Math. J. Okayama Univ. 45 (2003), 145-162

A NOTE ON GEODESICS AND CURVATURES OF
CERTAIN 4-SPACES

ToMINOSUKE OTSUKI

ABSTRACT. This work is a continuation of the papers [3] and [4], in
which we studied the metrics (1.1) and (1.2) on R%. The metric (1.1)
with a = 0O:
2 dzidx1 + drodrs + drsdrs — dradxs

o 44

ds

is analogous to the metric of the hyperbolic 4-space. We considered
fundamentally metrics on R based on this hyperbolic type metric, not
Euclidean or Minkowsky types.

1. GEODESICS

We studied the following metrics on R*, = R3 x R,

3
1 azTpxe 1
1.1 ds? = Ope — — |dapdre, — ——————dxad
( ) S a:4x4{bz::1( b 1+ar2) Tpdx 1+ azazs T4 x4}
and
1 3 8 Ty
1.2) ds? = { <7 26 — _Ivle )d dz
(12) ds T4T4 lgz:l (x3+37°)2(r ’ mbxc)+r2(1+ar2) o
1
— ——————dux4d }
14+ azaza radita g

where 72 = ZZ’ZI xpTp, a = constant, in [1],[2] and [3],[4], respectively. They
are derived as special ones from the metric on R*,

4
1
> Fijduiduj, Fyj = Fy,
UqUy
3,7=1

ds®> =

where w1 =7, us = 0, ug = ¢, uqg = x4 and
xr1 =rsinfcos¢p, xo=rsinfsing, x3=rcosb,

and (r,0,$) are the polar coordinates of R3, which satisfies the Einstein
condition and

F’L] = Fij(ula UQ) except for F44 = F44(u17u27u4)
and

F12:Fa)\:0 (0421,2; )\:3,4)
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146 T. OTSUKI

The metric (1.1) is the one such that

OF' OF:
8u121 = 8u222 =0 and Fs3 = ¥(uy)sinuy

and the metric (1.2) is the one essentially depending on the longitude ¢.
In this paper we shall show that their geodesics have special features quite
different for the two metrics.

In general for the metric

Fj(z)
XyTy ’

(1.3) ds*= Z gijdaidr; = v Z Fij(x)dzidx;, g5 =
7.7 1 ’-] 1

its Christoffel symbols become

iy 9gjk | Ogrn _ Ogjn
(1.4) 'k = (8xh 0z oz, )
<8ij 6Fkh 6th>
8xh j 8xk
1 ‘
—4(5 Sap, + 64645 — FUFyp),

where (gY) = (g;5) ™", (FY) = (Fy;)™".
The equations of a geodesic of the metric (1.3) are

&z  dz;d
(1.5) TS S —0, i=1,2,3,4.
jh

dt? dt dt

Proposition 1. For any geodesic (x;(t)),1 < i < 4, of the metric (1.1), the
curve (xp(t)),1 < b <3, in R? is a plane curve.

Proof. Since we have for the metric (1.1)

aTpLe 1
——, Fpu =0, Fyuy=-—
14 ar? H 44

where b, ¢, e = 1,2,3 | we obtain by (1.4)

1
() = a2, g = LE

1.6 F. =06, — -
( ) be be 1+ azazy

14+ ar? Z4 1+ ar?
1
{va} = —*55, {*} =0, {44} =0,
11 + 2ax4x4 2 1

Llp=-— o 2y

x4 14+ azxqxy T4 fL‘4(1 + CL$4$4) '
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For the geodesic z;(t) we have
Az, e dxjdzy,
LU

= @ —axez<5bc _ AhvTe )%% - *Z bdwb (0

dt2 - 1+ar2/ dt dt dt dt
_d%e_m< Todny 0 (37 g, te)7) - 2 et
T de ¢ dt dt 1+ar? Yt v, dt dt
that is
A2z, dxy, dxy ar? drdr 2 dz. dxy
) (Gl et drdry | 2 deedey,
(L1.7) az Y it dt  1taldtdt) w dt dt
and

d:L‘j d.%’h
dt2 +Z{J dt dt

B d2;1;4 B 1+ axazy 2(5 _aTpTe )%dzc _ i 14+ 2az424 dxg dy
de2 T4 be T I ¥ a2

dt dt x4 14 axgxy dt dt

b,c
_d2m4_1—|—aaﬁ4x4< %%_ ar? ﬂ@)_ 14+ 2az424 %%
de2 T4 ; dt dt 14 ar?dtdt (14 axqxy) dt dt
=0,
that is

d?zy 1+ axyzy ( @ dxyp ar® dr dr)

1.8 = - = T
(1.8) dt? T4 dt dt 1+ ar?dtdt

1+ 2ax424 @%
.%'4(14‘&.%41‘4) dt dt '

Now, for the curve (z1(t), z2(t), z3(t)) in R? we set

y, oo G dies desdry o desdaydey do
VT T Az T ar a2 P T dt i dt di? ]

Voo Bdey dndin g §~dopdny ar® drdr
ST dt Atz dt de2” T oedt At 1+ar?dtdt’

then we have
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. d.%’g diL'Q
= —a® (m dt x?’ﬁ)
and analogously
dxq drs dzo dxq
T NUEET
Vo= —ab(@s=g oy ), Vs = madlogs — oy
As vectors in R3, we have the relation
dx d’z dx
V=WV,V,V3) = — X —5 =—ad —
( 17 2’ 3) dt X dt2 a (x X dt )?
which implies
av. dd dx d’z
@y 07 il P, X fadied
g = g ) T et x )
do dx 2 dx dxy
= a0 x ) —at(ox (a4 ZHTH))
adt(a:xdt) a®lz x (ax +x4dt 7
o (g ) g, Ay
7 dt dt dt )’

that is
dV:(l dd 2 dx4>V

dt O dt o x4 dt
Hence we see that the normal direction of the osculating plane of the curve
(w1(t), 22(t), 23(t)) in R? is constant. Therefore this curve must be a plane
curve in R3. O

Proposition 2. For a geodesic (x;(t)) of the metric (1.2), the curve
(w1(t), 22(t),23(t)) in R® is a plane curve, if and only if it satisfies the
condition:
d /C d.TQ dl‘l .

(1) () (0 =) =0
where

3 1 8(1 + ar?) 3 dr dr
1.10) A:=<—— —_——
(1.10) { 2T r2(1+ar?)  (x3+3r)2  r(zs+3r) } dt dt

{ 3 2(1 + ar?) } dxp dxp 2 dr dxs
(

r(zs +3r) (w3 + 3r)2 dt dt ' or(zy+3r)dt dt’

(1.11) C:=

1 < dxrydry  dr dr)

w3+ 3r\&= dt dt  dtdt)

Proof. From the metric (1.2) we have

1
(1.12) Foe = (r2(1 +ar?)  (x3+ 3r)2

Joet G
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1
1.13 F,=0 Fy=-——
( ) b4 ) 44 TE—
and
x3+3r)2 1+ ar? 2 4 31)2 )
e — (_( 38r4 ) + 3 >$bxc+ (387«2)51707 (Fbc) = (Fb) 1’

from which we obtain

O0Fy,. { 2 ( 2 n 1 ) . 48 }
== (- TyTel
Oxe A\ 1+ ar2 T (Tt ar?)?) " r(es+3r)3 S0

16 )
+ m{(s?)e(%l‘c — 1%0pc) + Ope3Te }
+( L 8 ) G + bects)
r2(1+ar?)  (wg+3r)2) e Teettr
The Christoffel symbols (1.4) are computed as follows:
(1.14)
{e}1+ar2[{2<_ 2 1 )+ 48 }xx:c
bef =™y r\ 1+ar? (14 ar?)? r(zs + 3r)3 blete
16
T 5 \q%e (5 c 5 C - 5 C
+ ($3+3r)333 ( 3pTe + 03:Tp b 1‘3)
1 8
2 — Obe
* <1"2(1 +ar?)  (z3+ 3r)2>x b }
8 1+ ar?
+ (w3 £ 38 12 Te(TyPac + Tcsb — T3Pbe)
1
- m(%b%c + PecP3p — Pe3die),
where we set
(1.15) Pve = TpXe — 7“25bc,
and
1+ azqx . 1.
(1.16) (bl =————""LFe, {%4) = —20% {ll=0,
1+ 2ax4x4 2 1
(& — 0’ 4 — e R —_————— .
{4 4} {4 4} 1‘4(1 + CL.%'4J?4) T4 564(1 + CL.%'4.TU4)

On the above auxiliary functions ¢., we see easily that

(1'17) Z Ppere = 0, Z¢bc¢ce = _r2¢be7
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and
(1.18)
ToTe 8 e  1+ar? (x5 + 3r)?
Fyo = - Fbe — G R R,
T2+ ar?) (w3 +3r)? Pt pz et gt Ve

By means of (1.14), (1.16), the geodesic (z;(t)) satisfies the following
differential equations:

dxy dxc dxy dxy
1.19)
( dt2 At dt Z{” S ar
Az, 1 + ar? 2 2 1 48
= g2 [{*4(7 5 T v 3}
dt 2 r 1+ar (1+ ar?) r(xs + 3r)

dxy, 16 d:[;3 dxy, dxy dxy,
Xa:e(be ) (x3 + 3r)3 ( Z b _m?’z dt dt)

12 ) %%}
r2(1+ar?) (x3+ 3r)? dt dt

8(1+ d day dx.
+7@%*<Z%“Z% S )

dxp dxy dx,
B A(zs + 37‘ ( Z ¢€b Z ¢3c dt ~ e Z¢bc dt dt )

+2(

gL dredry
rq dt dt
and
dxy dz. dxs dxa
dt2 -+ Z{b g T b dt dt
d e 1+ axgzy Z I dxy, dx, (_3 1 )%%
dt? T4 — beTat dt xy  w4(1 4 axgmwy)/ dt dt
_ d?zy _ 14+ axyzy Z( TpTe _ 8 é )%dazc
T a2 ra \2(T+ar?)  (ws+3r)2 ) dt dt
2 1 d.iC4 d334
S R iermrrn rar e
Ty 1'4(1 + a.1‘4£L'4) dt dt

that is



A NOTE ON GEODESICS AND CURVATURES OF CERTAIN 4-SPACES 151

(1.20)
2 2
M e (@) w2 W)

2 1 d.TU4 2
S ) (=) =0
+ ( T4 + x4(1+ ax4x4))< dt )
Since we have

dxy dr dre  dr  5dmy
Z W T ar ZC:@’C a0 T Ta

Z¢ drydre o (ﬁ@_ %%)
bear dr | \dt dt —dt dt )’

the coefficients of x. of the above expression (1.19) are arranged as

1+a7‘2[{2<_ 2 n 1 ) 48 } pdr dr
2 rt\ 14ar? (14 ar?)? r(xs+3r)3)  dtdt
16 dl’g dr dxp dxy
+ (w3 + 3r)3 ( dt dt )
1 2 dzy dxy,
92 _ il
* (7“2(1 Far?)  (ms o 3r)2) dt dt }
8(1 + ar?) dr dr odrs g (drdr dxy, dxy,
B Sl VAR I Vel = =T e’}
a:3+3r3r2{ Tdt<xrdt " dt) vt <dtdt dt dt>}
b
1 dr dr dxs dr dr dxy, dxy,
— = Jop 2o 2( 222 i i
T4(J:3—|-37“){ dt (mrdt "t ) war (dt dt 2= dt dt )}
—{—i—l- 1 8(1 + ar?) 3 }@@
U2 T 2T+ ar?)  (23+3r)2  r(as+3r) ) dt dt
{ 3 B 2(1—|—ar2)} dxy, dxy, 2 dr dzs
r(zs+3r) (v3+3r)2 dt dt | or(xs+3r)dt dt

which is the expression A in (1.10). Therefore (1.19) can be written as

(1.21) e °+ Ax +Bd + Co
. dt2 e dt 3e = 7
where

2 dr dxs 2 dxy
1.22 B=———— —_——r—) - —
(1:22) r(zs + 3r) (1,‘3 at | dt ) xy dt’

and C' is the expression given by (1.11).
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Now, for the curve (x1(t),z2(t),z3(t)) in R® we compute the vector
(V1, V2, V3) given by

_dxg Prg  drs d?zy _dz3 A’z drxy dPzs
VT A2 ar d20 T at di2 dt a2’
L dl’l dZZUQ diL'Q d2$‘1
SUTdt A2 dt di?
Since we have
dxy Pz, dx. Pz

dt dt? dt dt?

dxyp dz. dx. dxyp
= Y (pr.+ B 050) —(A B 05)
dt<x+ ar 0] T (ATt B+ Cose
dx, dxy, dx. dxy
{8 (o).
Togy T egy ) T\ g T 0oy
dx dx dx
ViiVo: Vo= An g —a ) - O
. d:Cl dl‘g d.’El . dl’g d:Cl
Al ) G A )
ey S
N
o2 — gyt A gy B2 gy dn

In order to show that the curve is a plane curve in R? it is necessary and
sufficient that the normal direction of its osculating plane is constant along
it, therefore

dx dx dx

o' — 23y C it

_— — ——————— = constant,
dxo dxy A dxo dzy

Ti°g — T2 g T1 g — T2 g

and

rydEl — p 423 o dzy

o dt L odt + . at constant
dxo dxy A dxo dzy

L1 g —*27q T1g — 12 g

must hold good. From the first equation we obtain the equivalent equation
by differentiation as follows

d?x3 C\ dxo d (C\dza d?xs d?x
vt — (st 7)) — &(DF g — v
dzy Cydza dzo dey T

z2g — (w3 + Z) G L1 g — L27g

which becomes
dl‘Q d.’El d2.’L’3 C d2$2 d C dIEQ
(g = g Mg~ D~ aDa)
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_{ dzxs ( C’)dacg}(xld%cg d2:c1)

Targy ~ Wt ) Mg T e
= (a: @—x @){—x (Azx —i—B%—FC)
" T a 2158 dt
C dﬂ?g d C Cll‘g
+ (s + (A + B = SO0 )
dl’g C dCL'Q deQ dwl
d$2 dl‘l daj‘g BC d C d$2
= (21222 _ 2PN Bt L (Baa 4+ 22 — S (22
@1 a: ~ 2 ) -Be> a T Bt~ (g dt}
d.%'g C dZCQ d.ilfg diL'l
e - e DB )
_d ,Cdxy, dx dry,
—a A g W Ty ) =0
that is
d C d:BQ dZCQ d.ilfl .
(1.23) a'aa g ) =0

Analogously, from the second equation we obtain

d’z3 C\d?z1 _ d(Cydxy d’zy d?zq
gt — (st 7)) — a(Dw  ngE — vt
dzg Cydzy dzg dz1 ’
1 — (@3 + Z)G T1 g — L27g

which becomes

dZL‘Q dl’l C d21‘1 d2$3 d C d:L'1
(g —m g o+ D e w2 )

C  dxy dxs d%z4 d*z;
e+ PG oG oG - n )
_ dzo dxq C dxq
= (g —m g ) -l )An + B
d d C.d
+x1(A$3+B%+C)+$(Z>%}
C da:l d:Cg dCL‘Q dl‘l
st P g A B (A + BT |
. dZEQ d:El d{L‘g BC d C diL‘l
- <‘”1 a ){B“’l o Bt = () }

C . dxy dzs dxo dxy
@+ PG -G H PG -]

_d C dx1< 1d:c2 dacl) -

= a g
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that is
d C dl‘l ($1 daj‘Q d.%‘l) —0

(1.24) SR _ 0

dt dt
From the conditions (1.23) and (1.24) we obtain the equation:
d C d:L'2 dl’l 2
DG ) =0
which is equivalent to

d (C' ) ( dxo dac1> 0
— (=) e1—= —z2——) =
dt A\"Var T de ’
and conversely this equation implies (1.23) and (1.24). Hence, we obtain the

claim of this Proposition. (|

2. CURVATURES

For the metrics (1.1) and (1.2) in §1, we compute their curvature tensors,
by using the Einstein convention for summation, given by

21)  Rime= (;;{jik} - 8(;{/!1} + G ) = ()
where 7,4, h, k = 1,2,3,4 and we shall show the following
Proposition 3. We have the equalities
(2.2) Rjihk = 529;%: — 5,igjh.
Proof. For the metric (1.1), using (1.6) we obtain easily
Ro%be = 85 9ac — 0cgabs  Ra'be = Ra®e = Ra'pe =0,
Rifse = —05gas, Ri'sc =R 4c=0, Ry'sc = gy,

where a, b, c,e = 1,2,3, and they are explained as (2.2).
Next, for the metric (1.2) we can explain (1.14) as

1
2. ec:eA c B(Sc_i e c ec — Qe c)s
(2.3) {p°ct = ze(Ampae + Bope) T4(x3+3r)(¢b¢3 + GecP3p — Pe3dic)
where we set
2 1 8(1 + ar?) 1 8(1+ar?)
24) A=-—— B=_—_- 1" 7
(24) T r4(1 4 ar?) * r2(x3 + 3r)2’ r2 (x3+ 3r)?
We set oA 5
— = A1wp + A2d3y, +— = By + Badsyp,
8.%'1) (91'1,
where
8 4 2a 16 48(1 + ar?)
Al = — —

6 (14 ar?) A1+ ar?)? (w4302 r(ws+ 3r)3
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16
Ag = ——
2 r2(zg + 3r)3’
2 16a 48(1 + ar?) ~16(1 + ar?)

B =

r (x5+3r)2 " r(zs+3r)3 27 (xg +3r)3 "
Regarding ¢, in addition to (1.17) we have

8¢bc

(2.5) A

= Opee + OceTh — 20pcTe.

First, we compute

Rotie = (e fa%e} = oo} + {0 o — {5 Ha))
+ {4eb}{a4c} - {460}{a4b}7

where «, 3,¢,b,¢c,e = 1,2,3. We obtain easily

(2.6) {a“Ha"e} — {aHa"} = (1 + a244) (65 gac — 5c0n)-
by (1.16). Then, we have by (2.3)
8 e a e e € e €
87331,{& c} - 5xc{a b} + {6 b}{a c} - {s c}{a b}
0 1
= aixb{xe(Axaxc + B(Sac) - m(¢ea¢30 + ¢ec¢3o¢ - ¢e3¢o¢c)}

0
- Txc{xe(Axa$b + Boap) — 1 ! (Pea®3p + Pev®3a — Pe3dan) }

r4(x3 + 3r)

oAz + Bia) = s (Gnedn + dunne — dead)
< (ae(Ara + Bboe) = S (Geate + Gecdia = Geadc))
— (oA + Boo) = s (Guste + et — duace)
(oA + Bb) =~ (Gt + uathn — diatan)

which is arranged by means of (1.7), (2.4) and (2.5) as

= 0pHy — 0¢Tla + (d3pc — 3¢25) 113 + (dapTe — Sactp)Ily
+ (03b0ac — 03c0ap) 5,
where we set
4 3
r4(zs + 3r) + r3(xs + 3r)?

H1 == Amaxc + Bdac + < )¢3o¢xc
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1 1

5/ | 6. \9 016 c T T A/ o N
+ r2(xs + 37‘)2¢3 3 r4(zs + 3r)

{(3¢3a - 27‘2(53a)$c + 2T2x35ac}
1

+ r4(x3 + 3r)?

(¢3a¢30 - ¢33¢o¢c) )

and

4 3
r4(zs + 3r) + r3(zg + 3r)?

{(3¢3a — 2r2030)p + 2r22300p

1
+ r4(zs + 3r)?
4 3

3 = € OtA ex
3= Telallz F <7"4(:z3+37“) —’—7“3(x3—i—37")2)(ZS
1 1

+ W@ko@i’, + ¢3a$e - ¢63$a) + m

IIy = Azqxp + Béop + (

1
= halay— -
+ 7"2(1‘3 + 37")2 ¢30z 3b T4($3 + 3T)

>¢3a$b

(D3B3 — P330ab),

(2T256a - 3¢eo¢)

2B n
— Tk
r2(xzs +3r)
4 3

x3 + 3r) + r3(z3 + 37")2)¢e3

Pi{ag + )2 st T fete)

Iy = Az, — Bize — (1"4(

1
— ——————(2x3we + 22003 — 3¢%e3) — (Ar? + B)Bux,

r4(zs + 3r)
2Brexs 1
" 7’2(.%3 + 37“) 7'4(.%'3 + 37“)2 (P332 — Pe33),
2 2

H5 = .%'eBQ — B.:L‘e.

Te +
r2(x3+3r)" ¢ w3+ 3r
We compute these expressions in detail. We have first

4 + 3 ) 3x3
x —_—
ri(ws +3r)  r3(ws+3r)2)° 14 (xs + 3r)

1 213
_ B_
r4(z3 + 3r)? (@32 ¢33)}%$C + { r2(x3 + 3r)

m = {4+

_l’_

¢33 4 3
6016 - 5'04 c
+ T2(£L'3—|—3T)2} (r2(x3+3r) * r(:n3+37“)2> sa

)
—_— 030 — 120340 _—
+ 2 (.1‘3 T 37’)2 (1’31‘04 3c — T 03« 30) + T2($3 T 37a)
1
T 13 e (03023%¢ + T3Ta03c — 7°03003c)
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2 1 8(1 + ar?) T3
- {_7 T3 n T2 3T
rd " rt(14ar?)  r2(zs+3r) r4(zs + 3r)
. 3x3 n 1 } n { 1 8(1+ar?
Tl - -
r3(x3 +3r)2  r2(zz+3r)2 )7 r2  (x3+3r)?
2.733 i Tr3xs3 1 }
ri(x3 +3r)  r2(zz+3r)2  (z3+3r)2) 7
{ 2 1 8(1+ar?) (w3 +3r)%—8r? }
_J/_“ T
rt " ri (14 ar?)  r2(zs+ 3r)? r4(xzg + 3r)? e
{l 8(1 + ar?) N —2z3(z3 + 3r) + w3703 — 12 }5
r2 (w3 +3r)? r2(z3 + 3r)? e
{ 1 n 1 n Sar? }
=3—= T
rd (1 +ar?)  r2(xz +3r)2 )7
8 8(1 + ar?)
+ { 2 - 2 }6016
(z3 + 3r) (z3 + 3r)

S (R . B PPN )
N r2(1+ar?) (w3+3r)2/" 7 (234 3r)2 ¢
= —alFy.
by (1.12). We obtain analogously
H2 = —aFab.

Next, we see that

16(1 + ar?) 4 3 9
My=—— ' — 2 ( ) 25
3 r2(xs + 37“)3xe$a + r4(x3 + 3r) + r3(x3 + 3r)? (Zea = 170ca)
1

+ Ay g (eos =1 (Buas + dnade = deata)}
2B

(-3 51200) — —

+ rd(xs + 37’)( TeTa + 57" 0ca) r2(xzs + 3r) Tela

W(éw% - 5e3$a)
B {_ 16(1 + ar?) 4 N 3 N T3
r2(xg +3r)3  r4(xs+3r)  r3(xs+3r)2  ri(xs + 3r)?
3 2 1 8(1+ar?
© ri(zs+3r)  r2(x3 + 3r) (772 B m) }acexa

( PN S > )5
r2(x3 +3r)  r(zz+3r)2  r2(axs+3r)2  r2(zz+3r)/)
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and
M= (A— By — (Ar> 4 B)B + %)xe - 7A(z35_|_3r)¢36
1
+ m@sfﬂe — 5r%03.) + W%ﬂe
2(133 4:03
_ {A—B1+ (m—ArQ—B)B—m
P33
i+ 3
2 2
:{_244_ i 1 - §(1+a7“)2+34+ 16a 2_48(1+ar:2
rt o rt(14ar?)  r?(zs+3r) r (x3+3r) r(zs + 3r)
223 1 1 1 8(1+ar?)
Hm e tr mran) (2 ra)
4IE3 r3xs3 1
A (x3 + 3r) + r(zs +3r)2  r2(zs + 37")2} ¢
1 8(1 + ar?) 16a 48(1 + ar?)
B {r4(1 +ar?) " r2(x3+3r)2  (x3+3r)2  r(z3+3r)
213 1 1 16(1 +ar?)rs  8(1+ar?)
* r4(z3 + 37) AT (1 +ar?)  r2(x3+3r)3  r2(xs + 3r)2
8 43 T3x3 1
+ r2(zs +3r)2  ri(zs + 3r) * r(zs +3r)2  r2(zs + 3r)2 }xe
16a 16(1 + ar?) 273 1
B {(:cg +3r)2 (a3 +3r)2  ri(xz + 3r) T
8 xr3x3 1
+ r2(xs +3r)2 | ri(zs+3r)2  r2(z3+ 3r)2 }xe
16 2x3 1 7
= {‘ra(mg Y32 Pz 43r) A (a1 30)2
T3T3
=0,
and
2 2B
s = @Bz - r2(xs + 37’)% * zs+ 30 °
_ (16(1 +ar?) 2 2 1 8(1+ar?)
N { (z3 +3r)3  r2(x3 + 3r) 9U3—|—37“(7T2 a W)} ¢

=0.
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From these results, we obtain the equalities
0 0
(27) goAated = oo D FL Dokl (e o) = —a(6 Fo =05 Fun).
C
By means of (2.6) and (2.7) we obtain
1
Raebc = (M - CL) (65Fac - 65Fab)7
TyT4
ie.,
1
(28) Raebc = 7(6[§Fac - 65Fab) = 6l§gac - 6ggozb-
T4y

Next, by (1.15), (1.16) and (2.3), we have

Ra bc =
1 + 8 0 1+
- —ﬂ (7 ac 7Fab> - ﬂFsb (xE(Axaxc + B(Sac)
X4 oxyp ox. L4
1 14 azyx
- W(QZ)S&QZ)?)C + Qbscd)?)a - ¢53¢ac)) + T“FEC

X (xs(Al'axb + Béocb) - (¢Ea¢3b + P30 — ¢s3¢ab)) .

r4(x3 + 3r)
Since we have
B 82

—9,
1+ 2(XC+(3+3T)2 acH

ac

we obtain
OF,. 2 4 48
(r4(1 +ar?)?2 i1+ ar?) * r(xs + 3r)3
16
t ey

= ToTpT
aiﬂb ) « c

1 8
r2(14+ar?) (xs+3r

O3bTale + ( )2) (bape + Opea)

16
T o N2 5066
+ (x3+ 37’)3¢3b
and we have also
Ty 82
PRy Fc ce —
1+ ar?’ be® (z3 + 3r)

Therefore, the above expression becomes

(2.9) Foee = a3 Pbe-

4
Ra bc = —

1+ axysx 16
S { ( xa(53bxc - 53c$b)

4 x3 + 3r)3

1 8
" <7~2(1 +ar?)  (z3+ 37~)2>(5a”$6 = dacas)
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16 1
Y (bl — anbir) —
+ (353 n 37‘)3 (¢3b ac (bSc ab) 1 —I-CLT2

16
+ W(¢b3¢ac - ¢03¢ab)} =0.

B(éabxc - 5ozcxb)

Next, we have

it} + (M) — S H)

1 € 1 e
= —— —_— :O
x4{c b} + x4{b C} 5

e 0 e
R4 be — 37.%‘5{4 c}_

and
Rithe = 2 {ite = b+ LA H e — L)
oxy, 0%
1 1 1 1
_ + AL AT 4 ngfdi _ + AT AT 4 Feciég —0.
Ty Ty Ty Iy

Analogously, we obtain easily the equalities
Ry 4c = 0.

We have also

Ritse = 2 (it} = it 4 LA ) — A0 65+ ()
T4 T

0 71+ axyxy 1+ azaza 1
0 (Lramngy Lranng
T4 T4 T4 T4
1+ 2(1%4.734 1+ AT 4T 4
Fbc
1'4(1 + ax4x4) T4
1 —axyzy 1+ azxyzy 1+ 2ax,x4
= Fy. — Fye + ————Fy,e
T4y T4T4 T4y
1
= Fbc7
TyT4

ie.,
1
4
Ry 4e = ﬁFbc = Gbe-
474

Last, we have

Ri‘ao — ;’ (45} — 88 () + L0 et — L9 et} + [0 ah)
T4 T
et

1 1 1 1 142
68 + —6°—62 — 7(55&
T4y Ty T4 T4 .%'4(1 + aa;4a:4)




A NOTE ON GEODESICS AND CURVATURES OF CERTAIN 4-SPACES 161

( 2 1+ 2axyzy )(56
x4ry  w4x4(l + azgmy)

1 e
x424(1 + axgxy) ©

i.e.,
1
Ry 4 = _H(SEFM = —55944-
444

We obtain easily
Ry*y. = 0.
These results can be explained simply as

. 1 ) . .
Rj' i = —— (6,1 — 0, Fjn) = 61,95k — 04 Gjn-
T4T4

3. RELATED OTSUKI CONNECTIONS

Let {;’s} be the Levi-Civita connection by a pseudo-Riemannian metric
ds* = gijdu'du’ and P = (PJZ) a tenser field of type (1,1). We consider the
general (Otsuki) connection I" = (Pj’, L) = P((S}, {;"n}), where we set

Li'h = Pi{i*n}-
The curvature tensor of I' is defined by

- ) 9 A .
(3.1) Rj'n = {P£<ﬁrmzk — mezh) + DT — Fflkrmgh}P]m

— 0N+ Ok N

where ”;” denotes the covariant derivatives by I" and
. 4 o .
A =Ti'— 55

are the covariant components of I'. For the tensor field Q;, Q;-;h are defined
as
¢

. %) . .
(3.2) Qjin = Py P + Ly nQm P — PrQu A

and hence we have

Sk =T nPf — PLA® ), = PP,

where ”,” denotes the covariant derivatives by {;;}. Therefore R;'p) can
be written as
(3.3) Rj'hk = P{(PERyP ne PI™ + Ph P o — P kP 1)

for this case. The Ricci curvature of I' defined by
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Rjk = Rj"i
becomes as

(3.4) Rj), = PH(PLRyP i P + Pl P ) — PL P y)

and we have
(3.5) Rji — Ry; = PZ{sz(RmpikPJm — RPiiPY)
+ P i(Pf s = Pl ) = Pk Py + P g P )
which does not vanish in general.
Now, suppose the metric g;;du’du’ be the metric (1.1) or (1.2) on R}.
Then by means of Proposition 3, we obtain their curvature tensor for I' as
follows.

Ry i = PP (05 9w = 29mn) P" + Pron " o = Pk P 0},

ie.

(3.6) Rj'n = Pj(PyPjk — PiPjn + Py nPJ" k — Py kP 1),
where we set

(3.7) Pji, = gm P

And Ricci tensor Rjk = R]’Egk can be written as

(3.8) Rjy, = (trP*)Pjy, — (P*)y Pji + P{(PyiP" 5 — Pk P 0),

where we set ‘ '
(P); = PiPY.

Remark. We see that geodesics of I' = P(5§, {;i1}) are the same ones of
the metrics (1.1) or (1.2) including their affine parameters and we can take
P so that it vanishes the singularities of these metrics and it gives a kind of
rotation of the spaces.
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