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PRINCIPAL IDEALS IN ORE EXTENSIONS

WaAGNER CORTES AnD MIGUEL FERRERO

ABSTRACT. In this paper we prove that if R is a prime ring and I is
an R-disjoint ideal of an Ore extension R[z;o,d], then I is closed and
principal generated by a normal polynomial of minimal degree if and
only if I contains a Sharma polynomial of minimal degree.

INTRODUCTION

Let R be a commutative integral domain and R[z] the polynomial ring
over R in one indeterminate x. In [8], P. K. Sharma proved that if P is a non-
zero R-disjoint prime ideal of R[z] and f(z) = apz™+a,_12" 1 +...+ag is a
polynomial of minimal degree in P, then P is a principal ideal generated by f
if and only if for any b € R such that ba; € a, R we necessarily have b € a, R.
A polynomial satisfying this condition is called a Sharma polynomial in [4].
In this second paper the above result was extended to any R-disjoint closed
ideal of R[z], and some equivalent conditions were obtained for a polynomial
to be a Sharma polynomial.

The result was also extended to some Ore extensions over a commutative
domain in [9] and [2], where the authors proved similar results for an ideal
to be a principal left ideal.

In this paper we consider Ore extensions R[z;o,d] over non necessarily
commutative rings, where o an automorphism and d a o-derivation of R. An
ideal I of R[x;0,d] is said to be principal if there exists a normal polynomial
of minimal degree f € I such that I = R[z;0,d]f = fRx;0,d].

In the first section of the paper we prove the main results. A Sharma
polynomial is defined as a normal polynomial which satisfies the condition
given in the first paragraph of this introduction. Assume that R is a prime
ring and [ is an R-disjoint ideal of R[x;0,d]. We show that I is closed and
principal generated by a polynomial of minimal degree of I if and only if 1
contains a Sharma polynomial of minimal degree. In Section 2 a particular
case is considered, namely, rings R satisfying unique factorization properties.

We point out that the results of the paper are as general as possible
concerning ideals generated by normal polynomials of minimal degree in
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Ore extensions over prime rings, since we are not assuming any additional
condition on R, o and d.

1. PrRINCIPAL IDEALS IN ORE EXTENSIONS

Let R be a prime ring, o an automorphism of R and d a o-derivation of
R, i.e., d is an additive mapping and d(ab) = d(a)b + o(a)d(b), for every
a,b € R. Denote by R|x;0,d] the Ore extension whose elements are the
polynomials ) " a;xt, a; € R, with the usual addition and multiplication
defined by za = o(a)z + d(a), for all a € R.

We denote by () the symmetric quotient ring of R, unless otherwise stated.
Recall that @ is the subring of the left Martindale quotient ring Q(R) of R
consisting of all the elements ¢ € @ such that g/ C R, for some non-zero
ideal I of R. It is well-known that both ¢ and d have unique extensions to
@. Therefore, we can consider the over ring Q[x;0,d] of R[x;0,d].

As usual, a polynomial f € R[x;0,d] is said to be normal if R[x;0,d|f =
fR[z;0,d]. Anideal I of R[x;0,d] is said to be a principal ideal if there exists
a normal polynomial of minimal degree f € I such that I = fR[z;0,d].

For a polynomial f, 6(f) stands the degree of f. If I is a non-zero R-
disjoint (@Q-disjoint) ideal of R[x; o, d] (resp. Q[x;0,d]), the minimality of I,
Min(I), is defined as the smallest n > 1 such that I contains a polynomial
of degree n.

It is well-known that for a non-zero R-disjoint ideal I of R[z;o,d] there
exists a unique monic invariant polynomial f; € Q[z;o,d] with §(f7) =
Min(I) = n and every g(x) € I of degree n is of the form g(z) = afr, for
some a € R. Also, I C Q[z;0,d|fr(x) N R[x;0,d] ([7], Proposition 2.1 and
Corollary 2.2). Recall that an invariant polynomial of Q[xz;0,d] is just a
normal polynomial. Hence, Q[z; 0, d|fr is a two-sided ideal of minimality n.

Given I as above, the ideal [I] = Q[z;0,d]fr(x) N R[z;0,d] is called the
closure of I and I is said to be closed if [I] = I. In particular, if P is an
R-disjoint prime ideal of R[z;o,d], under some additional assumption P is
closed (see [6]).

Assume that f € R[z;0,d] is a normal polynomial of minimal degree in
I = Rlz;0,d]f. Since R[z;0,d] is a prime ring ([5], Theorem 4.4) we have
that rf =0 (fr =0), r € R, implies » = 0. Using this fact it easily follows
that the leading coefficient of f is a normal element of R which is not a zero
divisor. The polynomials of this type play a central role in this paper.

Following [4], a normal polynomial f = Y_" ja;z’ € R[z;0,d], an # 0,
is said to be a Sharma polynomial if ba; € a, R, for 0 < ¢ < n and b € R,
implies b € a, R.

Sharma polynomials appear naturally in principal ideals which are closed.
In fact, we have the following (cf. [8], Theorem 1; [4], Theorem 5).
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Theorem 1.1. Let R be a prime ring and I = Rlz;o,d]f = fRlx;0,d]
a principal ideal which is closed, where 6(f) = Min(I) > 1. Then f is a
Sharma polynomial.

Proof. Put f = Y1 ja;x’ € R[z;o0,d], a, # 0. Assume that there exists
b € R with ba; € a,R, for 0 < i < n, and b &€ a,R. Since a, is a normal
element of R it has an inverse a,' € Q. Also ¢ = a,'b ¢ R and qa; =
a,tba; € R, for 0 < i < n. Thus g = qf € Qlx;0,d|fr(x) N R[x;0,d] = [I].
Hence g € I = R[z;0,d|f, since I is closed, and so g = rf, for some r € R.
Consequently (¢ — r)f = 0 and it follows that ¢ = r € R, a contradiction.
Therefore f is a Sharma polynomial. g

Now we characterize Sharma polynomials. Assume that f = > ja;2" is
a normal polynomial of minimal degree n > 1 in the ideal I = R[z;0,d|f.
Denote by fr(z) = > ¢z’ the monic invariant polynomial of Q[z;a,d]
associated to the ideal I, where ¢, = 1, and by C(f) the set {ao,...,an}.
Put C(f) ' ={q€Q:¢qC(f) CR}and U = {b € R:bf; € R[z;0,d]}. Tt
is easy to see that U is a two-sided ideal of R since rfr = fro~="(r), for any
r e R.

The following result is an extension of ([4], Proposition 4).

Proposition 1.2. Assume that f =Y ja;z" € R[z;0,d] is a normal poly-
nomial of minimal degree n in I = Rlx;0,d)f. Then the following conditions
are equivalent:

i) f is a Sharma polynomial;

it) C(f)il = R;

iii) U = ap R = Ray,.

Proof. (i) = (ii) Since a, is a normal element of R, a,' € Q. Denote by
¢ : R — R the automorphism defined by ¢(r) = 7/, for any r € R, where
r’ € Ris such that ra, = a,r’. Thus ¢ can be extended to an automorphism
of Q defined by ¢(q) = a;, 'qay, for all ¢ € Q, and p(a,R) = a, R.

Suppose that ¢ € C(f)~! and let p = (q). Thus qa; € R, for 0 < i < n,
and so anpp(a;) = qaia, € a, R, where a,p € R. Hence, o~ (app)a; € anR,
for all 4, and by assumption we have p~!(a,p) € a,R. Consequently qa, =
anp € ay R = Ra,, and it follows that ¢ € R. Therefore C(f)~! = R.

(4i) = (i4i) It is clear that a, € U. On the other hand, take b € U
and consider bf; = > " bc;z’ € R[z;0,d]. Note that since f = a,fr we
have that a; = anc;, for every i. So ba;lai = ba;lanci = be;, i.e., bag1 S
C(f)~! = R. Consequently, b € a,R.

(i4i) = (¢) Assume that b € R and ba; € a,R, for 0 <i <n. Take b’ € R
with ba, = a,b’. We have ba; = ba,c; = a,b'c;. Consequently, 'c; € R, for
0 <i < n,and so V' fr € R[x;o,d]. Hence, by assumption, b € a,R and it
follows that b € a, R. Thus f is a Sharma polynomial. O
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Note that from Theorem 1.1 it follows that under the assumptions of
Proposition 1.2, if we assume, in addition, that I is closed, then the condi-
tions (7), (i), (7i1) are satisfied.

To prove the converse of Theorem 1.1 we need some previous results. A
o-ideal H of R is an ideal with o(H) = H. Given a o-ideal H of R we
denote by H[x] the set of all the polynomials of R[x;c,d] whose coefficients
are in H. First we prove the following which is well-known in polynomial
rings when H = 0.

Lemma 1.3. Assume that R is any (not necessarily prime) ring, f €
R[z;0,d] is a normal polynomial and H is a o-ideal of R. Then there exists
h € Rlx;o0,d] \ Hx] with hf € H[z| if and only if there exists b € R\ H
with bf € Hlx].

Proof. Put f(z) = Y1 yaiz’, a, # 0, and take h = > bz’ of minimal
degree m such that hf € H|x] and h ¢ H[z]. Assume, by contradiction,
that m > 1.

It is clear that we may suppose that b = by, ¢ H, by the minimality of
h. Since ha,f = hfg € Hlz], for some g € R[z;0,d|, and bo™(a,) € H, we
have that ha, € H[z]. Hence h(f — a,z™) € H[z]. As above it follows that
ha,—1 € H|x] and an induction argument gives ha; € H[z] , for 0 < i < n.
Therefore bo™(a;) € H, for all i, and so o~"(b)f € H|x]. O

Lemma 1.4. Let I be an R-disjoint ideal of R[x;0,d] and f € Rlx;0,d] a
normal polynomial of minimal degree in I. Then the leading coefficient of f
generates a o-ideal.

Proof. We denote by ¢ and d again the natural extensions of o and d to
additive mappings of R[r;o,d]. Put f(z) = Y.I,ax’, a, # 0. Since
xf = o(f)x+d(f) we have that o(f)x = fh —d(f), for some h € R[z;0,d).
Also 6(h) = 1 because a,, is not a zero divisor. Thus o(a,) € a,R follows.
On the other hand, zo=1(f) = fz+d(c=(f)) = gf +d(c~1(f)), for some
g € R[z;0,d| with §(g) = 1. It is well-known that polynomials in R[z;0,d]
can be written with coefficients at right as well. Doing this and comparing
the coefficients of z"*! in the last relation we obtain ="~ (a,) = bo~"(a,),
for some b € R. Consequently o0~ '(a,) € Ray,. O

Note that the ideal a, R can be a o-ideal for some a,, which is not o-
invariant. Examples of this type can be easily given, even with a,, a central
element.

Now we are in position to prove the converse of Theorem 1.1.

Theorem 1.5. Let R be a prime ring and I an R-disjoint ideal of R[z;0,d).
Assume that there exists a Sharma polynomial f € I with §(f) = Min(I).
Then I is closed and principal generated by f.
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Proof. Put f =31 a;x’, where a = a,, # 0, and take g € [I]. If (g) = n,
then ag — fo~"(b) € [I], where b is the leading coefficient of g. So ag = rf,
for some r € R. It is not difficult to show, by induction on §(g), that there
exists k > 0 such that a¥*g = hf, for some h € R[z;0,d).

It is clear that R[x;0,d]f C I C [I]. For g € [I] take [ > 0 with alg = hf,
for some h € R[x;0,d], and suppose that [ is minimal with this property. If
[ =0, then g € R[z;0,d|f. Assume that [ > 1. Then hf € aR[x], where aR
is a o-ideal of R by the former lemma. Thus Lemma 1.3 implies that there
exists 7 € R such that rf € aR[z] and r ¢ aR. This contradicts the fact
that f is a Sharma polynomial. O

Putting together Theorems 1.1 and 1.5 we have the following

Corollary 1.6. Assume that R is a prime ring and let I be an R-disjoint
ideal of R[x;0,d]. Then I is closed and principal generated by a normal
polynomial of minimal degree if and only if I contains a Sharma polynomial
of minimal degree. Moreover, in this case any normal generator of minimal
degree in I is a Sharma polynomial and conversely.

Remark 1.7. Note that the ideal I to be closed is a necessary condition.
In fact, suppose that R is a commutative domain and 0 # a € R is not
invertible. Then the ideal I = a(x — 1)R[z] is a principal ideal which is not
closed and the generator f = ax + a is not a Sharma polynomial.

When we consider skew polynomial rings of automorphism type (deriva-
tion type) we can obtain similar results in a slightly more general context.
In fact, when the ring R is o-prime (resp. d-prime), o an automorphism
(resp. d a derivation) of R, then we can take as @ the symmetric ring of
o-quotients (resp. d-quotients) of R. The results obtained in this section
can be proved again in these cases with similar arguments. Thus we have
the following
Theorem 1.8. Assume that R is a o-prime (d-prime) ring and let I be
an R-disjoint ideal of R[xz;0] (resp. R[x;d]). Then I is closed and principal
generated by a normal polynomial of minimal degree if and only if I contains
a Sharma polynomial of minimal degree.

Note that Theorem 1.8 applies for any R-disjoint prime of R[z; o] (resp.
R[z;d]), since R-disjoint prime ideals are closed in these cases.

Remark 1.9. We point out that in both cases a result corresponding to
Proposition 1.2 can also be obtained with the same proof.

2. RINGS WITH UNIQUE FACTORIZATION PROPERTIES

Throughout this section we consider rings which satisfy unique factoriza-
tion properties in the sense of [1].
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Let R be a ring with an automorphism o. An element p € R is said to be
o-prime if it is normal and the ideal pR is a o-prime ideal of R.

Following [1], we say that R is a o-unique factorization ring (o-ufr, for
short) if R is o-prime and any non-zero o-prime ideal of R contains a o-prime
element.

Lemma 2.1. Assume that R is a o-ufr. Then any non-zero o-ideal of R
contains a product of o-prime elements.

Proof. Suppose there exists a non-zero o-ideal which does not contain a
product of o-prime elements. By Zorn’s Lemma there exists a maximal o-
ideal J with this property. It easily follows that J is o-prime, a contradiction.

O

To prove the next theorem we need the following

Lemma 2.2. Assume that R is a o-ufr and suppose p, q are o-prime ele-
ments of R. Then the element p' € R with p'p = pq is also o-prime.

Proof. Since R is o-prime and pR, qR are o-prime ideals it easily follows
that p’ is normal and p'R is a o-ideal.

Suppose that A, B are o-ideals of R and AB C p’R. Then ABp C
Rp'p = pRq. Denote by A’ and B’ the ideals of R with pA’ = Ap and
pB’ = Bp, respectively. It follows that A’ and B’ are also o-ideals and
pA'B’ C pRq. Thus A’B’ C Rq and so either A’ C Rq or B’ C Rq. Assume
A’ C Rq and take a € A. So ap = pd’, for some a’ € A’, and we have
ap = pa’ € pRq C p’Rp. Hence a € p'R, i. e., A C p’R. This completes the
proof. O

Now we are in position to prove the main result of this section. In the
proof ) denotes the symmetric ring of o-quotients of R.

Theorem 2.3. Assume that R is a o-ufr. Then any R-disjoint closed ideal
of Rlz; o] is principal generated by a Sharma polynomial of minimal degree.

Proof. Let I be a closed ideal of R[x;o]. If € I we have I = zR[z;0] and
we are done. So we may assume that x ¢ I. Then there exists a monic
polynomial f; € Q[x; 0] such that I = frQ[z; 0] N R[x;0]. Also, o(f1) = f1
and frr = o™(r)fr, for all r € R, where n = 0(fr) = Min(I).

To prove the result we use the characterization corresponding to Propo-
sition 1.2 (see Remark 1.9). Denote by U the ideal of R consisting of all the
elements b € R with bf; € R[x;o]. It is clear that U is a o-ideal. By Lemma
2.1 there exists a € U such that a = py...p,, where p; is a o-prime element
for all . We can assume that r is a smallest integer with the property that U
contains a product of this type. Thus a is a normal element, Ra is a o-ideal
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and f = af; = ax" 4+ ap_12" ' + ... +ag € I. Also, since §(f) = Min(I), it
easily follows that f is a normal element of R[x;0].

We claim that f is a Sharma polynomial. To prove this we show that
U = aR (Proposition 1.2). Thus using Theorem 1.5 the proof is complete
provided we proved the claim.

First we show that for every 1 < j < r there exists 0 < ¢ < n — 1 such
that a; ¢ p;R. Since by Lemma 2.2 we can change the order of the primes
pi, © = 1,...,7, we may assume j = 1. In fact, if a; = p1b;, for b; € R, we
have

p1(p2...pr) fr = f = p1(p2...pra™ + bp_12" 1 + .. + bo).

Since Rz; o] is prime and Rp; = p1 R is a o-ideal we obtain that ps...p, fr €
Rz; o], which contradicts the minimality of r.

Take b € U and put bf; = g € I. Then ag = abf; = wf, where ab = wa.
Thus there exist s; € R, 0 < ¢ < n, with s;a = wa;, and so wa; € Rp;.
Note that since f is normal and its leading coefficient generates a o-ideal,
any other coefficient of f also generates a o-ideal. Furthermore we know
that there exists k such that ay ¢ Rp;. It follows from way € Rp; that
w € Rpy. Hence w = piwi, wy € R, and we obtain t;ps...p, = wia;, for
all 7 and some t; € R. It follows by the same way that w; € paR and an
induction argument shows that w € p;...p,R = aR. So b € aR. Therefore
U = aR and the proof is complete. ([

Similar result can be proved for skew polynomial rings of derivation type.
Let R be a ring and d a derivation of R. A d-prime element of R is defined
as a normal element such that pR is a d-prime ideal of R. We say that R
is a d-unique factorization ring (d-ufr, for short) if R is d-prime and any
non-zero d-prime ideal of R contains a d-prime element.

Using similar arguments as in the automorphism case it is not hard to
prove results corresponding to Lemmas 2.1, 2.2 and Theorem 2.3. Actually,
in the derivation case the computation is slightly more complicated, but we
will omit here the details. So we have

Theorem 2.4. Let R be a d-ufr. Then any R-disjoint closed ideal of R[z;d]
is principal generated by a Sharma polynomial of minimal degree.
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