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CERTAIN METRICS ON Ri (I1I)

ToMINOSUKE OTSUKI

1. PRELIMINARIES

We studied the following metrics on R4 = R3 x R.
3

1 aryT 1
L) (e S Vnr - L o)
(1.1) y TaTa bzl be T 1 ¥ ar2 ToaLe 1+ azrazy Ttz

o=
and
1 (< 8
1.2) ds® = { (7 260 —
(12) ds 4Ty b;1 (x3+37“)2(r be — ToiTe)
TpLe
I N geydre — ———dwad }
+7’2(1+ar2)) Toe 1+ axgry At

where 72 = 30| 2, a = constant, in [3], [4] and [5].

We proved that any geodesic of (1.1) is a plane curve in R3 but thoses
of (1.2) are not so in general. The curvature tensor R;’y; of both metrics
ds?® = Z?,j:l gijdx;dx; satisfies the equalities:

(1.3) Ri'ne = 6h9ik — O1gjn, 44,0,k =1,2,34.

They are derived as special ones from the metric in Ri:

4
1
2 E
ds® = watn = Fwduzduj, E] = Fjji,

where w1 =1, us = 0, ug = ¢, ug = x4 and
r1 =rsinfcos ¢, ro = rsinfsing, vz = rcosb,

and (r,0,¢) are the polar coordinates of Rg,gij = Fjj/uquy satisfies the
Einstein condition

4 4
R . g
Rij = VELE R;j = ZRi ki, R= Z 9" R;j,
k=1 i,j=1
(97) = (gij)~", and
F;j = Fjj(u1,u2) except for Fyq = Fua(ur, ug, uq)
and
F12:Fa)\:0 (04:1,2; )\:3,4)
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164 T. OTSUKI

We proved in Proposition 1 in [4] that: Putting the restriction
(1.4) Fs3/Fs = sin® ug X constant

to obtain the above mentioned metric g;; = Fj;/uquq, it is necessary and
sufficient to solve the system of the differential equations on y = 1/Fy; as

0%y 1 0y Oy

1.5 et Al PP,
(1.5) Ousduy  y Ous Ouy 92542,
0%y 10y dy  cosug Oy 1
1.6 - -2 2L oy -2 =0
(1.6) OusOug Yy Oug Oug  sinug Ous +ey 20 “l
and

0 s,
(1.7) (o + 401)6—31 + 209 s.inuga—j2 — (¢ + 4oy cosug)y = 0,

where ¢; = integral constant and o = o(u1), 0o = o2(uy) are auxiliary
functions of uq only.

And we obtained the main theorems, Theorem 3 and Theorem 4 in [4]:
The solutions of the system of equations (1.5), (1.6) and (1.7) on y with
y(0,0) # 0 and y(0,0) = 0 are given by

=T () 1 )
(1.8) y 5 0p” + T6b07? 5 Sin” uz

Lt (s~ 5z on)
— SN~ u — ——— ) COS U
4 2T\ 16bp2 2

and

1 b 1
(1.9) y=(oc+ 4cl)sinu2{fsinu2 + 1—p(l +cosug) + —(1 — cosug)}
2 2 8b1p

respectively, where by # 0, b # 0 and ¢; are constants and ¢ and p are
auxiliary functions depending on u; only. For the above metrics, we see
that

1
= —
o

(810g F22>2
611,1
by (5.10) in [4] and for Case I:
F34 = bF33, b= constant,

we have
1

Fiy = b*Fs3 + S —
Co + Clu4U4

Cp, €1 = constants

by (5.2) in [4], and

209
- d ) ith p(0) = 1
p=exp( [ 2 dur), with p(0)

by (6.4) in [4].
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Now, we put

o+ 4c = and p=1—mu,

Ui1Uql
m = constant, then we obtain
o—2m
1.11 o9 = ————.
( ) 2 uiug (1 — muq)

Regarding (1.8) we have
1 1 1
(bop2 + 16bop2> (1 —3 sin? u2) 1 sin? ug + (bop 160y 2) COS U9

(b 24 ! ) (1 + — ! cos? )
— - U
N RTI 2 2

1
— OS u9

4

1
T 6b0p2> COS U2

4
2y 1 N ) 1
= (2<bop + 2) - 4) cos” ug + (bop - 1660p2)cosuQ

lﬁbop
1 1 1
2 bap? ) -
+2<0p+16b0p2 t1

= 2 P 4bop COS u9 ol P 4b 1% 4b0 COS U

+ bo(p-i—L)Q

4bop
2
= o{ (0= ) s+ (o )}

and so we obtain
1 2 2
Fyp=—-= 1 5
y o+4a bg{( p)cosuz+(p+4b0p)}
4bop
(o + 4e1){(bop? — %) cos ug + (bop? + i)}2

and substituting (1.10) into which we have

b0u1u1 (1 — mu1)2

1.12 Fhy =
( ) 22 {bo(1 — muy)? — i) cos ug + bo(1 — muy)? + i}g

and we obtain

610gF22)2_ 1

1
(1.13) FH:;< S

(1= crugug) (1 — mug)?

muq (1 — cosusg) }2

X 91—
{ 2(b0(1 — mu1)2 — %)COSU,Q + bo(l — mul)Q + i
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And by Theorem 2 and Case I in [4] and setting b = 0, we obtain

(1.14) F3y =0,

1

(1.15) F33 = csin2 u2F22 and F44 =
Co + Ccrugquy

where ¢, cg, ¢c; = constants.

In this work, we study the family of metrics given by (1.12) ~ (1.15),
especially with m = 0, and the metics (1.1) and (1.2) which belong to this
family and show that the equalities (1.3) for the curvatures hold for any one
of this family.

2. CURVATURES OF THE METRICS
(1.12) ~ (1,15)

Let us use an auxilliary function of uy for simplicity as

1 1
(2.1) H:(bO_Z)COSUQ+bO+Z
1
= 2bg cos® % + B sin? %,
and consider a metric:
1
ds? = R A A
S Z gijdu;du; i Z Fijdu;du;,
1,7 [2¥}
1
gij = 7u4u4Fija Fij = Fj;
given by (1.12) ~ (1.15) as
1 b0u1u1 b0u1u1 sin2 u9
22 F = —, F e s F — —_—,
(2.2) =17 auLiy 22 2 33 2
1
F31=0, Fuyu=—-————, Fa=Fn=0,
1+ auqUy
a=1,2 and A = 3,4, where we set the constants as
m=0,b=0, cg=-1, ¢y = —a, c=1.
In the following, we set as a, 3,7,...=1,2 and A\, u,v,... = 3,4

Proposition 1. When by = %, the metric (2.2) becomes the metric (1.1).

Proof. The metric (2.2) with by = % is written as

1 1
ds?® = { duyduy + uiug (dugdug + sin? ugdugdug)
U4Uy 1+ auiul

1
— —————duyd }
1+ auguy Hadia
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| 1 1
_ { g drdr + r(d0d9 + sin® 0dodg) — mdmdm}

= —drd dzxpdzy — E —d
:c4964{1+ar2 rr—l—; THaETy (b r )

- ————duxyd }
1+am4x4 Taa

~ Zaia {Z dxpdy + 21+ ar Z zydxy)? — = Z zydxy)?

1
— ———————dxqd }
1+ax4x4 Tt

- dayd dr)? — — 5 e }
x4x4{z Loy 1—|— Zwb wb 1+ azxyzy Ladi

3
1 a 1
= Obe — — )d dr, — ————dxad },
T4T4 {bz_l( be T g2 e ) 4t T Ty aT4T4 rada
since H = %, which is the metric (1.1). O

Proposition 2. When by = &, the metric (2.2) becomes the metric (1.2).

Proof. Since we have

1 3 1
H = ZCOSU2+1 = Z(cosu2—|—3) =

the metric (2.2) is written as

(7 +3)7

ds® = { duyduy + 0u1u1 (dugdusg + sin® updugdus)
ugua L1+ aujug
1
- duyd }
1 4 auquy s
: {sgdrdr + 3 (0040 + sin undido)
x4x4 L1+ ar? (x5 + 3r)2 2
1
— —————dz4d
14+ axgzy T 334}
1 (rdr)2 8r2 Iy ,
1
— —————dz4d
1+ axgxy 4 :r4}

1

474 { (3 + 37" Z dzpdzy — Zb: wydzy)?)
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1 1
—_— dap)? — ———dxsd }
+ r2(1 +ar2)(zb: Toda) 1+ azazs rada

Ly S o
= 1'4-%'4{ Z (m(r be — 1‘51‘6)

b,c=1

Tpe ) 1 }
————— Jdapdr, — —————dx4ad
+ ) Tode 1+ axyxy radra g

which is the metric (1.2). O

In the following we shall compute the curvature tensor of the metric (2.2):
. o . 9 . . , o
2. 4o Y oriy_ Y g i . o i .
(23)  Bj'we =5 At = 5 b+ %:{e npHG kY Zg:{e sHi ks
where { jih} are the Christoffel symbols made by g;;:

i1 ik (O9kn | Ogjk  Ogjn
(24) ek = 2 ;g <8uj * Oup,  Ouy >’

y -1
and (g7) = (gij) + irjihok =1,2,3,4.
Exactly, we obtain from (2.2) or by (1.4) in [4]

o _ 1 oo aaFaa oca 8F55
{s V}—§F (5 A, +57 dug —0gy iy )

that is
1 aFH aul 8F11
2.5 Ly=-F4 = - _F2 -0
(25)  {i} 2 Ouq 14 auqu;’ bh) = Duy ’
1 oF 1 aF 1
1 11 11 2 22 22
{1 2} 2 8’LL2 07 {1 2} 2 8’&1 U17
OF: 1
{2 2} = —2 11 8u22 — H2 bgul(l + aulul)
OF: 1 1
2 22 .
= = —(by — =
{o%} = By H( 0 4)smu2
and
1 1 1 oF
9. A :7F4)\F a — 5968 A :*FA)\ I
(2.6) {,8 v} s B {B u} s B4 {ﬁ u} 2 dug )
_ Faoc aFHV AV _ A _ i 5)\54 5)\54 _ F4/\F
{/l V} a ) {M V} - {,U« V}A ( w l/+ viu Ml/)7
Uq Uy
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where
4
1 oF oF oF g -1
A A pv Hp pv i
NS (e e ) ()~ (5)
v ia 2 ; Oouy, + ou, Ou, K
and
1 OF: 1 OF:
A Y 33 >\3 33
= ——F"— = 0 - = 07
{3%3}a 5 Duts ;L3N = Duy
1 OF, au
A 2\ 44 A 4
= 7F = — _—
{a%ada 2 Ouy Y1+ auguy’
therefore we have
1 1
(2.7) {373} = *F’\4F33’ {3} = —;45:)),‘,
auy
()
{4 4} 4 + 1 + auguy

Now, using (2,5) ~ (2,7), we compute the components R;'p. First, we
have

Rg%12 = 621{5”‘2} - (,_;32{5“1} +) L s =D {2 Hs" )
V4 V4

O / ou/O0Fs0 OF OF 9 OF 50
S (e ) A (e

0F,1  0Fp )) Z faa <8Fw 0Fy1  0F, )

Oug  Oug

ouq Ou, Oug,

(8O0 (L) (L,

poe(OFua | OFa _ OF. OFy, OF, OFs
—*Z (87]2 o, auzy)FW( g " oy 8uy)

(L) ()

ozoc( 82Fﬂa 82Fa2 82F52 (9 Fﬁa 8 Fal
Ou1dug  Ou1dug  OuiOua  Ougdur  OJugdug

2

+

0*Fp 1OF*> (0Fg, OFa,y OFp
au20u1> 2 ouy (G + 52 - 50)
10F* (8F5a N 0F 1 8F51> n 1 Z FQQFW<% n 0F 1

2 Oug \ Ouy Oug B Oug, 4 > ouq Ou

Oug Oug Oug
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O0Fy1\ (OFp 0Fyy  0Fpy 1 o OF,, OF.s
B 3U’L)(8u;+ 81;3 B 8u7>_4ZY:F FW(@QZQ + Ouy
_ 881212) (8Fﬁ7 n 8F71 6F51> _ 1

1
SCFYMFg + —— 63 FMF
ouq oug Ou ! 52+uu 3 AL

UqUyg

1 0% Foo 0% Fao 1oFa 8F55 OF»
2 ( 8u13u5 A2 8u18ua) 2 Ouq (65 Ous + 0 Oug
0F59 1 9F“® aaFﬂg
P2 0, ) 2 Ousy (55

OF: oF
+(5 11_(51 11)

ouq Oug Oug

1 aa OFoa | o 0Fn1 3F11
I (G o o)

o

8F oF: 1
i 572 22 22)

ug 0P 4

Foc pyy (5;1 6;‘0‘0‘ + 5 8F22
U2

0F59 aFﬁﬁ 8F11 8F11
Uy ) (667 ouy +on Oug G )

Ou,

Ouy

1
—— FY(6¢ Fgy — 09 F,
" (67 Fp2 — 05 Fp1)

1 9% Fyy 9% Fys OFPP §Fpg
— (69 F?? — §gg O — == o
2( 2 Ougduq A2 8ua8u1) (5ﬂ Oou; Ous

WOFP2 0Fy . QF™ aFQQ) 1 < 52 OFPP 0F 4

2wy dug p2 Oour Oug 28 duy  Ouy
OF'Y 0Fy, OF* 9Fy, 1 OF,

oX _ - [e7e'% nle7e] ao
to Ouy Oug Al Ouo 8ua)+4{F F ouy

aF/@ﬁ 3F22 8F22 Qo so I@ﬁ 8F]_]_ (9F55

(6’8 Ous +02 Odug ~ 2, Oug, ) + FOT <F Oug Ous

22 OF11 OF» Pl OF1 8F22)

dug dug p2 Our Ouq
0F11 6Fgﬁ 0F59 1 OF,
FaaFll ) _ 5 _ 2] paa paa oo
8ua( You, P am)} 4{ Dus
o 9Fss
(%

8F11 OF11 O0F5 (?Fgg
&% ) Foags (P82 L2
ou, MV ous 00 aua>+ 3 Buy Our

Pl OFy 0F1 5o 1 0Fy 0F1y

dui dug Al Our Ouq

) = (G

0F22 0F11 1+ au4qUyg
_ 9 )} 5% Flg — 69Fg1),
D 515, » + i (67 Fp2 — 05 Fp1)



CERTAIN METRICS ON R% (III)
which is arranged as

171
1 2 0F59 1 2
- 76°‘F22(— 01" ) S P (— F
22 uLu 1pr22 + up Oug 9°h2 uguy 22
2 OF 1 1  OFy OF 1 OF,, 0F
L2 22) 4z ( 55 22 22 5@ oo 22
w1 g, 2 FyFoy Oup Oug

FooFoa Our Oug
1 O0F,, 0F11
_ 651

) + }{FaaFaa<5a8FOéa O0F»2
FoaFoo Ouy Ous/ ' 4 2

8u1 aUg
QBFM 8F11 aFaa 8F22 8Faa 8F11
1 —0p2 +0p1 )
Ouy Oug Our Oug Ous Oug,
oo o OF11 OF, o OF22 OF,
4 oo (o 211 0T Iz

0F5 0F11
_ _ foage Fll
Oug Ous 2 OJug Oug ) 2

8U1 8UB
OF, OF: OFyy OF OF,, OF:
_ oo 11 o 11 22 22 11 . 11 22
FE (51552818 Mmau ouy 623u08u1)
8F22 3F[35
oo 22
PO 2 P }

1
(67 Fg2 — 05 Fp1) + 7(5?1’[52 — 05 Fp1)
Olog F,,,, OF
= 5o { 532 F® Fyy — F‘m 7798 Jaa 211
Ui1Ul

Oup  Oug 8u5 Oug
_ lFaoa(SﬁQalog Fll aFQQ

1
F —F
ou;  Ouy GFpz+ U4U4 p2
1 810gF22
5 [ P
2 ULUq 15

8F11 8log Fﬁg

+ 1 0 lOg F22 0 log F22
up  Oug 2 Ou Odug
F 810gFaa 8F22 8F22 8logF5/3 + F 8F22 8logF11
4 Our  Oug (9Ug ouq 4 Oul OJug
0F5 0log F;
_ 1551FW 22 010g I'11

1
—_— F —F }
ouq ouy tafp UqUyg ot
o [_lealog F., 0Fy . lFaaé?log Fuo 8F11}
Ous  Ougy

Oug  Ouyg
SNSRI %Wm 1 0108 Foy O
P2 Oug 2 Oour  Oug our  Oug
EFCMMWQZ_, aaMaFﬁﬁ}
4 Ouq Oup 4 Ouy  Oug

10log F OF 1

= 50 [Faa(—u SgaFpg — — 208 aa 0211

1U

0 log F11
— —0gg———F
Jug  2uy 2 ouq 22)

1 8log Faa 8F22
§ Faa(
(75} 15 + 4 8u1

4  Ous
+ aF'B2} B 53 |:’U,1

Oug
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1 8F22 OlogFgg) 1
- F } — (0§ Fgg — 65 F,
4 Oug  Owy + e +UU4(1 p2 2 F1)
1 aa@log Faa OFH o 8F22 1 aa@log Faa 8F22
B FE i - 5ﬂ2[ F — ~peaZ b aa
4 Ouy  Ouyg 8ua 4 Our  Oug
_ LFaaaloan FQQ . }FaaalogFQQ 8F/3B] 7
2uy Oug 4 Oug, ouq

here we compute the above expression by dividing in the two cases a = 1

and 2 as follows.

1 —2auq
27 2 1+ auiul
Fll1oFy, 1 —2au;  2Fh

Fgp— 6 [ii_f 1
p2 A2 Ul 4( +GUIUI)1+CLU1U1 ul
—2auq

1 2 OF,
- —(1 —Fhy — an—ﬂ}
2uq (1+ auyw) 14+ auquqg 27y u; Ouy

1 a 1
:F11F225ﬁ2< >+aFﬁ2+7Fﬂ2
ULU1 U4Usg

1+ aujuq
LFllaFﬁﬁ]
2u1 ouq

F22> + aFp

1
Rg o= F11 (
uLUl

1
U4U4

2
—0p2 [F Lo+ aln +aky -
1

1+ auiul

1
= 552F22< a) + adpgafoy + ——Fpo
UqgUy

Uiy

.

1+ aujuq

2(1 4+ auqu 1+ aujuy OF
7( ! 1)F22+2(:LF22 — 1 ﬁﬁ}
U1Ul 2u1 8u1
1+ auyuy OFpg
2u1 ouq

= 0ol <— + a) — adgaFrr + 02

uirul

14+ auiug 1+ auqug 2
=——— 0l t+dgp—F —— —Fa+ 7F,@2
U] 2u1 W U4
1
= —Fpo.
UgUsg p2

And

12 8F22 1 8F22 aIOgFﬂg
1171 Oug 4 Oug  Oug

1 8logF22 1F2236F22

—F ]—5 [ goste 2
+ uUqU Al p2 ul 8'[,62 4

Rg*12 = —[ g1 + F? (— ) + aFp

lul

(75} 8UQ
_ 1F22 0log Foo 8Fm}
4 8’&2 8’&1
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1 1 Olog I 1 0log Iy Olog F,
:_[ o — —— g Lo 1 Ologfa gﬁﬁ+aFﬁ1
w1 2u;  Oug 4 Oug ouy
1 Olog F: 1 Olog F:
L] [ LOkePn 1 OlosTy
UqU4 up  Ous 2u;  Ous
B }F22510gF22 anz]
4 8’LL2 8u1
from which we obtain
1 1 2 12 Olog I 1
R1212=—[ S ATl ST Fll}
wiuy  2uiur 4ug 8u1 UgU4
1 OlogF
[ 08 11 + F11—|- Fll}
2’LL1 8’[1,1
1 —2auy a 1
=—5— - - Fi
2u1 1 + auiuy 1 + auiuy UgUg
1
= - Fny
UqU4
and
R 2 |: 1 alogFgg lalog FQQ 8log FQQ]
2 12= 2U1 8UQ 4 8UQ 8u1

1 8log F22 1 6log F22 1 310g F22
B [771 Oua 2u1 Oug 2u1 Oug } -
These results can be written as
(2.8) Rgia = —— (60 Fpn — 33 Fs1) = 07932 — 03.9m.
UqgUy
Next, we obtain by (1.6) in [4]

0 0F,
Rgte = _75*31{8 (FMFy) + F11 ZFAVF“A‘ 8u:
v,p

1 OF 1 OF 0
__F F)\4Fﬁﬁ BB *F/\4 BB } 7(5 { F/\4F
2 ! duy 20 Oup 520 gy, 1 122)

OF, 1 oF 1 OF
+ F22 Z F)u/F/A v F22FA4Fﬁﬁﬂ _ fF)‘4ﬂ}

o 8U1 2 8U1 2 8U1
1 OFM 1 OFy 1 OF1
- { F F F)\4F44 __F F)\4F117
Uy Al (9 11+ 2 1 aUQ 2 1 8u2
1 8F1 1 8FA4 aF22
- 7FA4—} —6 { Fpy 4+ FMZ 2
2 871,2 + P2 2% 5'11,1

+ F F,\4F443F44 lF prap20Fn A48F22}:O7

1
ou Ul 2 22 8U1 5 8'LL1
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that is
(2.9) Rg/\m =0.

Next, we have by (1.7) in [4]

OF: OF: OF, OF,
= Ip 3A 3A a4 (50 Oax o OFaN\ _
Bx"2 = 2uy {F (6 Ous — % ouq ) +F (61 Ous %2 ouq >} 0,
that is
(2.10) Ry %12 =0.

Then we have by (1.8) in [4]

1 O+ OF,, OFH OF,
RyFig = — Z( A A

8u1 Gug Gug 8u1)

1 {8F“3 OF3\  OFMOF,,  OFM 9F;,  oF™ 8F4,\}

6u1 8u2 + 8u1

811,2 8u2 8'&1 B 811,2 6u1

OF33  0Fy3 OF*  OFy OF33  OFys
oH3 ) ord ) — oH3 b
{ Oouq 3A Ousy + U A Ouo Ous 3A ouq
oOF*%  OF.
vz s }
6u2 8’&1
1 F33 OF. 33 OF.
:75,1353/\<3 OF33  OF> 0 33)20’
4 Ou; Ous Oug Ouy
that is
(2.11) RyF12 =0,
Next, we have by (1.9) in [4]
@ _ 1 « 4o aFUV oo 4o aFO'l/
B VW_QU;;((S'YZF Oug F F’GWZF aua)

= {5a <F43 OF3, 4 OFy, > poa i O OFy,

Odug
that is

(2.12) Rs"

And we have by (1.10) in [4]

1 gF™
R )\11 _ (7 6)\F44>
gy 2uq Ou, U4u4

Oug

vy = 0.

Z /\J azFUV
8u58u7

Oug

OF5y

=

FY OF Y

1 OF* OF, 1 GFC, OF,
IR M R

Ou, Oug

Oug Ou,

Ou,

Odug
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F
_ Z OF o Faaa BB 5ﬁ~/ Z Fue aFGM 8va

Oug > Ouy Oug
OF4 2 1 0*F.
M 4y A3 3v
1 F — Y —
QU4 <5 Ouy Bug O U4( +augua)dy ) Br— 9 Ougdu.,

Ll PRy 10F¥OF,  10FMOF,
2 Ouglu, 2 Ouy Oug 2 Ou, Oug
lFA/\ (8FAV 8 O0Fpp " OFy, Y oF,,
4 OJug Ou, Ou dug

)

— Z aFW\ 8Fﬁ55m ZFW@F)\“ %)’

Ouy Oug
which is arranged as follows:
1 1
A A A A A
(2.13) R "oy = o v by 0 0y Asy + 500 B5 .
where we set

1 0% F33 1 OF33 OFss
2.14 Ag, = aFg, — —F33 - =
( ) py = By 2 (%Lﬁ@u,Y 2 3“7 8u/g

and

_ 0B 0log g | 13, OFy Olog By

2.15) Bg",
(215) Bs"wy Oug  Ou, Ouy  Oug

B Z A OF foa aFBﬂ(S _ o Oia OF\\ OF,,
Oy, Oug, duy Oug

[0}

Regarding these auxiliary expressions Ag.,, B/g)‘w we show the following.

First we set

1 1
(2.16) H* =by — 1 + (bo + Z) COS U3

which is similar to H = (by — 3) cosua + by + 3. We have from (2.14)

1 8210gF33 610gF33 8logF33 laIOgFgg 810gF33
Aﬁv:aFBv_*< + )+f
Ougdu., Odug Ou, 2 Ou, Oug
F 1 82 log F33
= Q S ——
) Ougdu.
2 .
U1 SIN U9
- g o)
ar By OugOu ©8 H

aFy, - i(i5’1y+ (c?su2 + %(bo — i)sinuz>5,2y>

Oug \uq sin ug
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= aFy + ol - O (g

ULU7 Oug \ H sin us
=alg, + ufmc%&ly — &(—;(bo + le)sinu2
b D =g
that is
(2.14) Agy = aFsy + ulul(sﬁal (% + M)agag.

Then, from (2.15) we have
By, — p33 0853 0108 Fys | s OF53 Olos Iy
Oug  Ou, ou,  Oug

0F33 8Fgﬁ 0F33 0F33
_ F33 oo 5 _ F33F33
Z Oug Oug el Ou, Oug

(0%
_ Olog F33 dlog Fgp N Olog F33 Olog F,,

Oug Ouy Ouy Oug
_ <8log F33 FU aFﬁg I 8log F33 F22 8F5ﬁ)5
8U1 8U1 8u2 8u2
. 8log F33 alog F33
Ou Jug '
using the equality
0 10g F33 . 2H* 2

dug  wy P Hsinug °

the above expression becomes

1 H* OlogFgg H* Olog F.
- 2(751 52> ( 5L + 5 ) gl
ot Hsinus ? O Hsinuy Jug

OF, H* OF,
_ 2( proiss 2291565 ) 5
U1 ouq + H sin uy Ous Ay

H* 1 H*
o Ep—;) )(—51 762>
(u1 Hsinus 7/ \uy st H sin us p
aloan H* QQIOgFgg
=2( s} TP )
Ouy H sin ug Ou,
( 61810gF11 H* 52810gF22)
up ' Oug Hsinup 7 Oug

+

_Q(LFnaFﬁﬁ H* F228Fﬁ5)5
uq Ouy  Hsinue Oug
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—4 1Ly
(u1u1 655

From these equalities we obtain

3
Ri% 1

3
Ri”00

3
Ry 1

and

3
Ro” 0

H*
u1 H sin ug

7(53F11 + 03 A1 + 5 3B1331

u4u

753F11 + 5,,{CLF11 +
UqgUg

1

ULUq

10F1

u1
H*

(6505 + 6502) +

177

H*H*
L 5ﬁ>
H?2sin? uy

1<£3logF11
4

8u1

22 0F11

1
_ 2(—F1
Up ouq +

1
753F11 +9 {aFu + —
UqgUyg

1 a
—— 83 Fy + 513,’{
UqgUyg

1

2u;  Oug
i —2auq }
271,1 1+ auiul

1+ aujuq

7531?12 + 03 Aqp + 5 3B1%30

’LL4U

7531712 + 5l,aF12 + 75§<
Uq4U4 4

753F12 + 63 (aFlg +
’LL4U

753F12 = 0
u4u

H sin us
0log F11 }

Oug

)~ )

1
753F21 + 03 A9 + =03 By33,
U4U4 4

1 . 1
B Fy + 6% f53(
waun 21 + 0,4 21+4 M

1
7(551721 + (5,?/)CLF21 =0
UgU4g

7531722 + 03 Agg + 5 3Ba339

U4u

75§F22 + 63 (aF22 +
UgUg

galogFH 2H* (910gF22
up  Ouo Hsinuo  Ouy
H* )
w1 H sin ug
1( 2H* 2 4H* ))
4\Hsinus uy uiHsinUs
20 8logF22 EalogFH
Hsinus Oug up  Oug
4H* )
u1 H sin us
bfo n COS U9 H*)
H?  sin?uy H
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+}(53< 4H* 810gF22_2<iF11@
4 Y\Hsinus Ous U1 ouy
H* alogFgg)_4< H* )2>
Hsinus  Ous H sin us
= 753F22 + 5 (CLFQQ + — b H cos U2
m H?2 H sin® usg
H* 1. . 1 2F5
T Hsnw H sin us H(b0 Ty 5(’[147}71171

7
n H* 2(b 1) . ) ( H* )2)
Hsinus H 074 i Hsin UL

1 bo H* cos 2H 1
— 7(5§F22 + 5 (aFQQ 4+ —= 4+ — Y2 bo — *)
ULU4

L H sin uz+ HQ( 4
1—|—au1u1 H* 1 H* 2
L, - ()
Ui1Ul 2 H (O 4)
bo H* cosu2 1
+ bo — -
H sinZuy H2( 0 4)

1 H* 2
a2 (o) )
uLUl 22 H sinug
bo 4 H*H* bo ( H* )2)
H?  H2sin?uy, H?

H sin us

= 7531722 + 53(
(o

H sin us

These results can be written as

3
Rg’yy = m‘s Fay.

Then, we get from (2.15’) by setting A\ =4

4 4 45 4
Rﬁ vy = U4'LL46 Fﬂfy + 6I/Bﬁ 4~
Lty Lot (p 2 0108 s | 0P Olon oy
U4U4 Oug  Ouy Ou,  Oug
— Z F“@paa@(; _ puapudfu OFyy 3FW)
O Ouq du, Oug
= ——0'F
Ugty By

From these results we obtain the formilas

(2.17) Rgt,, = (SMVB7
UqUyq
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Next, we have by (1.11) in [4]

a e 1 aa aFaa 118F>\l/ 8 aa QQaF/\IJ
By wiév{ F <8U1F ouq + 8u2F 8u2>

n —F34(8F’\3 n 3F3u) n —F44(8F’\4 n OFy, aFAu)
QU4 8’u,y 8u/\ QU4 8’u,y 8u/\ aU4
n 1 }+18Faa8FAl,+1Fw 82F/\1/
U UY 4 Ou, Oug, 2 Ou,Oug
_ lFoza ZFpaaFPV OF 45 _ lFaavaaF’Y’Y OFy,
4 e Ouq Ouy, 4 Oug Ous
- 5@{4% (5 aa 11 CEN s F )
A 8U1 8u1 + A ou u9 8UQ
oF. oF. OF 1
bl (54 I M) + 5A,,F44FM}
2uy 8u 8 8U4 UgU4g
1. OF“ dF) N 1 5 o 0% Fy»
4N ou, Ou, Oug Av Ou,Oug
8F 8F)\>\ 1 8logF aFA)\
_7Faa6 F)\/\ vv _ _Foag YIVS Ty YA AA
4 v Ouq Ou, 4 Av Juq  Ouy’
that is
(2.18)
1alogFo<a 1laF)\)\ lalogFaa 228F/\)\
R\, = 626 { F h F
Ay A 4 8u1 8u1 + 4 8UQ 8UQ
%N pup } 5 V{
2uy Ouy + UgUA M oA 4 Ou, Ougq
4+ Lpoa PFy 1 raa 0log Py 0F,,
2 Ou,Ouy 4 Ouy aua
_ lFoﬂalOng7 aF)\)\} 5a {543F44 548F44}
4 Ouq  Ouy Ouy Y Ouy,
Now, from
8log F33 2 1 2H* 2
2.19 —= = —_—
( ) Oug up & + Hsinuy &
we obtain
8210gF33:_ 2 5Ll ﬂ( H* )22
Ou~OUq wuy Oug \H sinuy/ 7%
and
0 H* H* 1 1 COS U9
0 _ ) . LIPS S }
Oug H sin ug Hsinuz{ H*( 0+ 4)51nu2 + H( 0 4)smu2 sin ug
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(s

H sin ug

H* {sinu2
HH*
H*cosu2)

T Hsinuy
bo
=~ (g +
hence we have
2.20 9" log Fiy
| ) 8%8%

Now, from (2.18) we have

10log Fua

COS U2 }
sin ug

(—bo) —

oLcosty
H sin? usy

ugu H2

10log Fq

RS vy — (5 (53,/{4 au1

27“4 8u4

+4 { 1OF** 0F33 1
v 4 8“7 8“04 2

4

= 5a53u{

2U1 8’[1,1

U4UA
!
2

4
that is
(2.18")

Fll 8-F33

F.
L paa0Fs |

waa%

1 Olog Faa

9% log Fi3

aul 1
1
UqUy

8U2

0% Fs

[e7e

8F33}

8uoc 8u7

(1 +auu)Fas + 5

Ouy

o2+ )5

8U’Yaua B Z au’y
F*  0Fy

7 2”4 v 8U3

1010g Faa . o
Oug

1 1 OF o
- e e _&4 5

(‘(bo + i)H + (bo — f)H*) _ Cf)suz}

sin ug

a0 0108 i3 OFyy
Oug

gy
Hsinug

—F*Fy3(

EFQO‘M OF,,

14+ auqug 0log Faq

8u78u o 5’u7

au“f aua 4

Rs®y = 5353;/{
1
UqgUg

2u1

+ FO°Fyy (

+2( 00+

Iz — GF33} + (531,{

F: il
ouy 33 + 5
1 aFaa
2 Ou,

8u2

uLu
H*
H sinuy

1
— —F33

0log F33 0log F33>
Oug,
alOg F'yfy alOg F33

19log Faa H*

<U1 51

551 <%+%cozu2>5

57) (:155[ +

sin® ug

8ua au7 } )

sin ug

H

i 2)
Hsinug “
25

H )
HSin’LL2 @
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_lFaa( (51 H* )aFW
2 U1 H sinug QU
1 Odlog F. H*
L pony 08P (L H vy
2 B Dug Uy Hsinug !

When a = 1, from this equality we have

1 —2auy 1
Rly :515V{—71 F33 — —F; —F}
3 by 3\ 30 T +au1u1( + aujug)F33 L aF3s3
1
+ 63,,{ 20018} Py~ + (1+ aulul)Fgg( 5L+ 2( 5
U1U1 (75}
H* 52>i> ~ l+auu (idl H* 2) OF,,
Hsinuy 7/ g 2 ul Hsinuy 7/ 0wy
1 Olog F. H*
-0 F 7W< 0+ ——02) }
2( +aurun) Fa Ouq Uy erHsinu2 7))
which is arranged as follows
(2.18")
1 2(1 H*
R3'y, = =6} Fov +53u{ 8 F3 + ( +au1u1)F33 . 2
U4U4 uguy Uy Hsinug 7
1 1 H* OF, dlog F.
L0 s (e ) (et
2( +auiu) U1 v Hsinug 7/ \ Ouyg + 48 ouq
Hence we get from this equality
F3s3 2(1 + auquy) H*
Ry's, = 6! o) F: F, :
337 q/’IL4U4 + (ANY5N 733 + (31 33Hsinu2 v
1 1 H* 2F33 alogF
— - (—51 52>( F 7W>
2( +auru) Uy vt Hsinug 7 Uy + 488 ouq
Therefore we obtain
1 1 1 2F: —2
R3'31 = — F33 + Fs3 — —HWIUI( C o+ F $>
AU4 Ul 2u1 ul 1+ auiul
1
=— F3
UgUy
and
2(1 + aulul) H* 1 H* 2F33 2
Rslso = F ~-q 7< s 7)
3 32 Ul 33 H sin U9 2( + aulul)Hsin us \ uUp 33
= 0.
Furthermore, we get easily from (2.18”)
F:
R3147 =5 == M _ 0.

Y usuy



182 T. OTSUKI

These results can be written as
RB vy — _751}731/
UAUY
When a = 2, from (2.18’) we obtain

10log Fye H*
R32W _ 53 53V{ 0g 22 .

1 Olog F:
+ auiuy 0log 22]_,?33+ in s

2’[1,1 Bul 5 8’LL2 H >

10F% H*
Fi3 — aF } 5 {f
UgUg 33— s § o Osy 2 Ju, ez sin ug

bo H* cosus
F2 R (_ <7 4 )52
+ 33 H? + H sin®uy/ 7

+2(+ T Fanms)
Hsmu2 H sin us

—*F22( 51 H* )aFw
2 Uy H sin ug Ous
S e GRS )
= 63531,{1—22?1“1733 + g—;(bo — i) sin? ug — IL41U4Fg,3 — CLF33}
+ 53,,{sin2 Us <— (ull(ﬂ + %(bo — f) sin us ), ) ngjw

bo  H*cosua\ o - H* o~
SN P R P
(H2 + Hsin2u2) v Hs1nu2 H sinuy

_1 H? (i51+ H* 2)8Fw
2bguiug \uy ' Hsinug 7/ Ous
1., 1 4 H* Olog F.
_ L =5 5 ) w}
g S u2< 1 7+HSiHU,2 v Ous

Since we have the equality

—(bo— i)H* sin? ug —bg sin® ug — HH* cosug+2H* H* = —bg sin® uo+ H*H*,
the above equality become

(2.18")

Rg®,, = 53,531/{

.2
sin” u
H22 FS?’}
H*sinu —bgsin?us + H*H*
1 2 2 —00 2
+a {8 g 7
_l(i(gl o+ 2)( H? 9F,, ., 2810ng>}

: —+ s1n” u
2\u; 7 Hsinug 7/ ‘boujui Ous Ousy

1
b bo— = )H™) —
(bo + (bo 4) ) e
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from which we get

2
1
Ry? :52{51“‘21) bo — —))H*) — F}
373y = 0\ T2 (bo + (bo 4)) ) g
H* sinus —bosin?uy + H* H*
N 62
+ Y U1H + Y H?2
2(u1 Y Hsinug ! H + s tip Ous '
Therefore we obtain
R3%31 =0
and
-2 i 02 * IT%
sin“ ug 1 1 —bpsin“us + H*H
Ra2a0 = b by — —)H* F
3732 72 (bo + (bo ) ) — Yt 33+ 2
H* /H*  sin?uy 1 1
b—7>:— Fy.
H(H 7 o) ugug 0

Since we get easily from (2.18”) R34, = 0, we can explain these results
as

1
2 _ 2
R3 vy — _U4U4 57F31/
Then we get from (2.18)
1 OFy F% F4 (9Fy OFy
R4, = 695 {——F‘M F } poel { 5 }
4 v v 2’LL4 8U4 + UqgUg 44 v 2u Uyg 8u,, v a’li4

0‘64{ 1 2auy n 1 }+5a54 —2a

YT 2uy 1 4 augug wgug T 4 auguy
1 1
L e b= 8900,
v 1 + auqug U4U4 v U4U4(1 + CLU4U4)
= —75 OuvFag = _76QF41/
UgUsg UgUsg

These results can be arranged as

(2.18%) R\ = — 05 -
UqUy
Next, we obtain by (1.12) in [4]
(9F(, - 0F5p
R)\uuq/ = _7{)\ V}A -3 Z{p V}A A -3 Z{/\ V}AFM
Uy
O%F,\ 1 6F4“ 1. OF )\,
o 2 T oA F, + F#
Z 9w, O, 2u4< aw, T B, )
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"Z ‘9F0A 1 9B
QU4 2uy Ouy

1 OFy) 0Fy 1 0*F,\
—_= 4V praZiiA A4y ped 2720 T ppp T BA
2 alatala Ou, 2{/\ vin Ou, + 2 Ou, Ou
R VG 3 VA 73 R S Y 3 VA
Qg Ouy  2ug " Ouy — 2uy duy ’
that is
(2.21) Ry, = 0.

Next, we obtain by (1.13) in [4]

1 OF,4 0F3, OF,3 OFy,
a, — oo FpU( p _ P ) —
Ryan = 3 D Dua Oug  Ou dus)
that is
(2.22) Rg“34 = 0.

Next, we obtain by (1.14) in [4]

1 <= OF* OF, 1 O°F,
Bits=—33 g5 _§ZFA0703

8U4 8u 8 aU48u 38

+ %ZF”"( A }A8F04 —{, 4}A8F03)

1 - 8F0-4 aF10'3
- MZU:F4 (53)’\ dug _6>\ oug )

19F™ F. 1 2F 1 F.
OF* 0F33 F)\ga 33 43{,\}333

2 Ouy Oug 2 8U48u5 2

_ L(F445A8F44 B F44528F43) _ 0
Jug ’

that is
(2.23) R/@)\34 =0.
Next, we obtain by (1.15) in [4]

0%Fys 1 e OF 3 8F4
Bx"s4 = 2F OunOuy B iF Zf;( Wt — {A 3}A)

1 OF,3 OF 4
_ _~ po« F4p( 4 F )
2uy Z Oug M U

8F43 130F33
- _ — F"O‘F T8 =0,
2 {)\ A} u, M
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that is
(2.24) Ry\%3 = 0.
Finally, we obtain by (1.16) in [4]

0
R34 = —aTM{A“:z}A + Z({au3}A{)\U4}A - {ap4}A{)\J3}A>
1 1 1 1
_ T SH 4 iy 2 sk 4 44

1
+ ” Z FHo (F)\3{044}A - F/\4{a43}A>
g

+ 1 ZFoaocFua<aF/\3 OF 54 . OF )\ 8Fa3)
Qg Oug Oug Oug
1 1 1
= —— 3 (et + —FHE ) + —— Py
U4 U4 UgU4

1 1 8F)\3 OF 4 0Fy\y OF 3
i 4 — FHH FO‘O‘< = — - )
+ alatata + 5 ZO; Qg Oug — Oug Oug

1 1
= —{s"Ja(FM Fyg = 0583) + —— (=503 + 6403 F ' Fi3)
Uq UQU4

_ a (53 dd o sjusd Lo spgd | opuss paa

1 153 744 1 54
- FMpy, —
ugug(l +CLU4U4>(54 o\ 33 = 030))
1
= —7(5MF)\3 — oF F)\4)

U4 U4

that is
1
(225) R)\M34 = 7((551‘7‘,\4 — (5ZF)\3)
UqgUy
Thus we have proved the following theorem,

Main theorem. For the metric on R4

2 _
ds® = m Z Fuduzdu],
given by

1 b0u1u1 b0u1u1 sin2 u9

F = — = — F e —

11 1+ auiuy ; 22 2 ’ 33 2 )

1
F30=0, Fy=-—7—"""—"  Fra=Fun=0,

14 auquy’
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a=1,2, and A =3, 4, by = constant,

1 1
H = (by — Z)COSU2+50+Z,

its curvature tensor Rjihk satisfies the equality:
, 1 A o
Rjzhk = 7((5}1ij — 5}6th), i, 7, h, k=1, 2, 3, 4.
UgUg

Furthermore, we have easily the following (see [7]).

Corollary. The space with the metric in the above theorem has constant
sectional curvature —1.

Proof. Let 1I be any two-dimensional nondegenerate tangent subspace at a
point and v*, w* be tangent non zero vectors belonging to II and orthgonal
each other to. Then, using the Einstein convention for summation , we have
o 1 L
Rl wo"w® = ——(gin Fjr. — gin Fin)vi wiow®
UqgUy

= (9ingjk — gikgjh)vjwivhwk

= ginw' v gl w® — gpwiwFgnviv”

= —(giw'w®)(gjnviv"),

which shows the sectional curvature of II is —1. O
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