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GEOMETRY ON GRASSMANN MANIFOLDS
G(2,8) AND G(3,8)

Zuou JIANWEI aAnD HuanG HUI

ABSTRACT. In this paper, we use the Clifford algebra C/g to construct
fibre bundles 71: G(2,8) — S%, 7{: G(2,7) — S® and m»: G(3,8) — 57,
the fibres are CP3, CP? and ASSOC = G2/SO(4) respectively. We
show that G(2,5), CP® and S° are the homologically volume minimiz-
ing submanifolds of G(2,8) by calibrations and they generate the ho-
mology group He(G(2,8)). The submanifolds S” and ASSOC of G(3,8)
generate H7(G(3,8)) and Hg(G(3,8)) respectively.

§1. INTRODUCTION

As is well-known, the Grassmann manifold G(2,4) is a fibre bundle over
S2.  In this paper, we use the Clifford algebra C/g3 to define maps
m:G(2,8) — SO, 7: G(2,7) — S% and 7»: G(3,8) — S7, which make the
Grassmann manifolds G(2,8), G(2,7) and G(3,8) fibre bundles. The fibres
are complex projective spaces CP3, CP? and ASSOC = G5/SO(4) respec-
tively. The fibres of these bundles are also the totally geodesic submanifolds
of G(2,8), G(2,7) and G(3, 8) respectively.

By calibrations, we show that the submanifolds G(2,5), CP? and S° of
G(2,8) are the volume-minimizing cycles in G(2,8) and they generate the
homology group Hg(G(2,8)). These gives an answer to the problem (5) in [3].
The submanifolds S” and ASSOC are also the generators of H7(G(3,8)),
Hg(G(3,8)) respectively.

In this paper, we also show that the Stiefel manifold V3 2 is homeomorphic
to the product of two spheres S7 x S6.

§2. GRASSMANN MANIFOLDS G(2,8) AND G(3,8)

Let Clg be the Clifford algebra associated to the Euclidean space RS.
Let €1, &, ..., s be a fixed orthonormal basis of R, the Clifford product be
determined by the relations:

egeéc + ecep = —20pc (B,C =1,2,.. .,8).
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Define the subspace V.= VT @V~ of Clg by VT = Cl*"A and V~ =
CfgddA, where

A= Re[(é1 + \/jlég) < (er + ﬁég)(l + 61636557)].

Lemma 1. The space V.= V* &V~ is an irreducible module over C/lg.
The spaces V't and V'~ are generated by erégA and egA (B = 1,...,8)
respectively.

Proof. For proof see [7], [9]. In the following we give another proof. By a
computation, we have

A = €18365€7 + €2€46565 — €1€3E5C8 — €2E4€5€E7
— €1€4€5€68 — €1€4€6€7 — €2€3€E5€E8 — €2€3E5€E7

— €364€7€8 — €1€2€5E5 — €1€2€7€8 — €3€4€5€E¢5.
It is easy to see that for any 1 < 41 < i9 < i3 < 8, there is a term in
A —1—é;---ég which contains é;,¢;,6;,. Furthermore, A is invariant by
acting every summand of A on itself, then A-A = 16A. These shows V' and
V'~ are generated by é1égA and égA (B = 1,...,8) respectively. For the
dimensional reason, V is an irreducible module over Cls. These generators
of V' can be used to construct the isomorphism between the Clifford algebra
Clg and the matrix algebra R(16). O

Let G(k,8) be the Grassmann manifold formed by all oriented k-dimen-
sional subspaces of R8. For any x € G(k,8), there are orthonormal vectors
ei,...,ex such that = can be represented by e; A --- A eg. Thus G(k,8)
becomes a submanifold of the space A*(R®). The spaces A (R®) and Clg are
isomorphic as a vector space. Identify the elements ey A---Aeg with ey - - - e,
G(k,8) can also be viewed as a subset of the Clifford algebra C'¢s. Then for
any x € G(k,8), there is v € R® such that z4 = e1vA or A = vA according
to the number k being even or odd. With the inner product defined on Clg
naturally, we can show |v| = 1. Thus we have a map G(k,8) — S7, x — v.
It is not difficult to see that if k = 4, the map G(4,8) — S7 can not be a
fibre bundle: the dimensions of the fibres over +é; € S7 are different from
that of the other fibres. Since the Grassmann manifolds G(2,8) and G(6,8),
G(3,8) and G(5,8) are isometric respectively, we need only to study G(2,8)

and G(3,8).
Let e1, e, ..., eg be an orthonormal frame fields on R® such that e; A---A
e generate a neighborhood of z in G(k,8). By

k

8
dles A Aew) =Y Y wiBia, wi = (dei, ea),
i=1 a=k+1
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we know that the elements E;q = €1...¢;—1€0€i41...€x (1 =1,...,k, a =

k+1,...,8) can be looked as a basis of T¢,. ., G(k,8), and w{* are its dual.
k 8

The metric on G(k,8) is ds?> =Y. Y (w®)?. Differentiate E;, we get the

i=1a=k+1
Riemannian connection V on G(k, 8),

k 8
VE;, = sz].Eja + Z ngw.
j=1 B=k+1

Bryant [1] has shown that the Lie group Spin; is the isotropy group of
SO(8) acting on A, that is, Spin, = {G € SO(8) | G(A) = A}. He also
shows that Spin, acts on G(2,8), G(3,8) and S transitively. The subgroup
G2 = {G € Spin, | G(¢1) = &} acts transitively on S® = {v € S | v L &}.

Theorem 2. There is a map 71: G(2,8) — S% which makes G(2,8) a fibre
bundle. The fibres are diffeomorphic to the complex projective space CP3.

Proof. First we show that if xA = ejvA, x € G(2,8), then v L €;. Denote
( , ) theinner product on Clg. Let v = aé;+bv’,v' L €. By A-A = 16A,
x-x=-1, (xA, A) = 16(x, A) = 0 and

16 = (zA, e1vA) = (xA, bejv' A) < 16]b|,

we have v | €. Hence we have a map 71: G(2,8) — S, 7 (x) = v.
For any G € Spin,, we have the following commutative diagram

G(2,8) —<= G(2,8)

-

56 Se,

where G is defined by G(z)A = &1G(v)A, v = 71(x). Thus the fibres of 7
are all diffeomorphic. Let Jy be the complex structure on R®: Jyéos_1 = €4
(s =1,...,4). As A- A = 16A, we can show that A = é;e5A if and
only if (z,e1824) = {z(xA,&16,4) = 1. For any = € G(2,8), we can write
x =vA(aJov+w), w L v, Jyv. Since the two form part of ;€24 is invariant
under the action of the unitary group U(n), we can show vJovA = €624
and (vwA,ejeaA) = 0. Then we have

1 E) = {w A Jo(w) |we ST} ~ CP3. O
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Lemma 3. Let e1,e,...,es be Spin, frame fields on R®. Then the 1-forms

w§ = (dep, ec) satisfy

witwi+wlt+ud=0, Wi —wi W —wl =0,
wil—i—wg—l—wg—l—wg:O, w?—wgthg—wi:(),
w?%—wg—wg—wZ:O, wf—wg—wg—l—wg:O,

wf+w§+w§—|—wi=0.

Proof. As the Lie group Spiny is the isotropy group of A, the element A can
also be represented by

A= Re[(el + \/—7162) cee (67 + Vv —168)(1 + 61636567)].
Since —ejeseses A = A, differentiate it we can get the last four equations of

the lemma. The other equations can be proved similarly. U

In the following, we study the fibres of 1. Let x € 7'1_1(11), v e S5 and
ei,ea,...,eg be Spin, frame fields on R® such that the elements e; A ey
generate a neighborhood U C 77! (v) of .

From d(ejesA) = d(eje2) A = d(e1vA) = 0, we have
wgsﬂ + w%5+2 =0, w§8+2 — w%sﬂ =0 (s=1,2,3).
Then on U,

3
d(er A eg) = Z[W%SH(El o541 + Faosi2) + w2 (Ey o510 — Eaosi1)]-

s=1
Hence the vectors Eosi1 = Ej 2541 + E2 9512 and Fogio = E1 2549 — Fo 9541

form a basis of Ty, pe, 7 *(v), and w§ (o = 3,...,8) are its dual.

Lemma 4. The Riemannian connection D on the fibre Tl_l(v) s given by

8 8
DEgss1 = —wiBasra + ) whey1 B, DEnsra = wiBasi1 + ) whinEps.
B=3 B5=3

The fibre Tfl(v) is a totally geodesic submanifold of G(2,8).

Proof. Restricting the Riemannian connection of G(2,8) on 7, '(v), by

Lemma 3, we have VE, = DE,. Then T, 1(v) is a totally geodesic sub-
manifold of G(2,8). O

The action of Spin,; on G(2,8) is isometry and preserves the fibres of 7.
To prove 7, 1(1)) is a totally geodesic submanifold we need only to show this
is true for v = é3 which can be proved directly (without Lemma 3).
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Let G(2,7) be the Grassmann manifold on R = {v € R® | v L & }.
Restricting the map 71 on G(2,7), we have map 7{: G(2,7) — S%. For any
G € G4, we have the following commutative diagram

G(2,7) —S= G(2,7)

” i lT;
G

§6 ———— g6,
These shows

Theorem 5. There is a map 7,: G(2,7) — S® which makes G(2,7) a fibre
bundle. The fibres are homeomorphic to the complex projective space CP?
and are totally geodesic submanifolds of G(2,7).

The fibre of 7] over & is 7 '(e2) = {u A Jou | u € S°}, where S° = {u €
S” | u L &1,é5}. Restricting the map 71 on G(2,6) is not a fibre bundle.
We can also show that the map 7: G(2,8) — Sﬁ(g) is a Riemannian
submersion, but 7: G(2,7) — S®(r) can not be a Riemannian submersion
for any r > 0.

Similar to the case of G(2,8), there is a commutative diagram for each
G € Spiny:

G(3,8) —= G(3,8)

/ /

§T—5 > g7,

Denote 75 ' (¢1) by ASSOC which is homeomorphic to Gg/SO(4), see [3], [4].

Theorem 6. The map 72: G(3,8) — S7 is a fibre bundle, the fibre type is
ASSOC and the fibres are totally geodesic submanifolds.

The proof of Theorem 6 is similar to that of Theorem 2 and Lemma 4.
By Theorem 6 we have the following corollaries:

(1) If v = 7»(x), we can show v L z. Then we have another fibre bundle
G(3,8) — CAYLEY, x — x A v, the fibre type is G(3,4) ~ S3, where
CAYLEY = {y € G(4,8) | yA = A} is a totally geodesic submanifolds
of G(4,8);

(2) The space E = {(z,w) € G(3,8) x R® |w Lz, w L v =my(x)}is a
vector bundle over G(3,8) with fibre R?;

(3) Combing Hopf bundles S7 — CP? and S” — HP!, we get two fibre
bundles G(3,8) — CP? and G(3,8) — S*.
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In the following we give more applications of the Clifford algebra C/g.
Let Vg2 be the Stiefel manifold. We have maps

Va2 = G(2,8) = S°.

For any v € S°, define a linear map J,: R® — R8 by J,(é1) = v, J,(v) =
—é1, and for any w L é1,v, J,(w) is defined by J,(w)A = —éjvwA. Tt is
not difficult to see that J, is a complex structure on R® and Je, = Jo as
defined in the proof of Theorem 2. It is easy to show that J, = G~1.JyG for
any G € G5 such that G(v) = &. Then the fibre of 7 over v € S5 can be
represented by 7 '(v) = {u A Jyu | u € S7}. This shows (see also [6], p. 37)

Vao = {(u, Jyu) |ue ST, ve S}~ 8" xs°

Similarly, for the Stiefel manifold V7 2, there are maps

Vio 5 G(2,7) 5 S5,
We can show that
Vzo = {(u, Jyu) | u,v € S u L v} C S%x SS.

Now we give some representation of Hopf maps. Let w; = Z V;€;,
wy = Z vje; with Zv = 1. By wsJowsA = |ws|?€182A4 (s = 1,2) and
'UJlJO'UJ2A = —wgJowlA we have

(w1 + wz)(Jowl — Jole)A = (|w1|2 — |’w2’2)élégA + 2wy Jow A.
Computing the right hand side of this equation, we find a map n: S7 — S4,

[wy |? — Jwo?

v

v; 2(v1v6 + V25 + V3V + V4UT)
. — 2(1112}5 — VoV — V3V7 + ’U4U8)
: 2(1/1128 + VU7 — V3V — U4U5)

U8 2(?.11127 — VU8 + V3V5 — U4U6)

Let z1 = v1 + tva + jus + kvg, 22 = vg + tv5 + jug + kvy, where ¢, j, k are
the quaternion numbers with & = 5. The map 7 can also be obtained from
the map

(21, 22) = (|21]* — |22]%, 221 - 22).

It is easy to see that 7 is the Hopf map S” — HP!.
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From
4 4
Z V;€; Z Vi€ita | A
i=1 i=1
C (2 a2 222\ _ _
= e1[(vi — vy + v; — vi)eés + 2(v1ve — v3vg)és + 2(vivg + vous)es| A,

we have the Hopf map S® — §2 = CP!,

U1

v v% — v% + v§ — vi
2 — 21}17)2 — 2?)31)4

v3

201v4 + 20903
V4

§3. THE CALIBRATIONS ON (G(2,8) AND ((3,8)

Let & be a closed k-form on a Riemannian manifold M. If (X1, ..., Xj) <
1 for any p € M and for any orthonormal vectors X1,..., X, € T,M, we
call £ a calibration on M, see [3], [4]. If H is a k-dimensional oriented
submanifold of M so that the restriction of £ on H is the volume elements
on H, we call H a &-submanifold or an integral submanifold of &. The
&-submanifolds have the minimizing volume in its homology class.

In the following we determine the volume-minimizing cycles of dimen-
sion 6 in Grassmann manifold G(2,8). As is well known that G(2,8) is a
Kaehler manifold and the Euler class w = — > w{ A w§ of vector bundle

E = {(z,v) € G(2,8) x R® | v € 2} — G(2,8)

is also the Kaehler form on G(2,8). As is well known, %wk is a calibration

on G(2,8) for each k = 1,2,3. Together with the Euler class of the vector
bundle F' defined below, they generate the cohomology groups H*(G(2,38))
(see [3]).

Theorem 7. The submanifolds G(2,5) and the fibres of 71 are the integral

submanifold of the calibration £ = %w?’.

Proof. Tt is easy to see that G(2,5) C G(2,8) is a {-submanifold. By
3

1
w=3 Z[(w%’“+w§l+2)/\(w%l+2—w§l“)—(w%l“—wgl“)A(w%l”w%lH)],
I=1
we have 2%5(]5773, ..., Eg) = 1, where E, is a basis of Tey ey *(v) defined in
§2. These shows 7, L(v) is a &-submanifold. O

Let J be a complex structure on R?*™*2 C RY. Then {v A Jv | v €
S§?m+1y C G(2, N) is homeomorphic to CP™. Theorem 7 can be generalized
as follows:
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Grassmann manifold G(2,m + 2) and complex projective space CP™ are
two integral submanifolds of the calibration ¢ = %wm, where w is the
Kaehler form on G(2, N) (m+2 < N, 2m+2 < N).

Define a vector bundle on G(2,8) by
p: F={(z,w) € G(2,8) x R® |w L 2} — G(2,8), p(z,w)==z.

Let eq, ea,...,es be an orthonormal frame fields on R®. Then es, ey, . .. ,es
can be viewed as local sections of the vector bundle F'. The connection V

on F is defined by Ve, = Y wgeg (o =3,...,8), and curvature forms are

0 = wk A wlﬂ +w? A wg . From the Euler class of F', we have a closed form

1
(= 6! 638 Qa0 QazasQasae-

ag...a6

Theorem 8. The 6-form ¢ is a calibration on G(2,8) and G(1,7) = {e1Av |
v € S} is a C-submanifold.

Proof. It is easy to see that —5a1 a69a1a29a3a49a5a6(X1,~-,X6) <1
holds for any orthonormal vectors X1,...,Xs € TG(2,8) and for any fixed
a1, 09, ..., 0. Hence

6' Z(Sil 8a6 aiog a3a4Qa5a6(X1a s 7X6) <L

This shows ( is a calibration on G(2,8).
Write ( as

C:w:{’/\w%/\.../\w§+w§/\w§/\.../\w§+....

It is easy to see that the G(1,7) = {é1 Av | v € S5} is a totally geodesic
submanifold of G(2,8) and is a (-submanifold. O

It is easy to see that fG(275)§ = fo1(v)C = 0. Then G(2,5) and 7; ' (v)
belong to the same homology class of Hg(G(2,8)). The complex projec-
tive space CP? and G(1,7) ~ S® are two generators of the homology group
Hg(G(2,8)). These gives an answer to the problem (5) in [3]. As Theo-
rem 7, 8 can be generalized to the Grassmann manifold G(2,2n). Then
the homology classes of the Grassmann manifold G(2, N) can be all repre-
sented by the integral submanifolds of G(2, N) for some calibrations. For
the homology groups of G(2, N), see the table 2.1 in [3].

Let dVgs be the volume element of 5. Then £77(dVss) is a calibration
on (G(2,8), but there is no integral submanifold for this calibration, even
locally. We can show that

3

1 1
571 (@Vso) = 2 [T = wB™2) A (@2 4w
=1
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is a summand of %w?’.

Let dVgr be the volume element of S”. Then 75 (dVgr) also determines
a calibration on G(3,8) and there is also no integral submanifold for this
calibration. Let I, J, K be the quaternion structures on R® =2 H?. The
map

f: 8" = G(3,8), v IvJuKv

gives a section of the fibre bundle m: G(3,8) — S7. We can show that
Jor [*(75(dVgr)) # 0. Then f(S7) is a generator of H7(G(3,8)). Similarly
we can show that ASSOC is a generator of Hg(G(3,8)).

From the various fibre bundles defined on the Grassmann manifold G(3, 8)
in §2, we can get many calibrations on G(3,8), but we can not find any
integral submanifolds for them.
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