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the ideal of nonunits of Og. The cardinality of the residue field O /TOk
is denoted by ¢q. We denote by | |k the absolute value of K normalized as
7| = ¢~ '. For a commutative ring R, we denote by M (m,n; R) the totality
of m x n matrices over R, and by Alt(n; R) the totality of n x n alternating
matrices over R (m,n € Zso). We denote by det(x) the determinant of
x € M(n,n;R). For any x € M(m,n;R), 'z is the transpose of z. We
denote by Pf(y) the Pfaffian of y € Alt(2n; R). For an element y € Alt(l; R)
and an integer i (1 < 2i <), we denote by Pf;(y) the Pfaffian of the upper
left 2i by 2i block of y. If i = n and [ = 2n, then Pf,,(y) is the Pfaffian of y.
For any positive integer n, &, is the symmetric group in n latters. For any
positive integer n, we set

0 1 0 1
( V) (1) e auan,

and Sp(n {g € GL(2n); tgJng = Jn} .

2. PRELIMINARIES

In this section, we review some known properties of prehomogeneous vec-
tor spaces with universally transitive open orbits. For details, we refer to
[7] and [13].

Let G be a connected linear algebraic group defined over Q, V a finite
dimensional vector spaces with Q-structure, and p : G — GL(V) a ra-
tional representation of G' on V defined over Q. Throughout this section,
for simplicity, we assume that (G, p, V) is one of irreducible, simple or 2-
simple of type I regular prehomogeneous vector spaces with a finitely many
adelic open orbits, which were classified in [6] and [9]. The spaces (1) ~ (9)
are contained in their spaces. Let fi,..., f; be the basic relative invari-
ants of (G,p,V), and x; the rational character of G corresponding to f;,

fi(p(g)v) = xi(g)fi(v) for all g € G and all v € V. Then any rela-
tive invariant in Q(V') can be written uniquely as cfy* --- ;" with ¢ € Q*,
Vi,...,v; € Z. The group of rational characters of G correspondlng to rela-
tive invariants is a free abelian group of rank [ generated by x1,...,x;. Let
K be a p-adic field i.e. a finite extension of Q,, Ok the ring of integers in K,
dv the Haar measure on V(K) normalized by fV(OK) dv =1, and S(V(K))

the Schwartz-Bruhat space of V(K). We denote by | |x the absolute value
of K normalized as ||k = ¢~!. For the basic relative invariants fi,..., fi,
and ® € S(V(K)), we put

(s;9) /V(K H|fl )% ®( (s = (s1,...,5) € Cl, Re(s;) > 0).
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It is known that we can express this integral Z(s; ®) by
P(g=®,...,q ")
[Ty (1 — g~ = enhy)

where P(z1,...,2;) € Qzy',..., 2] and a;;,b; € Z (see, e.g. [1]). Let
® be the characteristic functlon of V(Ok). We put Z(s) = Z(s; ®p). This
local zeta function Z(s) is called the Igusa local zeta function of (G, p, V).

We shall review local functional equations of Z(s;®). Let V* be the dual
space of V', and p* the contragredient representation of p. It is known that
(G, p*,V*) is also a prehomogeneous vector space, and there exist the basic
relative invariants ff, f5,..., f/" of (G, p*,V*) such that the character Xi_l
corresponds to f;. Let dv* be the Haar measure on V*(K) normalized by
fv*((’)K) dv* =1, and S(V*(K)) the Schwartz-Bruhat space of V*(K). We

define the p-adic local zeta function Z*(s; ®*) of (G, p*, V*) by

(s; D) / £ (09 [220% (0" ) do*
] H\ e ()
(s = (51,...,35) e C!, Re(s;) > 0)

where ®* € S(V*(K)). Let ¢ be an additive character of K such that v is
non-trivial on 71Ok and trlvial on Ok. We define the Fourier transform P+
of ®* € S(V*(K)) by ®*(v fV*(K *(w*)(v*(v))dv*. By the regularity
of (G, p,V), there exists an element k= (K1, K2, ..., k) € (1/2)-Z! satisfying
det(p(g))? = x1(g9)** -+ xi(g9)* (cf. [14], [12]). By [7, Theorem 3.3], we
have the functional equation

Z(s — k; @) = 7(5) 2% (—5; @*),

Z(s;®) =

where s — k = (81 — K1,...,8 — k1) and ~(s) is independent of ®*. We call
~(s) the p-adic T'-factor of (G, p, V). For p-adic local functional equations
of prehomogeneous vector spaces which do not have universally transitive
open orbits, we refer to [13]. Since the Fourier transform ®( of ®( is equal
to ®g, we have v(s) = Z(s — k) /Z(—s).

We shall define the b-function of (G,p, V). We put f™ = Hi:l i
frm o= Hl L for mo= (ma,ma,...,my) € Z'. Fix a Q-basis of V,
and identify V(Q) with Q" (dimV = n). We also identify V*(Q) with Q"
by the basis of V* dual to the fixed basis of V. We put v = (vy,...,vp),

grad, = (av1 ., 6v ). Then for any l-tuple m = (my, ma,...,m;) € (Z>o)',
there exists a polynomial by, (s) such that f*™(grad,)f*™ (v) = by (s)f5(v),
where s+m = (s;+mq,...,s;+my). The polynomial b, (s) does not depend

on v € V. We call b,,(s) the b-function of (G, p, V). The coefficient of the
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part of the highest degree of the b-function depends on only constant factors
of the basic relative invariants. So we treat the b-function b,,(s) except its
coefficient of the part of the highest degree.

3. MAIN RESULT

In this section, we give explicit forms of the Igusa local zeta functions and
the p-adic I'-factors for the spaces (2) ~ (9).

We shall define some notations. We define the irreducible representation
Ay (vesp. A}) of SL(n) by Ai(g)x = gz (resp. Ai(g)x = tg7'x) for g €
SL(n), v € M(n,1), and the irreducible representation A; of Sp(n) by
Ai(g)x = gx for g € Sp(n), x € M(2n,1). For a half-spin representation of
Spin(10), we refer to [14]. For each space, we denote by [ the number of the
basic relative invariants, and 1, ..., X; the characters corresponding to the
basic relative invariants. These characters will be given in the form x;(g) =
ai"ay? - -al’*t for g = (a1,a9,...,a5,A,B) € G = GL(1)* x Gy x G,
where mqy,mo, ..., my are integers depending only on ¢, and G, Go are
simple algebraic groups.

Theorem 3.1. Let (G,p,V) be one of the prehomogeneous vector spaces
(2) ~ (9) of Introduction, and Z(s) the associated Igusa local zeta function.

Then, we have
N

1—q %
Zis) =] ———
¢) JHl =Tk
where the constants a,...,an and the forms

!
ni(s) =Y msi+aj, (mj=0o0r1, aj€Zs)
i=1

are given in each case as follows:
(2) (GL(1)3 x Sp(n) x SL(2m),A1 @ Ay +1® (A1 + A1) (n >m). [ =2.
xi(9) = ai™, x2(9) = ai" *azas.
s1+1,s1+2n—-2m+2, so+1, so+2m, .
. . ;i=L12...om—1,.
$1+82+27+1,s1+s2+2n—2542
(3) (GL(1)3 x Sp(n) x SL(2m), A1 ® Ay + 1 ® (A1 +AY)) (n > m). [ =2.
x1(9) = ai™, x2(g) = azas.
{s1+2j—1,s14+2n—2j+2,50+1,s0+2m;j=1,2,...,m}.
(4) (GL(1)3 x Sp(n) x SL(2m), A1 @ Ay + Ay @ 1 ® (A} + AY)) (n > m).
1=2. x1(9) = ai™, x2(9) = ajazas.
{81+2j—1, s1+2n— 275, so+1, so4+2m,

s1+s2+2m—1, s1+s24+2n 7]—1,2,...,7)1—1}.
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(5) (GL(1)? x Sp(n) x SL2m + 1),A1 @ Ay + Ay ® 1) (n > m), | = 1.
X1(g) — a%m—&-la
{s14+2j—1,81+2n—2j4+2;j=1,2,...,m+1}.

(6) (GL(1)* x Sp(n) x SL2m+1),A1 @A + A1 @1 +1® (A1 + A1) (n >

2.

m). 1 =4. x1(9) = ai™May, x2(9) = a¥™ asazas, x3(g9) = a?™as,
x4(g9) = a?™May.

s; +1, s1+ 2n — 2m, so + 2m,
S1+82+s3+s4+25+1, ;:=1,2,3,4,7=1,2,...,m
S1+s2+ 83+ 854+ 2n—25+2
(7) (GL(1)* x Sp(n) x SL(2m + 1),A1 ® A1 + Ay ® 1 + 1 ® (A} + A}))
(n>m). I =4. xalg) = i az, x2(9) = alasas, x3(9) = arazas,
x4(9) = araz2a4.
si+ 1,81+ 2n—2m, 51+ 25 + 1,
51+ 2n — 23, sg + 2m, L . B
S+ 89+ 53+ 84+ 2m + 1, ;0=1,2,3,4,5=1,2,...,m—1
51+ 82+ 83+ 514+ 2n

(8) (GL(1)3 x Spin(10) x SL(2), (a half spin rep.) ® A1 + 1 ® (A1 + Ay)).
1=2. x1(9) = a1, xa(9) = azaz.
{Sl—i-l, s1+4,s1+5,s1+8, 5941, 82+2}.
(9) (GL(1)*x Spin(10) x SL(2), (a half spin rep.)®A;+1® (A1 +A1+A1)).
=4 xi(9) = ail, x2(9) = aza3, x3(9) = azas, x4(g9) = asas.
{s1+1,s1+4,s1+5,81+8,sa+1,s3+1,s4+1, so+s3+s4+2}.

Corollary 3.2. Let (G,p, V) be one of the spaces (2) ~ (9). From the set
{ni(s); j=1,...,N} of Theorem 3.1, the p-adic I'-factor v(s) of (G, p, V) is
given by y(s) = H;VZI vT(nj(s — K)), where their k are given in each case as
follows: (2) k = (2n —2m+2,2m), (3) kK = (2n,2m), (4) Kk = (2n —2,2m),
(5) Kk = 2n, (6) kK = (2n — 2m,2m,1,1), (7) K = (2n — 2,2m,1,1), (8)
k=(8,2), (9) k= (8,1,1,1). Here we put v7(s) = (1 —q~1=9))/(1 —¢~*).
This v (s) is called the Tate local factor.

By this corollary and the method of [7], we can get the I'-factor over
R for the spaces (2) ~ (9). Furthermore by [12, p.459 (5-8)], we can get
b-functions from the I'-factors over R.

Corollary 3.3. Let (G,p,V) be one of the spaces (2) ~ (9). From the set
{n;(s); 5 =1,...,N} of Theorem 3.1, the b-function of (G, p,V) is given by
b (s) = Hévzl I'(nj(s+m))/I'(n;(s)), where I'(s) is the gamma function.
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In [15] and [19], these b-functions were calculated explicitly by the method
of [16]. From Corollary 3.2 and 3.3, we see that the p-adic I-factors of
the spaces (2) ~ (9) are expressed by the Tate local factor and the set
{n;(s);j =1,..., N}, which are determined by the b-functions.

Ezample 3.4. We illustrate our result in the case of (2) m = 2, n = 4:
(GL(1)2x Sp(4)x SL(4), Ay @A +1@(A1+A1), M (8,4)B M (4,1)DM(4,1)).
For the basic relative invariants of this space, we give their explicit forms
in Subsection 4.1. From Theorem 3.1, the Igusa local zeta function of this
case is given by

1 6

1 4

1—q 1—q 1—q —q
. . ¢ l-q
1 _ q—sl—l 1 _ q—81—6 1 _ q_82_1 1 _ q—82—4
1—q3 1—¢8
X .
1 — q75178273 1 — q75178278

Z(Sl, 82) =

X

We see that this expression corresponds to the form of p-adic local zeta
functions which was given in Section 2. From Corollary 3.2, we have the
p-adic I'-factor

Y(s1,82) =" (s1)7" (51 =5)7" (s2)7" (52 = 3)7" (51 + 52 = 2)7" (51 + 52— 7),

where 7T(s) = (1 — ¢~=*))/(1 — ¢~*). From Corollary 3.3 and T'(t 4 1) =
tI'(t), we have the b-function
my—1
Dimyma) (s1,82) =[] (1 +1+1)(s1+6+1)
i=0
ma—1
x I (s2+1+4)(s2+4+1)
i=0
mi+mgo
x [ (s1+s2+3+i)(s1+s2+8+1)
=0

4. PROOF OF MAIN RESULT

In this section, we shall calculate explicitly the Igusa local zeta functions
of several variables for the spaces (2), (4), (6), (7). As for the spaces (3), (5),
(8) and (9), we can immediately obtain their Igusa local zeta functions from
results of [4] and [3]. Because their Igusa local zeta functions are given by
products of Igusa local zeta functions of reduced irreducible or simple regular
prehomogeneous vector spaces with universally transitive open orbits. On
the contrary, the cases (2), (4), (6), (7) are not given as such products. As
for the cases (2) and (4), we can easily reduce their calculations to that of a
local zeta function which was given in [2]. As for the cases (6) and (7), we
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need to use the integral formulas of [2] and [18] in order to calculate their
Igusa local zeta functions.

4.1. The spaces (2) and (4). In the space (2), the group G = GL(1)3
Sp(n) x SL(2m) acts on V = M (2n,2m) & M (2m,1) & M(2m,1) by

('Ia Y, Z) = (alg‘r tha a2hya ath)
for (z,y,z) € V and (a1, a2,as,g,h) € G. The basic relative invariants f;

and fo of this space are given by

t(L‘ T

Yy z
fl(x) = Pf(tﬂj‘Jnl‘), f?(xaya Z) =Pt - 00
0 0

-5

~

where (z,y,2) € V (cf. [10]). Let dz be the Haar measure on M (2n, 2m; K)
normalized by | M(@2n 2m.OK)da: = 1, and dy, dz the Haar measure on

M (2m, 1; K) normalized by fM on1:05) W = fM(Qn 1o @2 = 1. We put
X4 ={x € M(2n,2m; Ok); Pf;(*zJ,z) # 0(1 <i <m)}, and set

B(s) = D(s1,...,5m) = / H Pt (L dnx))[5ide.
2m i=1
This ®(s) is absolutely convergent for Re(s1),...,Re(s;,—1) > 0, and have
51

analytic continuation to rational functions in ¢~*1,...,¢~*m. In [2, Section
3], this integral ®(s) was given by

(I)(Sl Sm) _ ﬁ (1 _ q—2i+l)(1 _ q—2n+2m—2i)
LR — g (st tsm+2m—2i+1 — g (sit - tsm+2n—2i+2
bl (1 q (s s m—2i ))(1 q (s s n—2i ))
m-l g g ! 1— q—(si+~~~+sj_1)—2(j—i)—1
X H 1— q—2k—1 X H 1— q—(si+...+s]-_1)—2(j—z‘)+1'
k=1 1<i<j<m
We put e; = ¥(0,...,0,1,0,...,0) € M(l,1) where 1 appears only at the i-

th place, and U(l) = M (1, 1; Ox) \ 7™M (I, 1; O ). We put W (i,j) = W'(i) ©
W"(5), W'(i) = U (2m — 1) @ O, and W"(j) = 77U (2m). Then we have
M(2m,2;0k) = U°° W (i,j) (disjoint union). Hence we get

1,7=0
Z(Sl,Sg)
Z / |F1(2) 3 f2 (@, 22m,1€2m + T €2m—1, T €2, ) |32 dv
i,j=0 M(2n,2m;Ox )W (4,5)

_ (A= — g
- (1 _ q—2m+1—52)(1 _ q—2m—52)
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X / |f1(2)| 3] f2(, 22m,1€2m + €2m—1, €2m) |32 dV
M(2n,2m;OK )W

N O e [ )
(1 _ q—2m+1—52)(1 _ q—2m—52>

Hence we get an explicit form of the Igusa local zeta function of the space
(2).

The basic relative invariants fi; and fo of the space (4) are given by
fi(x) = Pi(tzJpx), folw,y,2) = 'yxz where (z,y,2) € V (cf. [10]). By an
argument similar to that of the space (2), we have

(1 _ q—2m+1)(1 _ q—Qm)

(1 _ q—2m+1—82)(1 _ q—2m—82)
Hence we also get an explicit form of the Igusa local zeta function of the
space (4).

(I)(O, ce ,82,81).

Z(Sl, 82) =

CI)(SQ,O, e ,0,81).

4.2. Some lemmas. In order to calculate the Igusa local zeta functions of
the spaces (6) and (7), we shall give some lemmas.

First we review Hall-Littlewood polynomials. For details, we refer to [11].
For a positive integer m, we put

A;:{)\: ()\1,)\27---7)\m) GZm:)\l >Xg > > Ay ZO},
m m
A=) N, () =) (i— DA
i=1 i=1
For A\, € A}, we write A C p if \; < p; for all 4 > 1. For a non-negative
integer ¢ and A € A}, the number m;()) of \;’s which are equal to 7 is called
the multiplicity of ¢ in A\. For a non-negative integer m, we put wy,(t) =
Ty (1 — #), (wo(t) = 1). For A € A, we put wi™ (t) = T[155 wynyn) (£)-
The Hall-Littlewood polynomial Py(x;t) is defined by

Py(z;t) = Py(x1,72,...,Tm;t)
_ @=-nm DDA I | To(i) — Mo (j)
N (m) o (1) o(m) Tt — s
wy () ses,, 1<i<j<m “o@) — Fo(j)
for each A € A}, For A € A}, P\(z;t) is a polynomial in 1, ..., z,, and
t, and the set {P\(z;t); A € A} forms a Z[t]-basis of the ring Z[t][x1, .. .,
)™ of symmetric polynomials in z1, . .., z,, with coefficients in Z[t]. We
denote by fﬁ‘y(t) the structure constants of the ring Z[t][x1, . .., 2,,])®™ with

respect to the basis {P,\(ac‘ t); A e A}
Bu(w;t) Zf;i\u CPa(ast) (fa,(0) € 2[t).
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Unless |\ = |p| + |v| and p, v C A, we have fli‘y(t) =0.
For A € A}, we put
Al Am
(7T>\)2m = ( 70)\1 7TO ) L ° . J_ < O)\ 7TO ) - Alt(?m, OK),

s —qm

A
(7T>\)2m+1 = ( (7 0)2m 8 ) € Alt(2m + 1; Og).

The group GL(1) acts on Alt(l) by h-y = hyth for h € GL(l) and y € Alt(l).
Let dy be the Haar measure on Alt(l; K') normalized by fAlt(l;(’)K) dy = 1.
By [2, Corollary of Lemma 2.7] or [18, Section 5|, we have the following
lemma.

Lemma 4.1. For A € AL, we have

m’

-1
/ dy = ¢~V g, (g7 - <w§ )(Q‘Q)) :
GL(2m;0k)- (7)) 2m

dy = q "V (1= ) (g
o1
x (wi™(@)
The group Sp(n) x GL(2m) acts on M(n,2m) by (g,h) - & = gxth for

(g,h) € Sp(n) x GL(2m) and © € M (n,2m). Let dx be the Haar measure
on M (2n,2m; K) normalized by fM( dr = 1.

/GL(2m+1;OK)'(7T)‘)2m+1

2n,2m;Ok)

Lemma 4.2. [18, Theorem 4.3|. For any C-valued continuous function F
on Alt(2m; Ok), we have

/M(zn,zm;oK)F<txJ"x)dx - Z c(}) / F(y)dy,

AeAd GL(2m;0g)-(m),

-2

wn - n —n —n(Vv))—(<Ln—zm

o) = 2@ N () 2l 0) - @n2m ]
wnim(q ) wrEAS,

For y € Alt(l : Ok), we put H;, = {h € GL(;Ok) : Pfi(h-y) #0(1 <
20 <l)}. Forl=2morl=2m+1, s € C™, we set

@(y;s):cl(y;sl,...,sm)=/ T I1PEiCh - )l5dh

Ly =1
where dh is the Haar measure on GL(I; K') normalized by fGL(l,OK) dh = 1.
When Re(s1),...,Re(sm—1) > 0, the integrals (;(y; s) is absolutely conver-
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gent and has an analytic continuation to a rational function in g7, ..., ¢~%m

by the theory of complex powers of polynomial functions.

Lemma 4.3. [2, Theorem 6|. For A\ € A}, we have

N m—1 1— q—l 1— qzi—Zj—l
Com((T)ams 1, 5m) =[] T 11 Tt
k=1 1<i<gj<m

L 2)—Gmenpa), W (@)
q )

W (q72)
x PA(¢*, ..., q77)

where z is a variables in C™ which is related with the variable s by

S; = zi+1—zi—2 (lgigm—l)
Sm = (Mm+1)—z, —2

Lemma 4.4. [18, Lemma 6.8]. For A\ € A}, we have

1 (si+-+sm+2m—2i+3)

1—q~ 1—q
—g—2m—1 II — g (it tsmt2m—2i+1
1 q m i:11 q (s s m—2i+1)

€2m+1 ((WA)2m+1; 5) =

X C2m<(7r/\)2m33)-

4.3. The space (7). In the space (7), the group G = GL(1)* x Sp(n) x
SL(2m + 1) acts on V. = M(2n,2m + 1) @ M(2n,1) @ M(2m + 1,1) @
M(2m + 1,1) by (21,72, 2z,w) — (ai1gz1th,asgrs,a3th™'z, asth~1w) for
(x1,m2,z,w) € V and (a1, a2,as,a4,9,h) € G. For (x1,z9,2z,w) € V and
x = (z1]|z2) € M(2n,2m + 2), the basic relative invariants fi1, f2, f3 and
f4 are given by f; = Pf (t:z:Jna;), fo = 2tz Jpriw, f3 = tzaiJpze, f1 =
bwayJpze (cf. [10]). Let dz, dw be the Haar measure on M (2m + 1,2; K)
normalized by fM(2m+1,1;OK) dz = fM(2m+171;OK) dw = 1, and dy the Haar
measure on Alt(2m + 2; K') normalized by fAlt(2m+2;OK) dy = 1. By Lemma
4.2, we have
(4.1)

~ wa(g?) A =2\ 2n(N) —n(w)—n())— (2n—2m—1)|4]
Z(S) - wnfmfl(q72) Z+ fu,l/(q )q I(A)
/\,,LL,Z/EAm+1

where we put

4

H |fz/(y’ 2, w)ﬁéddedw,

0= [
AN®M (2m+1,2;0k) ;1
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Ay = GL(2m + 2;0k) - (TY)2my2, fI = PE(y), fo = Tzyiw, f3 = 'zyp,
f1 = twys for y1 € Alt(2m + 1), yo € M(2m + 1,1), y = ( _’7%2 y02
Hence we have only to calculate this I(\). By an argument similar to that
of Subsection 4.1, we easily get
2m—1 A
_—apn - )(1 2mi—s3l
I() =g~P (1_q—2m132 23 Zq EEUCED
=

where we put
J(1,A) = / 112052 [y1 2mr2 |52 0191 2met2 + T Y2 2m12 |52 dydun,
ABOK

Yy = (y@j) S Alt(2m + 2) (yj,l- = —ym‘), w = t(wl,wg,...,w2m+1), and
dwy is the Haar measure on K normalized by fOK dw; = 1. We need

some lemmas to calculate this J(I). A element T € M(k,k'; Ok) (k > k)
is said to be primitive if it can be extended to a unimodular matrix by
complementing 2(k — k') column vectors. We set L = {T € M(2m +
2,3; O ); T is primitive}, L(i,\) = {T € L; 'T(7m")ams2T € GL(3;O) -
(793} (i € Z>0). We put v = t(v1,ve,v3) € M(3,1;Ok). Let dT be the
Haar measure on M (2m+ 2, 3; K) normalized by fM(2m+273;OK) dl' =1, and
dv the Haar measure on M (3,1; K') normalized by fM(&l;OK) dv = 1.

Lemma 4.5. For every l and )\, we have
J(,A) = B(\) x K(1),
where we put

o0

B = </AA dy) </L dT) i </U(3) dv) 71 z_: g /L(z',)\) o

=0

K(l):/ o1 |32 [v2| 72 |wvg+7rv3| 4dvdw; .
UB)®Ok

Proof. Let dg be the Haar measure on GL(2m + 2; K) normalized by

/ dg =1,
GL(2m+2:0k)
g= t(gl\gﬂ <+ |gam+2) € GL(2m + 2;K) (g; € M(2m + 2,1; K)),
and
R 0 3(T)  —p2(T)
tT(ﬂ' )2m+2T = —g03(T) 0 (pl(T) S Alt(B; OK)

p2(T)  —p1(T) 0
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Then we have
J(I,2) = </ dy>
Ay

X / 1291(m)2mt292152| L 91 (7)) am-r292m 42| 3
GL2m+2;0%)80K

X |2’1,2 t91(ﬂ)‘)2m+292m+2 + 7t tgz(FA)2m+292m+2|%dgdw1

(L) (L)

x / (o1 (T) 2| oa ()52 fonpa(T) + weos(T) 22 d T duw
L@OK

Let dh be the Haar measure on GL(3; K) normalized by fGL(3-OK) dh =1,
h = (hij) € GL(3). Here we identify Alt(3) as M(3,1). Then we have
[ el o) + el
LOk

o0

- / on (D)2 2T wnoa(T) + heps(T)[24dT dw
i—0 ¥ L(H,\)@0K

-y / / (o1 (T ) 322 (T TR 2 [wnipa(T ')
L(i,\)®O0k JGL(3;0k)

=0
+ 7los (T *h)| 3t dhdT dun

[e'¢)
= Z/ dT x / ’Wihn‘iglﬂihgllﬁyﬂihglwl
i—0 v L(,A) GL(3;0k)®0K

+ 7Tl+i h31 |§§ dhdw1

—1 0o
= dv g (s2tsatsa)i / dT x K(1).
</U<3> > z; L(i)

Hence we get the above equality. O
Lemma 4.6. For every A € A;erQ’ we have
(1 _ q—2m—1—52—33—54)

_ —2n(X)—(m+1)|A|
B(/\) - (1 _ q—Zm—1)<1 _ q—sz—sa—s4—3)q

% w2m+2(q721)

Py(q%q72),
wm+1(q ) ( )

where
(z14+m+1,z04m+1,...,2;p41+m+1) = (—sa—s3—s4+1,3,...,2m+1).
Proof. By Lemma 4.4, we have
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Com2((T))2ma2; 6,0, .

( / dT> / IPEL (YT (7)o oT) |5 dT
(/dT) li/ dT - 5((n7)3: 8)

~(fr) S o S

By Lemma 4.3, this integral C2m+2((7r’\)2m+2; s,0,...,0) is given explicitly.

Hence if we set s = so + s3 + s4, then we can get an explicit form of
(IL dT)_1 ;oo fL G dr - q_j(32+33+34) Therefore if we put together this
result, Lemma 4.1 and fU(3) dv=1—q~3, we get the above lemma. O

Lemma 4.7.

o 4 -1 (1 _ q—52—53—54—3)(1 _ q—52—53—2m—1)

1-—
§ : 2ml SQZF( || q
q (l) ‘1X 2 2 1\
pore i21 qs (1 qSQ m)(]_ q323334 m )

Proof. We consider | > 1. We divide the domain U(3) as Ox & O @ U(1),
O @U(1)® 70k and U(1) @ 1Ok @ 7Of. Then we have

(=g g '(1—q ")
(4'2) K(l) - (1 _ qflfsz)K (l) + (1 _ qflfsz)(l _ qflfs4)
+q (- g HE (D),
where

K'(l) = /O . |va |52 lwiva + 7|52 dvduy,
K

K”(Z) = /O s |U2|§?|U}11}2 + leg\i?dvdwl.
K

And we have
(O ot e i el Sy
(1_q S4 1)(1_q S3—84 1) 1_q183
L—g H1—(g=hH} (=g gt
(1 _ q—54—1)<1 _ q—83—84—1) (1 _ q—1—83>(1 _ q—1—54) :

(L—q ')?(A—g°s2m=s)

(= =)0 —q )i — g )
we can also apply Equation 4.2 to the case | = 0. Therefore by putting
together the above results, we get this lemma. O

_ (q—53—54—1)l+1}

+ q71733 (q78378471)l

K”(l) —

Since
K(0) =
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From Lemma 4.5, 4.6 and 4.7, we get the following lemma.

Lemma 4.8.

4 _ _ —
N — 1—q! 1—q 2™ wopmya(q)
I( ) - H _ qg—si—1 X _ g—52—2m -2
pale Sl 1—qs wm+1(¢7?)
« q—Qn(A)P)\(q—s1—52—53—54—2m—1’ q—51—2m+1’ o ,q_sl_l; (]—2)-
By this lemma, Equation 4.1 and
n
(4.3) Z tn()‘)P)\(.’L'l,.%'g,...,a}n;t) = H(l —.%'Z')_l
AeAt =1

(cf. [11, Chapter 3, Section 4, Example 1]), we get an explicit form of the
Igusa local zeta functions of the space (7).

4.4. The space (6). In the space (6), the group G = GL(1)* x Sp(n) x
SL(2m+1) actson V = M(2n,2m+1)®&M(2n,1)&M(2m~+1,1)® M (2m+
1,1) by (x1,x2,2,w) — (argz1 th, asgrs, ashz, aghw) for (x1, 39,2z, w) € V
and (a1, a2,as3,a4,9,h) € G. For y € Alt(2m + 2), we denote by A(y) the
copfaffian of y, i.e. yA(y) = A(y)y = —Pf(y)Iom+2, and we set A(y) =
< —%%) £aly) ) Ai(y) € Alt(2m + 1), Aa(y) € M(2m +1,1). For
(x1,m2,z,w) € V and x = (z1|z2) € M(2n,2m+2), the basic relative invari-
ants f1, fo, f3 and fy are given by f; = Pf (txJna:), fo = 2zA1(taJpx)w,
f3 = 2Ax(txdpx), f1 = 'wAs(twJyz) (cf. [10]). Throughout this subsec-
tion, we assume that the notations dy, dz, dw, dg, Ay and I(\) are the same
as those of Subsection 4.3. By Lemma 4.2, we have

wn(q72)
Wn—m-1(q72)
« Z fk’y(q—2)q2(n(/\)—n(u)—n(V))—(%—?m—l)\#I_ﬂ(A),

)\,M,VEA;;JA

(4.4) Z(s) =

where we put
4
rov= | T 15, 2wl dydzdu,
AN®OM (2m+1,2;0K) ;-

f1 =Pi(y), fi = 2A1(y)w, f5 = '2A:(y), f1 = "wAs(y). Hence we have
only to calculate this integral I'(A). We put

7= (A = Aty A = Ao 5 A = M) € AF L

-1
Since A(y) € A, fory € Ay, we get I'(\) = (fAA dy) (fAT dy) I(7). Then
from 4n(7) + |7| = m2|A\| + 4n()\), Lemma 4.1 and Lemma 4.8, we get



100 S. WAKATSUKI

4
1— —1 1— —2m —1
') = H q | q % Wam42(9 ") % q_gn(,\)
Faley 1— q—sl—l 1— q—52—2m wm+1(q_2)
% P)\(qfslfl7 q7(51+52+53+34+3)7 L ’q*(81+32+83+84+2m+1); q*2).
Here we use the equality
Pr(z1,29,...,Zms13t) = (129 - - $m+1)‘)‘|P,\(x1_1,xgl, . 75'777#1; t).

Therefore by Equation 4.3 and 4.4, we get an explicit form of the Igusa local
zeta function of the space (6).

5. THE SPACE (1)

In this section, we calculate explicitly the Igusa local zeta function of one
variable for each basic relative invariant of the space (1). In this space,
the group G = GL(1)? x SL(5) x SL(2) acts on V = Alt(5) @ Alt(5) &
M(5,1)@© M (5,1) by (z,y, z,w) — (a1(gz'g, gy'g) 'h,az’g~" 2z, a3 ' g~ w) for
(z,y,z,w) € V and (a1, as,a3,9,h) € G. Let () € Alt(4) be the alternating
matrix obtained from z € Alt(5) by subtracting the i-th row and column
(1 <4 <5). Then the basic relative invariants f1, fo and f3 are given by

B Bx)yz  Bz)yw
Ji = det ( —B(y)rz —By)zw > ’

_ B(z)yz  ‘tzaw ) B ( B(x)yw  tzzw >
fa = det < —B(y)x=z tZ?/w = det —B(y)zw teyw )

where we put B(z) = Y(Bi(x),. .., B5(x)), Bi(z) = (—1)" " Pf(z®) (cf. [10]).
We set Z¢, (s1) = Z(51,0,0), Zs,(s2) = Z(0,52,0), Zs,(s3) = Z(0,0, s3).

Proposition 5.1.

(1-—¢gH1-¢?*0A-¢?A-¢gH(1-¢?)
(=g 7)1 =g )2 (1 =g 3)(1 — ¢ *2)(1 — 7572’

Zf2(8) = Zf3(5)
1-¢Hl-g¢HA-¢H1-gH1-g¢7)
(L=—g )1 —g 2 *)(1—g3=)(1 — g+ 2%)(1 —g52%)
Proof. Let dx, dy be the Haar measure on Alt(5; K) normalized by
fAlt(s-OK) dr = fAlt(5'(’)K) dy = 1, dz, dw the Haar measure on M (5,1; K)
normalized by fM(5 1:0K) dz = fM(5 1,OK)dw = 1, dg’ the Haar measure

Zp(s) =

on GL(5; K) normalized by fGL(5,OK) dg’ = 1, and dg the Haar measure
on GL(4; K) normalized by fGL(4,OK)dg = 1. First we shall calculate
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the integral Z; (s) For A € AJ, we put A}, = GL(5;0k) - ()5 and
V(X)) = Al @ Alt(5;,0k) & M(5, 2 ;Ok). Then we have

Zfl Z / /G ‘fl ﬂ- )5 t9/73/72,w)|§<dg’da?dydzdw

AEAS L(5:0k)

Z / / |f1 zo,Y, 2, W)|Kdgdl'dyd2dw

eAd GL(4;0k)
1—q¢*

T
X Z / / | f1(zo, ( Yij e ) , 2, )| 5 dgdxdydzdw

reA V() JGL(4;0k) —e4 0
1 — q —4 ]_ — q_3

1 _q—4—25 1_q— —

X Z / / | f1(x0, 0, 2, w)|}cdgdrdydzdw,
a

e A+ L(4OK
where we put

0 1 0 wya O

—1 0 0 yqa O

At

x0—<g(7r)4g 0>7 w=1 o 0 0 g 0
—Yi4 Y —y3qs 0 1

0 0 0 -1 0

If we put g = “(g1]92|93]94) € GL(4; Ok), then we have

f(x07y07 2, U))

= det ( 4 ‘ 22 'g1(m)aga+ 23 'g1(m)ags + 20 - 'g1 (7 )aga )
wy | wz "1 (m)aga +ws - r(m)ags +ws T (m)ags )

Hence we have

/ / | f(z0, Yo, 2, w) |} dgdxdydzdw
V(A) JGL(4;0k)

— q—s|>\\ / / | det A|jcdgdxdydzdw,
V(A JGL(4;0k)

2 | 22 tgi(m)age + 23 - 'g1(7)a g3 )
wy [ wa - Tg1(m)a g2 +ws - Tgi(m)ags

1—
_ —s|A| aq ot A
- 1_q25/)\)/GL4OK 91(m")a02
+ 23 - L1 (7)) 4 g3|*dgdadydzdw

where A = (
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P Gl i [oan) [ Vil
(1 —g275)2 : GL(4;0k)

A

_ =5 (1 — q72)2 .
=q wm (/&daf) (745, 0).

By Lemma 4.1 and 4.3, we have
Zp(s) = Lm0 D)0 -¢) 1 - g H(1 —g7)
h (1— ¢ 1=5)(1 — ¢ 2=9)2(1 — ¢—4—29)

x Y g IP(q7F 0 ).
NEAT

By Equation 4.3, we get an explicit form of Zy, (s).
Next we shall calculate the integral Zy,(s). For A € A, we put

— GL(2: ™00 0 a0 M@2.40
- GL(QaOK) 0 7T>\2 0 0 ( ) K) C ( ) s K)a
= %(1,0,0,0,0),
0 M 0 0 0
—mM 0 T2z  Xoa  Tos
(M) = 0 —x3 O r34 X35 |
0 —xoq4 —x3¢ 0 @45
0 —ro5 —x35 —I45 O
0 0 7 0 0
0 0 Y23 Y24 Y25
y(Ao) = | =72 —yog 0 Y34 Y35
0 —y1 —ysa 0  ys5
0 -y —y3ss —yss O

We identify Alt(5)%? as Alt(4)? @ M(2,4). Then we have

1-— q’5
Zp8) =1 5w

> (), y(o), 20, w) fcddydu

NeAs Alt(4,0K)820 A OM (5,1;0K )

1—¢7° s / / A
= T s 9. q dv T2 24503
1— q 5—2s Z ,)( O}l{

AeAT

+ M ygswaSedaasdyssdwadws,



IGUSA LOCAL ZETA FUNCTIONS 103

where dv is the Haar measure on M (2, 4; K') normalized by | M2,4:05) dv =
1. Put 7 = Ay — Ay > 0. From [18, Section 3|, we have

wa(g™)  gn-2n
- { L+q DA -g )1 =g g7 (r>1)
(1 =g ) (1 —g g™ (r=0)

By simple calculation, for 7 > 1 we have

/ \ |z45w3 + T Yasw2 | dTa5dyssdwadws
OK

(1=g™1)? ¢TI 1 —g7 )21 —g7)
T N (TR
Therefore if we put together the above results, we get an explicit form of

Zt,(s). We also have Z,(s) = Zy,(s) since fao(x,y,z,w) = —f3(z,y, w, 2).
U

Finally we shall discuss the Igusa local zeta function of several variables
for the space (1). K. Sugiyama communicated to the author an explicit
form of the b-function. The author heard that he calculated the b-function
by using the method of [16] and contractions of this space. The author
also calculated explicitly this b-function by using the method of [16] and
the computer soft Mathematica. The b-function of the space (1) is given by

bin(s) = T, Dy (s + m))/T(ns(s)), where

81+1,81+2,82+1,83+1,
{ni(s);j=1,...,8 = §1+ 82+ 83+2, 8+ 52+ 53+ 3,
251 + 289 + 283 + 4, 281 + 259 + 253+ 5

By [7] and [12], we see that this explicit form of the b-function must cor-
respond to an explicit form of the b-function, which is given by an explicit
form of the Igusa local zeta function Z(s). From this relation, we expect
that the factors of the denominator of Z(s) are expressed by 1 — g (sita)
1 — g (stsatssta) op 1 g~ @R(sitsatss)ta) (g ¢ Zo ). Furthermore for each
known space with a universally transitive open orbit, we have a certain
set {n;(s)} such that Z(s) = [[(1 — ¢ (@)/(1 — ¢®)) and b,(s) =
[IT(n;(s+m))/T'(nj(s)). Therefore we expect that the Igusa local zeta func-
tion of the space (1) is also given by Z(s) = H?zl(l —q Oy /(1= g )
for the above set {n;(s)}, and the p-adic I'-factor of the space (1) is given
by v(s) = [T, 77 (n;(s — k), where k = (2,1,1).
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