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REMARK ON CUP-PRODUCTS

Konner YAMAGUCHI

1. INTRODUCTION.

Let L be finite dimensional CW complex and L; be a subcomplex of L
given by

a1 {L = L1 U, e (a € mu_1(L1))

L1 =870 (Uyea GT(A))’

where n — 2 > dim e;”(/\) =m(A\) > ¢+ 2 > 4 are integers (A € A). Let
ig: 81— Ly and @ € m,(L, L) be an inclusion map and the characteristic
map of the top cell €” in L. Then it is known ([2], [4]) that

(L) =0 ifk<gq, m(L,L1)=0 1ifk<n,
(L) =Z ig 27, m(L,L1)=7Z-a2Z, a|S"!=aq,
Tntqg—1(L, L1) = Z - [@, igly ® WuTpyq1 (D™, 8" 1) X Z @& mppg-1(S™),

where [, ], denotes the relative Whitehead product.

In this paper we study the relation between relative Whitehead products
and cup-products on certain finite dimensional complexes. In particular, we
shall prove some generalization of the result obtained by I. M. James in [3]
concerning these relations, and it is as follows:

Theorem 1.1. Under the above assumption (1.1), let 3 € mpq—1(L) be an
element such that

(12) Z*(/B) = m[a, iq]r +aop (m c Z’ pE 7-‘-n+q_1(D7L7 Snfl))’

where iy : Tpyg—1(L) = Tpiq—1(L, L1) denotes the induced homomorphism.

Then if K = LUg €™ is the mapping cone of 8 and ej, € HN(K,Z) =7
(k =q,n,n+ q) denotes the corresponding generator, the following relation
holds:

(1.3) €n - €g =M €piq.
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This kind of results was first obtained by I. M. James [3] for 3-complexes
of the forms K = SP U e? U ePT4. Although the above generalization should
be well known on the basis of the result due to James, we could not find
any literature and it may be worth-while to write this result. In fact, in the
subsequent paper [5] we shall use this result to study the classifications of
homotopy types of simply-connected 8 dimensional Poincaré complexes.

2. COACTION MAPS.

We take M = LV S™ = (L1 Uy €") V S™ and let i/ : L — M be the
coaction map given by pinching the equator of the top cell €” in L. Let

L:L—M, j,:S"—=M, j,:S8"—=M jy:M— (M,L)

be corresponding natural inclusions, and let ry, : M — L be the retraction.
Then we have
(21) rr OjL:idLZTLOMI.
Lemma 2.1. Let ), : m(L,L1) — m.(M,Ly) be the induced homomor-
phism.
: 1 (@) = jL*(@) +.7'M>;j(jn)' -
(i) pi([a,ig)r) = jr.([@ iglr) + [inra(in), ig]r-

i (@o p) = jr.(@op)+ ja o jnop.
Proof. (i) The assertion (7) is clear.

(i) H;([aa iglr) = [/‘;(a) iglr = [JL+(@) + Jari(Gn),iglr  (by (4))

= (@), iglr + [ja4(in), iglr
(7

J
= Jr[@ig)r) + [ars(n), iglr-
(4ii) Since 2n —3 >n+q—1, p € Tpig-1(D", 8" L) Xm0 (S =
Empiq—3(S""?) and we have
po@op) = p(@op=(jr.(@ +jm.(in)) op (by (1))

Lemma 2.2. Under the same assumption as Theorem 1.1,

(2.2) H;(IB) = jr.(B) + m[jqu] +Jjnop in 7Tn+q71(M)a

where (W, : Tptq—1(L) = Tpiq—1(M) denotes the induced homomorphism.
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Proof. Consider the commutative diagram

(L) o n M) 2 on@) e (M)

(2.3) zl j*l zl | j*l

(L, L) —2— 7.(M,Ly) -2 7.(L, L) -2 7.(M, Ly).

We take 6 = jr.(8) + mjn, jql + jn 0 p — pi(B). It suffices to show 6 = 0.
For this purpose, it is sufficient to prove the following two equations:

(2.4) j.(0)=0, and rp.(0)=0.

In fact, let ¢, : L1 — L be an inclusion and consider the exact sequence

Because j.(0) = 0, there exists some element ¢ € m,44—1(L1) such that
0 = (jroir,)«(¢). Hence, using r1,(0) = 0, we have

0 = (jroir)«(®) =jro(rpojr)oin,(¢) (by (2.1))
= Jrorpo(jroir,)«(¢) =jrorr.(f) = 0.

So it remains to prove (2.4). First, we show j.(6) = 0. We note that
gt (B) = w(ix(B))  (by (2.3))
= pi(m[@,iglr +a@op) (by (12))
= mu([@dg)r) + 1 oa@op
= m(Jr. ([ igly + [im 0 jn, iglr))
+(jroaop+jyojnop) (by Lemma 2.1)
= JL*(m ] —i-OéO,O)—l—m[jMOjn,iq]r—l—jMOjnOp

@,
= jL*(Z*( )) +m[]M ijiq]r +JimMojnop (by (1-2))‘
Because [jas 0 jn, iglr = J«([Jns Jq]) and jarojnop = ji(jnop), we can rewrite
]*N;(ﬁ) = J«(jL.(B)) + m]*([]ﬂ?]q}) + jx(jn 0 p).
Hence,
]*(9) = ]*(]L*<ﬁ) + m[jnvjq] +Jnop— M:k(ﬁ)) =0.
Next we prove rr,(6) = 0. Since r; : M — L is a retraction, ry o j, = 0
and we have
TLx(Jn o p) = (rpojn) o p =0,
(2.5) . . .
7L+ ([Jn> Jq)) = [rL 0 Jn, 7L 0 jg) = 0.
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Hence,
ri(0) = T(G(B) + mlin, dgl + jn o p — 1 (B))
TLejLs(B) + 1 rLu([Gns Jol) + 704 (Gn © ) = 1Lt (B)
rLjL(8) = rr.pi(B)  (by (25))
= B-p8 (by(2.1))
= 0.

3. PROOF OF THEOREM 1.1.
First, recall the function first defined by I. M. James [3].

Definition. Let p,q > 2 be integers and let X be a finite dimensional CW
complex with dim X < p + ¢ — 1 such that HP*471(X 7Z) is a finite group.

We fix the elements 0 # e, € H*(X,Z) (k = p, q). Since dim X < p+q—1,
ep-eq =0 € HPTI(X,Z). We define the function h : mpiq—1(X) — Z as
follows. For any element A\ € myi,_1(X), we take X* = X U, e!t7. We
denote by ej,,, the generator of HPY(X*, X;7) = Z corresponding to the
top cell in X*. Let i : X — X* be an inclusion and let ¢} € H*(X*, 7Z)
(k = p, q) be corresponding elements such that i*(e},) = ej.

In this situation, consider the exact sequence

Sk

HPH4(X*, X 7) _J HP(X* 7)) ., HPH(X, 7).

Since 0 = e, - eq = i*(€},) - i*(e},) = i*(e}, - €}), there exists an integer m’ € Z
such that e, - e; = m'e},, . Then we define the function h : mp4 4 1(X) — Z

by h(X\) =m’ (cf. [3], page 378).
Lemma 3.1 ([3]). h: mptq—1(X) — Z is a homomorphism.
Proof. This follows from Theorem 4.1 of [3]. O

Lemma 3.2. Under the same assumption as Theorem 1.1, we denote by
h: mprq—1(M) — Z the linear function given as above. Then we have

() A(Jr«(B)) = h(jnop) =0
(i) A([jn,jql) =1
Proof. (i) Let us consider the mapping cone My = M Uj;, () e"*%. Since
M} = (LUge™) v 8™, clearly o' - b/ = 0, where o’ € H"(M7,Z) = Z and
b € HY(M{,Z) = Z denote the generators corresponding to S™ and S9.
Hence, h(jr.(8)) = 0. Similar method also shows h(j, o p) = 0.
(47) Consider the mapping cone My = M Uy, ;1 e""9. Then My = (L V

S™) Upj,j,) €19 contains the subcomplex SV S™ Uy ;1 €"T? = 59 x S™.
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So if o' € H"(M},Z) = Z and V' € HY(My,7) = Z denote the generators
corresponding to S™ and S, the product a’ - b’ represents the generator of
H"T4(M;,7Z) and we have h([jn,jq]) = 1. O

Proof of Theorem 1.1. Let N be a mapping cone of ! (3) given by N =
MU, g et = (LVS") U, g et Define the map f: K = LUge""? —
MU, g €™ = N by

flIL=y :L—-M
fle™™4 = degree one map on the top cell e"4.

If f*: H*(N,Z) — H*(K,Z) denotes the induced homomorphism and let
€ € HF(N,7) 2 7 (k = q,n,n+q) be the generators corresponding to cells
5%, S™ or €""4, then f*(e}) = ey for k = g,n or n + q. Now consider the
homomorphism h : 7y44—1(M) — Z. Then we have

(3.1) ¢} el = h(LL(B)) ey
Hence,
eneq = FHEL) - FHel) = F1(eh - eh) = FH(h(L(B))ehry)
= B, (B)* (€hrg) = h(HL(B) ensq.

So it remains to show that h(u,(3)) = m. Since h is a homomorphism, it
follows from Lemma 2.2 and 3.2 that

hpi(B) = h(ir.(3) +mljn,jgl + jn o p)
= h(jr.(8)) +m - h([jn; Jgl) + h(jn o p)
= 0+m-14+40=m

and this completes the proof of Theorem 1.1. O
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