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A NOTE ON GEODESICS AND CURVATURES OF
CERTAIN 4-SPACES

Tominosuke OTSUKI

Abstract. This work is a continuation of the papers [3] and [4], in
which we studied the metrics (1.1) and (1.2) on R4

+. The metric (1.1)
with a = 0:

ds2 =
dx1dx1 + dx2dx2 + dx3dx3 − dx4dx4

x4x4

is analogous to the metric of the hyperbolic 4-space. We considered
fundamentally metrics on R4

+ based on this hyperbolic type metric, not
Euclidean or Minkowsky types.

1. Geodesics

We studied the following metrics on R4
+ = R3 × R+

(1.1) ds2 =
1

x4x4

{ 3∑
b,c=1

(
δbc −

axbxc

1 + ar2

)
dxbdxc −

1
1 + ax4x4

dx4dx4

}
and

(1.2) ds2 =
1

x4x4

{ 3∑
b,c=1

( 8
(x3 + 3r)2

(r2δbc − xbxc) +
xbxc

r2(1 + ar2)

)
dxbdxc

− 1
1 + ax4x4

dx4dx4

}
,

where r2 =
∑3

b=1 xbxb, a = constant, in [1],[2] and [3],[4], respectively. They
are derived as special ones from the metric on R4

+

ds2 =
1

u4u4

4∑
i,j=1

Fijduiduj , Fij = Fji,

where u1 = r, u2 = θ, u3 = φ, u4 = x4 and

x1 = r sin θ cos φ, x2 = r sin θ sinφ, x3 = r cos θ,

and (r, θ, φ) are the polar coordinates of R3, which satisfies the Einstein
condition and

Fij = Fij(u1, u2) except for F44 = F44(u1, u2, u4)

and
F12 = Fαλ = 0 (α = 1, 2; λ = 3, 4).
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The metric (1.1) is the one such that

∂F11

∂u2
=

∂F22

∂u2
= 0 and F33 = ψ(u1) sin2 u2

and the metric (1.2) is the one essentially depending on the longitude φ.
In this paper we shall show that their geodesics have special features quite
different for the two metrics.

In general for the metric

(1.3) ds2 =
4∑

i,j=1

gijdxidxj =
1

x4x4

4∑
i,j=1

Fij(x)dxidxj , gij =
Fij(x)
x4x4

,

its Christoffel symbols become

{j
i
h} =

1
2

4∑
k=1

gik
(∂gjk

∂xh
+

∂gkh

∂xj
−

∂gjh

∂xk

)
(1.4)

=
1
2

∑
k

F ik
(∂Fjk

∂xh
+

∂Fkh

∂xj
−

∂Fjh

∂xk

)
− 1

x4
(δi

jδ4k + δi
hδ4j − F i4Fjh),

where (gij) = (gij)−1, (F ij) = (Fij)−1.
The equations of a geodesic of the metric (1.3) are

(1.5)
d2xi

dt2
+

∑
j,h

{j
i
h}

dxj

dt

dxh

dt
= 0, i = 1, 2, 3, 4.

Proposition 1. For any geodesic (xi(t)), 1 ≤ i ≤ 4, of the metric (1.1), the
curve (xb(t)), 1 ≤ b ≤ 3, in R3 is a plane curve.

Proof. Since we have for the metric (1.1)

(1.6) Fbc = δbc −
axbxc

1 + ar2
, Fb4 = 0, F44 = − 1

1 + ax4x4

where b, c, e = 1, 2, 3 , we obtain by (1.4)

{b
e
c} = −axe

(
δbc −

axbxc

1 + ar2

)
, {b

4
c} = −1 + ax4x4

x4

(
δbc −

axbxc

1 + ar2

)
,

{b
e
4} = − 1

x4
δe
b , {b

4
4} = 0, {4

e
4} = 0,

{4
4
4} = − 1

x4

1 + 2ax4x4

1 + ax4x4
= − 2

x4
+

1
x4(1 + ax4x4)

.



A NOTE ON GEODESICS AND CURVATURES OF CERTAIN 4-SPACES 147

For the geodesic xi(t) we have

d2xe

dt2
+

∑
j,h

{j
e
h}

dxj

dt

dxh

dt

=
d2xe

dt2
− axe

∑
b,c

(
δbc −

axbxc

1 + ar2

)dxb

dt

dxc

dt
− 2

x4

∑
b

δe
b

dxb

dt

dx4

dt

=
d2xe

dt2
− axe

(∑
b

dxb

dt

dxb

dt
− a

1 + ar2

(∑
b

xb
dxb

dt

)2)
− 2

x4

dxe

dt

dx4

dt

= 0,

that is

(1.7)
d2xe

dt2
= axe

(∑
b

dxb

dt

dxb

dt
− ar2

1 + ar2

dr

dt

dr

dt

)
+

2
x4

dxe

dt

dx4

dt
,

and
d2x4

dt2
+

∑
j,h

{j
4
h}

dxj

dt

dxh

dt

=
d2x4

dt2
− 1 + ax4x4

x4

∑
b,c

(
δbc −

axbxc

1 + ar2

)dxb

dt

dxc

dt
− 1

x4

1 + 2ax4x4

1 + ax4x4

dx4

dt

dx4

dt

=
d2x4

dt2
− 1 + ax4x4

x4

(∑
b

dxb

dt

dxb

dt
− ar2

1 + ar2

dr

dt

dr

dt

)
− 1 + 2ax4x4

x4(1 + ax4x4)
dx4

dt

dx4

dt

= 0,

that is

(1.8)
d2x4

dt2
=

1 + ax4x4

x4

( ∑
b

dxb

dt

dxb

dt
− ar2

1 + ar2

dr

dt

dr

dt

)
+

1 + 2ax4x4

x4(1 + ax4x4)
dx4

dt

dx4

dt
.

Now, for the curve (x1(t), x2(t), x3(t)) in R3 we set

V1 :=
dx2

dt

d2x3

dt2
− dx3

dt

d2x2

dt2
, V2 :=

dx3

dt

d2x1

dt2
− dx1

dt

d2x3

dt2
,

V3 :=
dx1

dt

d2x2

dt2
− dx2

dt

d2x1

dt2
, and Φ :=

∑
b

dxb

dt

dxb

dt
− ar2

1 + ar2

dr

dt

dr

dt
,

then we have

V1 =
dx2

dt

(
ax3Φ +

2
x4

dx3

dt

dx4

dt

)
− dx3

dt

(
ax2Φ +

2
x4

dx2

dt

dx4

dt

)
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= −aΦ
(
x2

dx3

dt
− x3

dx2

dt

)
and analogously

V2 = −aΦ
(
x3

dx1

dt
− x1

dx3

dt

)
, V3 = −aΦ

(
x1

dx2

dt
− x2

dx1

dt

)
.

As vectors in R3, we have the relation

V = (V1, V2, V3) =
dx

dt
× d2x

dt2
= −aΦ(x × dx

dt
),

which implies

dV

dt
= −a

dΦ
dt

(x × dx

dt
) − aΦ(x × d2x

dt2
)

= −a
dΦ
dt

(x × dx

dt
) − aΦ

(
x ×

(
axΦ +

2
x4

dx

dt

dx4

dt

))
= −a

dΦ
dt

(
x × dx

dt

)
− 2a

x4
Φ

dx4

dt

(
x × dx

dt

)
,

that is
dV

dt
=

( 1
Φ

dΦ
dt

+
2
x4

dx4

dt

)
V.

Hence we see that the normal direction of the osculating plane of the curve
(x1(t), x2(t), x3(t)) in R3 is constant. Therefore this curve must be a plane
curve in R3. ¤
Proposition 2. For a geodesic (xi(t)) of the metric (1.2), the curve
(x1(t), x2(t), x3(t)) in R3 is a plane curve, if and only if it satisfies the
condition:

(1.9)
d

dt

(C

A

)(
x1

dx2

dt
− x2

dx1

dt

)
= 0,

where

A :=
{
− 3

r2
+

1
r2(1 + ar2)

+
8(1 + ar2)
(x3 + 3r)2

+
3

r(x3 + 3r)

}dr

dt

dr

dt
(1.10)

+
{ 3

r(x3 + 3r)
− 2(1 + ar2)

(x3 + 3r)2
}∑

b

dxb

dt

dxb

dt
+

2
r(x3 + 3r)

dr

dt

dx3

dt
,

(1.11) C :=
1

x3 + 3r

(∑
b

dxb

dt

dxb

dt
− dr

dt

dr

dt

)
.

Proof. From the metric (1.2) we have

Fbc =
( 1

r2(1 + ar2)
− 8

(x3 + 3r)2
)
xbxc +

8r2

(x3 + 3r)2
δbc,(1.12)
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Fb4 = 0, F44 = − 1
1 + ax4x4

(1.13)

and

F bc =
(
−(x3 + 3r)2

8r4
+

1 + ar2

r2

)
xbxc +

(x3 + 3r)2

8r2
δbc, (F bc) = (Fbc)−1,

from which we obtain

∂Fbc

∂xe
=

{ 2
r4

(
− 2

1 + ar2
+

1
(1 + ar2)2

)
+

48
r(x3 + 3r)3

}
xbxcxe

+
16

(x3 + 3r)3
{δ3e(xbxc − r2δbc) + δbcx3xe}

+
( 1

r2(1 + ar2)
− 8

(x3 + 3r)2
)
(δebxc + δecxb).

The Christoffel symbols (1.4) are computed as follows:

(1.14)

{b
e
c} =

1 + ar2

2

[{ 2
r4

(
− 2

1 + ar2
+

1
(1 + ar2)2

)
+

48
r(x3 + 3r)3

}
xbxcxe

+
16

(x3 + 3r)3
xe(δ3bxc + δ3cxb − δbcx3)

+ 2
( 1

r2(1 + ar2)
− 8

(x3 + 3r)2
)
xeδbc

]
+

8
(x3 + 3r)3

1 + ar2

r2
xe(xbφ3c + xcφ3b − x3φbc)

− 1
r4(x3 + 3r)

(φebφ3c + φecφ3b − φe3φbc),

where we set

(1.15) φbc := xbxc − r2δbc,

and

{b
4
c} = −1 + ax4x4

x4
Fbc, {b

e
4} = − 1

x4
δe
b , {b

4
4} = 0,(1.16)

{4
e
4} = 0, {4

4
4} = − 1 + 2ax4x4

x4(1 + ax4x4)
= − 2

x4
+

1
x4(1 + ax4x4)

.

On the above auxiliary functions φbc, we see easily that

(1.17)
∑

c

φbcxc = 0,
∑

c

φbcφce = −r2φbe,
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and
(1.18)

Fbc =
xbxc

r2(1 + ar2)
− 8

(x3 + 3r)2
φbc, F bc =

1 + ar2

r2
xbxc −

(x3 + 3r)2

8r4
φbc.

By means of (1.14), (1.16), the geodesic (xi(t)) satisfies the following
differential equations:

(1.19)
d2xe

dt2
+

∑
b,c

{b
e
c}

dxb

dt

dxc

dt
+ 2

∑
b

{b
e
4}

dxb

dt

dx4

dt

=
d2xe

dt2
+

1 + ar2

2

[{ 2
r4

(
− 2

1 + ar2
+

1
(1 + ar2)2

+
48

r(x3 + 3r)3
}

× xe

(∑
b

xb
dxb

dt

)2
+

16
(x3 + 3r)3

xe

(
2
dx3

dt

∑
b

xb
dxb

dt
− x3

∑
b

dxb

dt

dxb

dt

)
+ 2

( 1
r2(1 + ar2)

− 2
(x3 + 3r)2

)
xe

∑
b

dxb

dt

dxb

dt

]
+

8(1 + ar2)
r2(x3 + 3r)3

xe

(
2

∑
b

xb
dxb

dt

∑
c

φ3c
dxc

dt
− x3

∑
b,c

φbc
dxb

dt

dxc

dt

)
− 1

r4(x3 + 3r)

(
2

∑
b

φeb
dxb

dt

∑
c

φ3c
dxc

dt
− φe3

∑
b,c

φbc
dxb

dt

dxc

dt

)
− 2

1
x4

dxe

dt

dx4

dt
= 0,

and

d2x4

dt2
+

∑
b,c

{b
4
c}

dxb

dt

dxc

dt
+ {4

4
4}

dx4

dt

dx4

dt

=
d2x4

dt2
− 1 + ax4x4

x4

∑
b,c

Fbc
dxb

dt

dxc

dt
+

(
− 2

x4
+

1
x4(1 + ax4x4)

)dx4

dt

dx4

dt

=
d2x4

dt2
− 1 + ax4x4

x4

∑
b,c

( xbxc

r2(1 + ar2)
− 8

(x3 + 3r)2
φbc

)dxb

dt

dxc

dt

+
(
− 2

x4
+

1
x4(1 + ax4x4)

)dx4

dt

dx4

dt
= 0

that is
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(1.20)
d2x4

dt2
− 1 + ax4x4

x4

{ 1
1 + ar2

(dr

dt

)2
− 8r2

(x3 + 3r)2
((dr

dt

)2
−

∑
b

dxb

dt

dxb

dt

)}
+

(
− 2

x4
+

1
x4(1 + ax4x4)

)(dx4

dt

)2
= 0.

Since we have∑
b

xb
dxb

dt
= r

dr

dt
,

∑
c

φbc
dxc

dt
= xbr

dr

dt
− r2 dxb

dt
,

∑
b,c

φbc
dxb

dt

dxc

dt
= r2

(dr

dt

dr

dt
−

∑
b

dxb

dt

dxb

dt

)
,

the coefficients of xe of the above expression (1.19) are arranged as

1 + ar2

2

[{ 2
r4

(
− 2

1 + ar2
+

1
(1 + ar2)2

)
+

48
r(x3 + 3r)3

}
r2 dr

dt

dr

dt

+
16

(x3 + 3r)3
(
2
dx3

dt
r
dr

dt
− x3

∑
b

dxb

dt

dxb

dt

)
+ 2

( 1
r2(1 + ar2)

− 2
(x3 + 3r)2

) ∑
b

dxb

dt

dxb

dt

]
+

8(1 + ar2)
(x3 + 3r)3r2

{
2r

dr

dt

(
x3r

dr

dt
− r2 dx3

dt

)
− x3r

2
(dr

dt

dr

dt
−

∑
b

dxb

dt

dxb

dt

)}
− 1

r4(x3 + 3r)

{
2r

dr

dt

(
x3r

dr

dt
− r2 dx3

dt

)
− x3r

2
(dr

dt

dr

dt
−

∑
b

dxb

dt

dxb

dt

)}
=

{
− 3

r2
+

1
r2(1 + ar2)

+
8(1 + ar2)
(x3 + 3r)2

+
3

r(x3 + 3r)

}dr

dt

dr

dt

+
{ 3

r(x3 + 3r)
− 2(1 + ar2)

(x3 + 3r)2
}∑

b

dxb

dt

dxb

dt
+

2
r(x3 + 3r)

dr

dt

dx3

dt
,

which is the expression A in (1.10). Therefore (1.19) can be written as

(1.21)
d2xe

dt2
+ Axe + B

dxe

dt
+ Cδ3e = 0,

where

(1.22) B =
2

r(x3 + 3r)

(
x3

dr

dt
− r

dx3

dt

)
− 2

x4

dx4

dt
,

and C is the expression given by (1.11).
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Now, for the curve (x1(t), x2(t), x3(t)) in R3 we compute the vector
(V1, V2, V3) given by

V1 :=
dx2

dt

d2x3

dt2
− dx3

dt

d2x2

dt2
, V2 :=

dx3

dt

d2x1

dt2
− dx1

dt

d2x3

dt2
,

V3 :=
dx1

dt

d2x2

dt2
− dx2

dt

d2x1

dt2
.

Since we have
dxb

dt

d2xc

dt2
− dxc

dt

d2xb

dt2

= −dxb

dt

(
Axc + B

dxc

dt
+ Cδ3c

)
+

dxc

dt

(
Axb + B

dxb

dt
+ Cδ3b

)
= A

(
xb

dxc

dt
− xc

dxb

dt

)
+ C

(
δ3b

dxc

dt
− δ3c

dxb

dt

)
,

V1 : V2 : V3 = A
(
x2

dx3

dt
− x3

dx2

dt

)
− C

dx2

dt

: A
(
x3

dx1

dt
− x1

dx3

dt

)
+ C

dx1

dt
: A

(
x1

dx2

dt
− x2

dx1

dt

)
=

x2
dx3
dt − x3

dx2
dt

x1
dx2
dt − x2

dx1
dt

− C

A

dx2
dt

x1
dx2
dt − x2

dx1
dt

:
x3

dx1
dt − x1

dx3
dt

x1
dx2
dt − x2

dx1
dt

+
C

A

dx1
dt

x1
dx2
dt − x2

dx1
dt

: 1.

In order to show that the curve is a plane curve in R3 it is necessary and
sufficient that the normal direction of its osculating plane is constant along
it, therefore

x2
dx3
dt − x3

dx2
dt

x1
dx2
dt − x2

dx1
dt

− C

A

dx2
dt

x1
dx2
dt − x2

dx1
dt

= constant,

and
x3

dx1
dt − x1

dx3
dt

x1
dx2
dt − x2

dx1
dt

+
C

A

dx1
dt

x1
dx2
dt − x2

dx1
dt

= constant

must hold good. From the first equation we obtain the equivalent equation
by differentiation as follows

x2
d2x3
dt2

− (x3 + C
A )d2x2

dt2
− d

dt(
C
A )dx2

dt

x2
dx3
dt − (x3 + C

A )dx2
dt

−
x1

d2x2
dt2

− x2
d2x1
dt2

x1
dx2
dt − x2

dx1
dt

= 0,

which becomes(
x1

dx2

dt
− x2

dx1

dt

){
x2

d2x3

dt2
− (x3 +

C

A
)
d2x2

dt2
− d

dt
(
C

A
)
dx2

dt

}
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−
{

x2
dx3

dt
− (x3 +

C

A
)
dx2

dt

}(
x1

d2x2

dt2
− x2

d2x1

dt2

)
=

(
x1

dx2

dt
− x2

dx1

dt

){
−x2(Ax3 + B

dx3

dt
+ C)

+ (x3 +
C

A
)(Ax2 + B

dx2

dt
) − d

dt
(
C

A
)
dx2

dt

}
−

{
x2

dx3

dt
− (x3 +

C

A
)
dx2

dt

}{
−x1(Ax2 + B

dx2

dt
) + x2(Ax1 + B

dx1

dt
)
}

= (x1
dx2

ddt
− x2

dx1

dt
)
{
−Bx2

dx3

dt
+ (Bx3 +

BC

A
− d

dt
(
C

A
))

dx2

dt

}
−

{
x2

dx3

dt
− (x3 +

C

A
)
dx2

dt

}
B

(
−x1

dx2

dt
+ x2

dx1

dt

)
= − d

dt
(
C

A
)
dx2

dt
(x1

dx2

dt
− x2

dx1

dt
) = 0,

that is

(1.23)
d

dt
(
C

A
)
dx2

dt
(x1

dx2

dt
− x2

dx1

dt
) = 0.

Analogously, from the second equation we obtain

x1
d2x3
dt2

− (x3 + C
A )d2x1

dt2
− d

dt(
C
A )dx1

dt

x1
dx3
dt − (x3 + C

A )dx1
dt

−
x1

d2x2
dt2

− x2
d2x1
dt2

x1
dx2
dt − x2

dx1
dt

= 0,

which becomes(
x1

dx2

dt
− x2

dx1

dt

){
(x3 +

C

A
)
d2x1

dt2
− x1

d2x3

dt2
+

d

dt
(
C

A
)
dx1

dt

}
−

{
(x3 +

C

A
)
dx1

dt
− x1

dx3

dt

}(
x1

d2x2

dt2
− x2

d2x1

dt2

)
=

(
x1

dx2

dt
− x2

dx1

dt

){
−(x3 +

C

A
)(Ax1 + B

dx1

dt
)

+ x1(Ax3 + B
dx3

dt
+ C) +

d

dt
(
C

A
)
dx1

dt

}
−

{
(x3 +

C

A
)
dx1

dt
− x1

dx3

dt

}{
−x1(Ax2 + B

dx2

dt
) + x2(Ax1 + B

dx1

dt
)
}

=
(
x1

dx2

dt
− x2

dx1

dt

){
Bx1

dx3

dt
− (Bx3 +

BC

A
− d

dt
(
C

A
))

dx1

dt

}
−

{
(x3 +

C

A
)
dx1

dt
− x1

dx3

dt

}{
−B(x1

dx2

dt
− x2

dx1

dt
)
}

=
d

dt
(
C

A
)
dx1

dt

(
x1

dx2

dt
− x2

dx1

dt

)
= 0,
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that is

(1.24)
d

dt
(
C

A
)
dx1

dt

(
x1

dx2

dt
− x2

dx1

dt

)
= 0.

From the conditions (1.23) and (1.24) we obtain the equation:
d

dt
(
C

A
)
(
x1

dx2

dt
− x2

dx1

dt

)2
= 0,

which is equivalent to
d

dt
(
C

A
)
(
x1

dx2

dt
− x2

dx1

dt

)
= 0,

and conversely this equation implies (1.23) and (1.24). Hence, we obtain the
claim of this Proposition. ¤

2. Curvatures

For the metrics (1.1) and (1.2) in §1, we compute their curvature tensors,
by using the Einstein convention for summation, given by

(2.1) Rj
i
hk =

∂

∂xh
{j

i
k} −

∂

∂xk
{j

i
h} + {`

i
h}{j

`
k} − {`

i
k}{j

`
h}

where i, j, h, k = 1, 2, 3, 4 and we shall show the following

Proposition 3. We have the equalities

(2.2) Rj
i
hk = δi

hgjk − δi
kgjh.

Proof. For the metric (1.1), using (1.6) we obtain easily

Rα
e
bc = δe

bgαc − δe
cgαb, Rα

4
bc = R4

e
bc = R4

4
bc = 0,

R4
e
4c = −δe

cg44, R4
4
4c = Rb

e
4c = 0, Rb

4
4c = gbc,

where α, b, c, e = 1, 2, 3, and they are explained as (2.2).
Next, for the metric (1.2) we can explain (1.14) as

(2.3) {b
e
c} = xe(Axbxc + Bδbc) −

1
r4(x3 + 3r)

(φebφ3c + φecφ3b − φe3φbc),

where we set

(2.4) A = − 2
r4

+
1

r4(1 + ar2)
+

8(1 + ar2)
r2(x3 + 3r)2

, B =
1
r2

− 8(1 + ar2)
(x3 + 3r)2

.

We set
∂A

∂xb
= A1xb + A2δ3b,

∂B

∂xb
= B1xb + B2δ3b,

where

A1 =
8
r6

− 4
r6(1 + ar2)

− 2a

r4(1 + ar2)2
− 16

r4(x3 + 3r)2
− 48(1 + ar2)

r3(x3 + 3r)3
,
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A2 = − 16
r2(x3 + 3r)3

,

B1 = − 2
r4

− 16a

(x3 + 3r)2
+

48(1 + ar2)
r(x3 + 3r)3

, B2 =
16(1 + ar2)
(x3 + 3r)3

.

Regarding φbc, in addition to (1.17) we have

(2.5)
∂φbc

∂xe
= δbexc + δcexb − 2δbcxe.

First, we compute

Rα
e
bc =

( ∂

∂xb
{α

e
c} −

∂

∂xc
{α

e
b} + {ε

e
b}{α

ε
c} − {ε

e
c}{α

ε
b}

)
+ {4

e
b}{α

4
c} − {4

e
c}{α

4
b},

where α, β, ε, b, c, e = 1, 2, 3. We obtain easily

(2.6) {4
e
b}{α

4
c} − {4

e
c}{α

4
b} = (1 + ax4x4)(δe

bgαc − δe
cgαb).

by (1.16). Then, we have by (2.3)

∂

∂xb
{α

e
c} −

∂

∂xc
{α

e
b} + {ε

e
b}{α

ε
c} − {ε

e
c}{α

ε
b}

=
∂

∂xb
{xe(Axαxc + Bδαc) −

1
r4(x3 + 3r)

(φeαφ3c + φecφ3α − φe3φαc)}

− ∂

∂xc
{xe(Axαxb + Bδαb) −

1
r4(x3 + 3r)

(φeαφ3b + φebφ3α − φe3φαb)}

+ {xe(Axεxb + Bδεb) −
1

r4(x3 + 3r)
(φeεφ3b + φebφ3ε − φe3φεb)}

× {xε(Axαxc + Bδαc) −
1

r4(x3 + 3r)
(φεαφ3c + φεcφ3α − φε3φαc)}

− {xe(Axεxc + Bδεc) −
1

r4(x3 + 3r)
(φeεφ3c + φecφ3ε − φe3φεc)}

× {xε(Axαxb + Bδαb) −
1

r4(x3 + 3r)
(φεαφ3b + φεbφ3α − φε3φαb)}

which is arranged by means of (1.7), (2.4) and (2.5) as

= δe
bΠ1 − δe

cΠ2 + (δ3bxc − δ3cxb)Π3 + (δαbxc − δαcxb)Π4

+ (δ3bδαc − δ3cδαb)Π5,

where we set

Π1 = Axαxc + Bδαc +
( 4

r4(x3 + 3r)
+

3
r3(x3 + 3r)2

)
φ3αxc
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+
1

r2(x3 + 3r)2
φ3αδ3c −

1
r4(x3 + 3r)

{(3φ3α − 2r2δ3α)xc + 2r2x3δαc}

+
1

r4(x3 + 3r)2
(φ3αφ3c − φ33φαc),

and

Π2 = Axαxb + Bδαb +
( 4

r4(x3 + 3r)
+

3
r3(x3 + 3r)2

)
φ3αxb

+
1

r2(x3 + 3r)2
φ3αδ3b −

1
r4(x3 + 3r)

{(3φ3α − 2r2δ3α)xb + 2r2x3δαb}

+
1

r4(x3 + 3r)2
(φ3αφ3b − φ33φαb),

Π3 = xexαA2 +
( 4

r4(x3 + 3r)
+

3
r3(x3 + 3r)2

)
φeα

+
1

r4(x3 + 3r)2
(φeαx3 + φ3αxe − φe3xα) +

1
r4(x3 + 3r)

(2r2δeα − 3φeα)

− 2B

r2(x3 + 3r)
xexα +

1
r4(x3 + 3r)2

(φe3xα − φ3αxe),

Π4 = Axe − B1xe −
( 4

r4(x3 + 3r)
+

3
r3(x3 + 3r)2

)
φe3

− 1
r4(x3 + 3r)

(2x3xe + 2r2δe3 − 3φe3) − (Ar2 + B)Bxe

+
2Bxex3

r2(x3 + 3r)
+

1
r4(x3 + 3r)2

(φ33xe − φe3x3),

Π5 = xeB2 −
2

r2(x3 + 3r)
xe +

2
x3 + 3r

Bxe.

We compute these expressions in detail. We have first

Π1 =
{

A +
( 4

r4(x3 + 3r)
+

3
r3(x3 + 3r)2

)
x3 −

3x3

r4(x3 + 3r)

+
1

r4(x3 + 3r)2
(x3x3 − φ33)

}
xαxc +

{
B − 2x3

r2(x3 + 3r)

+
φ33

r2(x3 + 3r)2
}

δαc −
( 4

r2(x3 + 3r)
+

3
r(x3 + 3r)2

)
δ3αxc

+
1

r2(x3 + 3r)2
(x3xαδ3c − r2δ3αδ3c) +

5
r2(x3 + 3r)

δ3αxc

− 1
r2(x3 + 3r)2

(δ3αx3xc + x3xαδ3c − r2δ3αδ3c)
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=
{
− 2

r4
+

1
r4(1 + ar2)

+
8(1 + ar2)

r2(x3 + 3r)2
+

x3

r4(x3 + 3r)

+
3x3

r3(x3 + 3r)2
+

1
r2(x3 + 3r)2

}
xαxc +

{ 1
r2

− 8(1 + ar2)
(x3 + 3r)2

− 2x3

r4(x3 + 3r)
+

x3x3

r2(x3 + 3r)2
− 1

(x3 + 3r)2
}

δαc

=
{
− 2

r4
+

1
r4(1 + ar2)

+
8(1 + ar2)

r2(x3 + 3r)2
+

(x3 + 3r)2 − 8r2

r4(x3 + 3r)2
}

xαxc

+
{ 1

r2
− 8(1 + ar2)

(x3 + 3r)2
+

−2x3(x3 + 3r) + x3x3 − r2

r2(x3 + 3r)2
}

δαc

=
{
− 1

r4
+

1
r4(1 + ar2)

+
8ar2

r2(x3 + 3r)2
}

xαxc

+
{ 8

(x3 + 3r)2
− 8(1 + ar2)

(x3 + 3r)2
}

δαc

= −a
{( 1

r2(1 + ar2)
− 8

(x3 + 3r)2
)
xαxc +

8r2

(x3 + 3r)2
δαc

}
= −aFαc

by (1.12). We obtain analogously

Π2 = −aFαb.

Next, we see that

Π3 = − 16(1 + ar2)
r2(x3 + 3r)3

xexα +
( 4

r4(x3 + 3r)
+

3
r3(x3 + 3r)2

)
(xexα − r2δeα)

+
1

r4(x3 + 3r)2
{xexαx3 − r2(δeαx3 + δ3αxe − δe3xα)}

+
1

r4(x3 + 3r)
(−3xexα + 5r2δeα) − 2B

r2(x3 + 3r)
xexα

+
1

r2(x3 + 3r)2
(δ3αxe − δe3xα)

=
{
− 16(1 + ar2)

r2(x3 + 3r)3
+

4
r4(x3 + 3r)

+
3

r3(x3 + 3r)2
+

x3

r4(x3 + 3r)2

− 3
r4(x3 + 3r)

− 2
r2(x3 + 3r)

( 1
r2

− 8(1 + ar2)
(x3 + 3r)2

)}
xexα

−
( 4

r2(x3 + 3r)
+

3
r(x3 + 3r)2

+
x3

r2(x3 + 3r)2
− 5

r2(x3 + 3r)

)
δeα

= 0,
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and

Π4 = (A − B1 − (Ar2 + B)B +
2Bx3

r2(x3 + 3r)
)xe −

5
r4(x3 + 3r)

φ3e

+
1

r4(x3 + 3r)
(x3xe − 5r2δ3e) +

1
r4(x3 + 3r)2

φ33xe

=
{

A − B1 +
( 2x3

r2(x3 + 3r)
− Ar2 − B

)
B − 4x3

r4(x3 + 3r)

+
φ33

r4(x3 + 3r)2
}

xe

=
{
− 2

r4
+

1
r4(1 + ar2)

+
8(1 + ar2)

r2(x3 + 3r)2
+

2
r4

+
16a

(x3 + 3r)2
− 48(1 + ar2)

r(x3 + 3r)3

+
( 2x3

r2(x3 + 3r)
+

1
r2

− 1
r2(1 + ar2)

)( 1
r2

− 8(1 + ar2)
(x3 + 3r)2

)
− 4x3

r4(x3 + 3r)
+

x3x3

r4(x3 + 3r)2
− 1

r2(x3 + 3r)2
}

xe

=
{ 1

r4(1 + ar2)
+

8(1 + ar2)
r2(x3 + 3r)2

+
16a

(x3 + 3r)2
− 48(1 + ar2)

r(x3 + 3r)3

+
2x3

r4(x3 + 3r)
+

1
r4

− 1
r4(1 + ar2)

− 16(1 + ar2)x3

r2(x3 + 3r)3
− 8(1 + ar2)

r2(x3 + 3r)2

+
8

r2(x3 + 3r)2
− 4x3

r4(x3 + 3r)
+

x3x3

r4(x3 + 3r)2
− 1

r2(x3 + 3r)2
}

xe

=
{ 16a

(x3 + 3r)2
− 16(1 + ar2)

r2(x3 + 3r)2
− 2x3

r4(x3 + 3r)
+

1
r4

+
8

r2(x3 + 3r)2
+

x3x3

r4(x3 + 3r)2
− 1

r2(x3 + 3r)2
}

xe

=
{
− 16

r2(x3 + 3r)2
− 2x3

r4(x3 + 3r)
+

1
r4

+
7

r2(x3 + 3r)2

+
x3x3

r4(x3 + 3r)2
}

xe

= 0,

and

Π5 = xeB2 −
2

r2(x3 + 3r)
xe +

2B

x3 + 3r
xe

=
{16(1 + ar2)

(x3 + 3r)3
− 2

r2(x3 + 3r)
+

2
x3 + 3r

( 1
r2

− 8(1 + ar2)
x3 + 3r)2

)}
xe

= 0.
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From these results, we obtain the equalities

(2.7)
∂

∂xb
{α

e
c}−

∂

∂xc
{α

e
b}+{ε

e
b}{α

ε
c}−{ε

e
c}{α

ε
b} = −a(δe

bFαc−δe
cFαb).

By means of (2.6) and (2.7) we obtain

Rα
e
bc =

(1 + ax4x4

x4x4
− a

)
(δe

bFαc − δe
cFαb),

i.e.,

(2.8) Rα
e
bc =

1
x4x4

(δe
bFαc − δe

cFαb) = δe
bgαc − δe

cgαb.

Next, by (1.15), (1.16) and (2.3), we have

Rα
4
bc =

∂

∂xb
{α

4
c} −

∂

∂xc
{α

4
b} + {ε

4
b}{α

ε
c} − {ε

4
c}{α

ε
b}

= −1 + ax4x4

x4

( ∂

∂xb
Fαc −

∂

∂xc
Fαb

)
− 1 + ax4x4

x4
Fεb

(
xε(Axαxc + Bδαc)

− 1
r4(x3 + 3r)

(φεαφ3c + φεcφ3α − φε3φαc)
)

+
1 + ax4x4

x4
Fεc

×
(
xε(Axαxb + Bδαb) −

1
r4(x3 + 3r)

(φεαφ3b + φεbφ3α − φε3φαb)
)
.

Since we have

Fαc =
B

1 + ar2
xαxc +

8r2

(x3 + 3r)2
δαc,

we obtain
∂Fαc

∂xb
=

( 2
r4(1 + ar2)2

− 4
r4(1 + ar2)

+
48

r(x3 + 3r)3
)
xαxbxc

+
16

(x3 + 3r)3
δ3bxαxc +

( 1
r2(1 + ar2)

− 8
(x3 + 3r)2

)
(δαbxc + δbcxα)

+
16

(x3 + 3r)3
φ3bδαc

and we have also

(2.9) Fbcxc =
xb

1 + ar2
, Fbcφce =

8r2

(x3 + 3r)2
φbe.

Therefore, the above expression becomes

Rα
4
bc = −1 + ax4x4

x4

{ 16
(x3 + 3r)3

xα(δ3bxc − δ3cxb)

+
( 1

r2(1 + ar2)
− 8

(x3 + 3r)2
)
(δαbxc − δαcxb)
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+
16

(x3 + 3r)3
(φ3bδαc − φ3cδαb) −

1
1 + ar2

B(δαbxc − δαcxb)

+
16

r2(x3 + 3r)3
(φb3φαc − φc3φαb)

}
= 0.

Next, we have

R4
e
bc =

∂

∂xb
{4

e
c} −

∂

∂xc
{4

e
b} + {ε

e
b}{4

ε
c} − {ε

e
c}{4

ε
b}

= − 1
x4

{c
e
b} +

1
x4

{b
e
c} = 0,

and

R4
4
bc =

∂

∂xb
{4

4
c} −

∂

∂xc
{4

4
b} + {ε

4
b}{4

ε
c} − {ε

4
c}{4

ε
b}

=
1 + ax4x4

x4
Fεb

1
x4

δε
c −

1 + ax4x4

x4
Fεc

1
x4

δε
b = 0.

Analogously, we obtain easily the equalities

Rb
e
4c = 0.

We have also

Rb
4
4c =

∂

∂x4
{b

4
c} −

∂

∂xc
{b

4
4} + {ε

4
4}{b

ε
c} − {ε

4
c}{b

ε
4} + {4

4
4}{b

4
c}

= − ∂

∂x4

(1 + ax4x4

x4
Fbc

)
− 1 + ax4x4

x4
Fεc

1
x4

δε
b

+
1 + 2ax4x4

x4(1 + ax4x4)
1 + ax4x4

x4
Fbc

=
1 − ax4x4

x4x4
Fbc −

1 + ax4x4

x4x4
Fbc +

1 + 2ax4x4

x4x4
Fbc

=
1

x4x4
Fbc,

i.e.,

Rb
4
4c =

1
x4x4

Fbc = gbc.

Last, we have

R4
e
4c =

∂

∂x4
{4

e
c} −

∂

∂xc
{4

e
4} + {ε

e
4}{4

ε
c} − {ε

e
c}{4

ε
4} + {4

e
4}{4

4
c}

− {4
e
c}{4

4
4}

=
1

x4x4
δe
c +

1
x4

δe
ε

1
x4

δε
c −

1
x4

δe
c

1 + 2ax4x4

x4(1 + ax4x4)
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=
( 2

x4x4
− 1 + 2ax4x4

x4x4(1 + ax4x4)

)
δe
c

=
1

x4x4(1 + ax4x4)
δe
c ,

i.e.,

R4
e
4c = − 1

x4x4
δe
cF44 = −δe

cg44.

We obtain easily
R4

4
4c = 0.

These results can be explained simply as

Rj
i
hk =

1
x4x4

(δi
hFjk − δi

kFjh) = δi
hgjk − δi

kgjh.

¤

3. Related Otsuki Connections

Let {j
i
h} be the Levi-Civita connection by a pseudo-Riemannian metric

ds2 = gijduiduj and P = (P i
j ) a tenser field of type (1,1). We consider the

general (Otsuki) connection Γ = (P i
j , Γj

i
h) = P (δi

j , {j
i
h}), where we set

Γj
i
h = P i

k{j
k
h}.

The curvature tensor of Γ is defined by

(3.1) R̄j
i
hk =

{
P i

`

( ∂

∂uh
Γm

`
k − ∂

∂uk
Γm

`
h

)
+ Γ`

i
hΓm

`
k − Γ`

i
kΓm

`
h

}
Pm

j

− δi
m;hΛj

m
k + δi

m;kΛj
m

h

where ”; ” denotes the covariant derivatives by Γ and

Λj
i
h = Γj

i
h − ∂

∂uh
P i

j

are the covariant components of Γ. For the tensor field Qi
j , Qi

j ;h are defined
as

(3.2) Qi
j ;h = P i

`

∂Q`
m

∂uh
Pm

j + Γk
i
hQk

mPm
j − P i

`Q
`
mΛj

m
h

and hence we have

δi
j ;h = Γk

i
hP k

j − P i
kΛj

k
h = P i

kP
k
j ,h

where ”, ” denotes the covariant derivatives by {j
i
h}. Therefore R̄j

i
hk can

be written as

(3.3) R̄j
i
hk = P i

` (P
`
kRm

p
hkP

m
j + P `

m,hPm
j ,k − P `

m,kP
m
j ,h)

for this case. The Ricci curvature of Γ defined by
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R̄jk := R̄j
i
ik

becomes as

(3.4) R̄jk = P i
` (P

`
pRm

p
ikP

m
j + P `

m,iP
m
j ,k − P `

m,kP
m
j ,h)

and we have

(3.5) R̄jk − R̄kj = P i
`{P `

p(Rm
p
ikP

m
j − Rm

p
ijP

m
k )

+ P `
m,i(Pm

j ,k − Pm
k ,j) − P `

m,kP
m
j ,i + P `

m,jP
m
k ,i}

which does not vanish in general.
Now, suppose the metric gijduiduj be the metric (1.1) or (1.2) on R4

+.
Then by means of Proposition 3, we obtain their curvature tensor for Γ as
follows.

R̄j
i
hk = P i

`{P `
p(δp

hgmk − δp
kgmh)Pm

j + P `
m,hPm

j ,k − P `
m,kP

m
j ,h},

i.e.

(3.6) R̄j
i
hk = P i

j (P
`
hPjk − P `

kPjh + P `
m,hPm

j ,k − P `
m,kP

m
j ,h),

where we set

(3.7) Pjk = gmkP
m
j .

And Ricci tensor R̄jk = R̄j
`
`k can be written as

(3.8) R̄jk = (trP 2)Pjk − (P 2)i
kPji + P i

` (P
`
m,iP

m
j ,k − P `

m,kP
m
j ,i),

where we set
(P 2)i

j = P i
`P

`
j .

Remark. We see that geodesics of Γ = P (δi
j , {j

i
h}) are the same ones of

the metrics (1.1) or (1.2) including their affine parameters and we can take
P so that it vanishes the singularities of these metrics and it gives a kind of
rotation of the spaces.
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