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KazunisA SHIMAKAWA

ABSTRACT. It is shown that any subset of a topological abelian monoid
gives rise to a generalized homology theory that is closely related to the
notion of labeled configuration space. Applications of the main theo-
rem include generalizations of the classical Dold-Thom and the Barratt-
Priddy-Quillen-Segal theorems.

INTRODUCTION

Let M be a topological abelian partial monoid, e.g. any subset of a topo-
logical abelian monoid. Following [2], we associate with any pointed space X
the space CM (X) of configurations of distinct points in X with labels in M.
If M is taken to be the abelian monoid of non-negative integers N then we
get a topological abelian monoid SP (X, *) generated by the points of X, with
its basepoint * identified with 0. On the other hand, if M = {1} C N then
6{1}()( ) is the space of finite subsets of X, modulo the relation * = null.
Thus the notion of labeled configuration spaces generalizes both infinite
symmetric products [1] and classical configuration spaces [7].

In general, cM (X) is not a functor of X, nor does it preserve homotopy
equivalences. Nevertheless we can show that if we replace cM (X) by the
limit of the inclusions CM(R" x X) ¢ CM(R™ x X), where R" x X =
R"™ x X/R"™ X %, then the correspondence

X = CMR*® x X) =, CM(R" x X)

defines a generalized homology theory.
More precisely, we have

Main Theorem. Given a topological abelian partial monoid M there exists
a functor EM | of the category of pointed spaces into itself, together with a
natural transformation EM(X) — QEM(XX) enjoying the following prop-
erties:
(P1) EM(x) = .
(P2) For any pointed space X, the map EM(X) — QEM(XX) is a ho-
motopy equivalence.
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(P3) For any pair of pointed spaces (X, A), the sequence
EM(A) - EM(X) - EM(X UCA)

induced by the cofibration sequence A — X — XUC'A is a homotopy

fibration sequence.
(P4) If X is a pointed finite CW -complex then EM (X) has the weak ho-

motopy type of a group completion of éM(ROO x X).

Notice that CM (R* x X) is an admissible H-space with respect to the
multiplication induced by a linear isometry R>* x R*® — R*.

In short, the theorem says that there is a generalized homology theory
he = me EM such that for a pointed finite C'W-complex X,

he(X) = my CM(R™® x X))
holds if CM (R* x X) is grouplike. (This is always the case if X is connected).
Among the applications of the main theorem we have the following:

(1) Let M be an arbitrary topological abelian monoid. Then CM(X) is
a continuous functor of X and there is a sequence of natural isomorphisms
of homology theories

ToEM(X) 2 1, QCM (£X) = Hy (X ;70 G)

defined on the category of pointed C'W-complexes; here G is the group com-
pletion of M and He(X; me() is the ordinary homology of X with coefficients
in the graded group meG. Accordingly there holds a generalized Dold-Thom
isomorphism

TI'néM( X) 2 H,(X;7eG ZHanWr ), n>0,

if M is grouplike or if X has the homotopy type of a connected C'W-complex.
(2) Any pointed space M can be viewed as the subset of generators for

the topological abelian monoid SP(M, %), and hence we can form cM (X)
and EM(X). There is a chain of natural weak equivalences
EM(X) = Q¥EM (2™ X) — Q®°%°(X A M)
inducing a natural isomorphism of homology theories
TeEM(X) = 7d (X A M).

This can be regarded as a generalization of the Barratt-Priddy-Quillen the-
orem (the case M = X = S%). It follows by (P4) that CM(R" x X)
approximates the homotopy type of Q®°X*°(X A M) as n — oo if X is
connected.
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The paper is organized as follows. Section 1 introduces the notion of
labeled configuration spaces. Section 2 provides a construction of EM (X)
and proves the first three properties in the statement of the main theo-
rem. Section 3 provides several applications of our theory, including certain
generalizations of the classical Dold-Thom and the Barratt-Priddy-Quillen
theorems. Section 4 gives the main part of the proof of the last property
(P4). Finally, Section 5 completes the proof of (P4) by proving the key
proposition, Proposition 4.7.

Throughout the paper we shall work in the category of compactly gener-
ated spaces. Basepoints are generically denoted by * and are assumed to be
non-degenerate.

1. LABELED CONFIGURATION SPACES

By a topological abelian partial monoid we shall mean a topological space
M equipped with subsets D, € M™, n > 2, and operations D,, — M,
(a1,...,an) — a1 + -+ + ay, enjoying the following property:

If ai,...,an, € M and I,..., I, Ji,...,Js are subsets of {1,2,...,n}
such that Iy [T---[[Lr = Ji[[--- ]I Js = {1,2,...,n} holds then we have

Dien @it Dier, @i =D ey, 4t D, @

whenever both sides of the equation are defined.

We always assume that M is embeddable in a topological abelian partial
monoid with unit element 0 and we write M = M U {0}. Observe that
any subset of a topological abelian monoid (with unit) is a abelian partial
monoid. In particular, any topological space Y can be viewed as an abelian
partial monoid with D,, = (), for Y is the set of generators for the topological
abelian monoid SP(Y').

To each space (without basepoint) X we assign a topological category
OM(X) defined as follows:

(1) Objects of QM (X) are the points of [1)50 X7 X MP.
(2) A morphism from (z1,...,2p,a1,...,ap) t0 (Y1,...,Yq,b1,...,bq) is a
map of finite sets 6: {1,...,p} — {1,...,q} such that

(a) i = yp;) for 1 <i < p, and
(b) bj = > icp-1(j) @ for 1 < j < ¢ (meaning that b; = 0 if 0=1(5) = 0).

Let us denote this morphism by (6*y,a) LN (y,04a), where 6*: X1 — XP
and 60, : AP — A? are given by the formulas

0"y = (Woq1):-- Vo)) » 0w = (Eiee—l(l) @iy -5 D ie0-1(q) ai) :
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Then Mor @ (X) can be identified with the subset of
I . X%xMap({L,...,p},{1,....q}) x M”
1,420

consisting of those triples (y, 6, a) such that every component of f.a is in M.

(3) The composition of two morphisms (6*y, a) LN (y,0.a) and (1p*z,b) Y,
(z,94b), where y = ¥*z and b = 0.a, is defined to be the morphism

* * 10
(9 yva) - ((¢9) Zva’) - (Zv (¢9)*a) - (Z7¢*b)
In other words, we have (z,v,b)(y,0,a) = (2,90, a) whenever y = 1)*z and
b = 0.a. Note that (10), = 1.0, holds, for A is abelian.

Definition 1.1. Given a space X, let BM(X) denote the identification space
of Ob @M (X) with respect to the least equivalence relation such that two
objects are equivalent if there is a morphism between them. We denote by
CM(X) the subspace of BM(X) consisting of those classes [r, a] such that
the components of z, say z1,...,zp, are mutually distinct in X.

Each point of C™(X) has a representative of the form (z1,...,z),
ai,...,ap) such that a; # 0 and z; # x; if ¢ # j. Such a representative
will be called reduced. Clearly reduced representatives are isomorphic with
each other through permutations of indices, and hence determine a unique
finite subset {(z1,a1),..., (2p,ap)} of X x M such that a; # 0 and z; # z;
if i # j. Thus we may regard C™(X) as the configuration space of finite
distinct points in X with labels in M, modulo the relation (z,0) = null.
It enjoys the property that {(z1,a1),...,(zp,ap)} converges to {(x,a)} as
z; — x if, and only if, a; + - - - 4+ a, converges to a € M. (Compare [2, §3] as
well as [9]).

Note that we have CM(X) = CM(X). Note also that CM(X) is not
necessarily a functor of X.

Example 1.2. (1) Let M be the subset {1} of the abelian monoid N. Then
{1} —
i x) =1], ., Cn(X),

where C,,(X) is the configuration spaces of n distinct points in X.
(2) For M = N, we have

) =]

where SP™(X) is the n-fold symmetric products of X. In other words,
CN(X) is the topological free abelian monoid generated by the points of X.
If X is the complex line C then under the correspondence

{(z1,m1), -, (zpymp) } = (2 — zi)" (2= Zp)npa

0 SP™"(X)
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CN(C) can be identified with the space of monic polynomials over C.

(3) Let M = Nx0UO x N C N2 Then CM(C) is identified with
the space of pairs (p,q) of coprime monic polynomials. Clearly we have
cM(C) = I CM,(C), where C)!, (C) is the component consisting of
those (p,q) such that degp = m and degq = n. In particular, C%n(C)
is identified with the space of rational algebraic maps of degree n of the
Riemann sphere S = C U oo into itself. (See [10]).

(4) The example above can be generalized in several ways. If we take
M = {(n1,...,nm) | n1---nm = 0} then CM(C) is the space of m-tuples
of polynomials with no common root; its component consisting of those
(p1,...,pm) with degp; = --- = degp;, = n is identified with the space of
rational algebraic maps of degree n of S? into the m-dimensional complex
projective space P™. (See [10]). On the other hand, if M = [J;,{0}*~! x
N x {0}™* then C™(C) is the space of m-tuples (p1,...,py) of mutually
coprime monic polynomials. (See [3]).

(5) Let M = Z. Then C%(X) = AG(X) is the topological free abelian
group generated by the points of X. More generally, if R is a topological
ring then C®(X) is the topological free R-module generated by the points
of X. O

We next introduce a pointed version of the notion above. For p > 0, let
p denote the pointed finite set {0,1,...,p} based at 0. If X is a pointed
space, we have a topological category QM (X) defined as follows:

(1) Objects of QM (X) are the points of 50 XP % MP.
(2) A morphism from (z1,...,zp,a1,...,ap) to (Y1,...,Yq,b1,...,by) is a
basepoint preserving map 6: p — q such that
(a) i = yp(;) for 1 <i < p (meaning that z; = * if 6(i) = 0), and
(b) bj =3 iep-1(jy @i for 1 <j <gq.

Again, we denote this morphism by (6*y, a) e, (y,0.a), where 0*: X1 —
X7 and 0,: AP — A? are given by the formula (a) and (b) above. Then
Mor QM (X) can be identified with the subset of

I1 . X%xMapy(p,q) x M”
p,g>0

consisting of those triples (y, 0, a) such that every component of f.a is in M.
(3) The composition of morphisms is given by (z,,b)(y, 0, a) = (2,90, a),
where y = ¢*z and b = 0,a.
One easily verifies that if X, = X ][* is a space with disjoint base-
point * then the inclusion QM (X) KN (X,) has a natural left adjoint
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oOM(x,) &, OM(X) such that RI = Id. Thus the functor QM can be
regarded as a natural extension of QM.

Definition 1.3. Given a pointed space X, let BM(X) denote the identi-
fication space of Ob oM (X)) with respect to the least equivalence relation
such that two objects are equivalent if there is a morphism between them.
We define CM(X) to be the subspace of BM (X)) consisting of those classes
[x,a] such that the components x1,...,x, of x are mutually distinct in X.

cM (X) has the basepoint ) represented by X© x MO,

Each point of CM(X) can be identified with a finite subset {(z1,a1),
<oy (Tpyap)} of X x M such that a; # 0, x; # *, and x; # x; if i # j.
In addition to the property similar to that of CM(X), CM(X) enjoys the
property that {(z;,a;)} converges to () as z; — *. (That is to say, the
basepoint * is a ‘vanishing point’ of CM (X)).

The following is immediate from the definitions.

Proposition 1.4. For any space (without basepoint) X, the natural map
CM(X) — CM(X ) induced by the inclusion X C X [[* = X4 is a home-
omorphism.

Example 1.5. (1) Any pointed space M can be viewed as the set of gener-
ators for the topological abelian monoid SP(M, %) generated by the points
of M, where x is identified with 0. The corresponding cM (X) is the space
of finite subsets of X “labeled by M” in the sense of [7].

(2) For any pointed space X, CN(X) is identified with SP(X,). In
particular, if X is the Riemann sphere S? = C U oo then SP(S?,00) can
be identified with the infinite dimensional complex projective space P>
formed from the vector space Clz] of polynomials by mapping {(z;,n;)},
where z; = [u;,v;] € P1, to the class of the polynomial [](u; — v;2).

(3) Let M = N x0UO x N C N2. Then there is a homotopy equivalence

P v P = CN($?) v CN(§?) = CM(S?)
induced by the inclusions N — N x 0 and N — 0 x N. Proposition (1.5)
of [10] says that there is a homotopy equivalence Q — Q2CM(S?), where

Q is a ‘group completion’ of the H-space CM(C) = éM(R2 x SY). This
equivalence is a prototype of our main theorem. O

Remark 1.6. To any subset M of a (not necessarily abelian) topological
monoid A we can assign a variant of C™ (X)) constructed from the subcate-

gory of OM (X)) whose morphisms are those (#*y, a) s, (y, 0.a) such that 0 is
order-preserving. Here order-preserving means that 0 < 6(i) < 0(j) implies
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1 < j. For example, if M = N then we get the reduced product space X in
the sense of James [4].

2. HOMOLOGY THEORIES ASSOCIATED WITH
LABELED CONFIGURATION SPACES

In this section we construct a generalized homology theory starting from
the classifying space of the category oM (X). Recall that if X is a topological
category, its classifying space |X| is defined to be the realization of the
simplicial space NX = {N,,X'} whose n-simplexes are chains of arrows xy —
Tl — > Ty B _

Given a pointed space X, let QM (X) = |QM(X)| with the basepoint
)= X9 x MO and put

FM(X) = QM(X)/QM(x), EM(X)=FY(2X).

Here we write ©Z = S' A Z and QZ = Map(S*, Z) for a pointed space Z.

As FM(x) = %, the continuous map

Mapy(X, ) — Mapy(F¥ (X), FM(Y)),  f = FY(f)

preserves basepoints. Hence there are natural maps

pyx: Y AFM(X) - FM(YAX), pyx: Y AEM(X) - EMY AX)
induced, by adjunction, from the composite maps

Y L Mapy(X,Y A X) 5 Mapo(T(X), T(Y A X)), T=FM gM,

where [ is given by I(y)(z) = y A z. It follows that

Proposition 2.1. Both FM and EM preserve homotopies. In particular, if
X ~Y then we have FM(X) ~ FM(Y) and EM(X) ~ EM(Y).

We now state the main result of this section. Recall from [5] that a (ho-
mology) group completion g: Y — Z is an H-map between admissible (e.g.
homotopy associative and homotopy commutative) H-spaces such that moZ
is the universal group associated with moY and He(Z; k) is the localization
of the Pontrjagin ring He(Y; k) at its submonoid 7Y for every ring of co-
efficients k. For any X, QM (X) is an admissible H-space since oM (X)isa
permutative category with respect to the operation

OM(X) x QM(x) & QM(X), (z,a)® (y,b) = (z,y,a,b).

Theorem 2.2. Let X be a pointed space. Then

(1) the composite v: QM (X) — EM(X) of the natural map QM (X) —
FM(X) with the map FM(X) — QFM(£X) = EM(X) adjoint to
pst x 18 a group completion map,
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(2) the map EM(X) — QEM(EX) adjoint to g1 x is a homotopy equiv-
alence, and

(3) for every pointed subspace A of X, EM(A) — EM(X) - EM(X U
CA) is a homotopy fibration sequence, that is, the natural map from
EM(A) to the homotopy fiber of EM(X) — EM(X U CA) is a ho-

motopy equivalence.
This implies

Corollary 2.3. For every pointed space X, EM(X) has a structure of an
infinite loop space.

and also,

Corollary 2.4. The correspondence X + moeEM(X), together with the
natural equivalence TeEM(X) = me 1 EM(XX) induced by EM(X) =
QEM(XX), defines a generalized homology theory on the category of pointed

spaces.
Observe that, under the natural transformation

limn 77 (XA EM(S%)) — lim Tk EM(X A S*) = m, EM(X)

induced by the maps X A EM(S¥) — EM(X A S¥), me EM is equivalent to
the generalized homology theory associated with the Q-spectrum {EM(S™)}.
Clearly e EM satisfies the wedge axiom.

To prove Theorem 2.2 we need several lemmas similar to those used in
the proof of Theorem 1.7 of [12].

Lemma 2.5. If (X, A) is an NDR pair then so is (QM(X), QM (A)).

Proof. By definition, (X, A) is an NDR pair if there are a map u: X — I
such that A = «~'(0) and a homotopy h: I x X — X such that h(0,z) = z
for x € X, h(t,a) = a for (t,a) € I x A, and h(1,x) € A for z € u=1[0,1).

Let A™ be the standard n-simplex with vertices eg,eq,...,e,. Given a
sequence of real numbers v = (vy,...,v,) such that 0 < v; < 1, let w, be
the map A™ — I which sends the barycenter b, of a face o = |e;, - - - €5,
to max{v,,, ..., v, } and is linear on each face |by, - - - by, | of the barycentric
subdivision Sd A™ of A™; that is,

Wy (S0boy + -+ + Skboy,) = Sowy(boy) + -+ - + spwy(be,) if so+ -+ + s = 1.

Let §; denote the inclusion of A”~! as the i-th face of A™ and o; the i-th
projection A"*! — A" Then we have

wy,0; = Wy, WyO; = Ws,vy
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where
div = (L0, - -y Vie1,Vig1s - - Vn),
8iV = (Y0, -, Vis Vis Vit 1, - -+ > Vn)-
Now we can define @: QM (X) — I by the formula
al(@”,a%) 2 oo 2 (2", a"), 8] = wy(s),
o= (s o wle)

where 2! = (:c;) € XPi for 1 < i < n. Clearly we have @~ 1(0) = QM (A).
We also have a homotopy h: IxQM (X) — QM (X) defined by the formula
At (2, a%) P oo P (a0, )
0 0, n
= [(he(a),a°) =5 -+ =5 (hy(2™),a™), (ku)a(5))-
Here h:(z') = (h(t, 333)) and k, is the homotopy I x A™ — A" characterized

by the following properties:

(1) if wy(by) < 1 or if wy,(b;) = 1 holds for every subface 7 of o, then
ky(t,by) = b, for all t € I,

(2) if wy,(by) = 1 and if there is a subface 7 of o such that w,(b;) < 1,
then k(t,b,) = (1 — t)b, + tbs,, where 79 is the largest subface such
that wy, (br) < 1,

(3) for each t € I, (ky,)¢: A™ — A™ is linear on each face of Sd A™.

One easily observes that (h, @) represents (Q™ (X), Q™ (A)) as an NDR pair.
U

Lemma 2.6. QM (x) is contractible.

Proof. Let I be the inclusion of the basepoint {) into oM () and R the unique
functor QM (x) — {@}. Obviously we have RI = Id. On the other hand,
there is a natural transformation IR — Id given by the evident morphisms
(%,...,%,a1,...,ap) — 0. This implies that ]éM(*)| is contractible to ). [

Consequently we have
Corollary 2.7. If X has a non-degenerate basepoint x then the natural map
QM(X) — QM(X)/QM(x) = FM(X)
1s a homotopy equivalence.

Lemma 2.8. For any X, Y the natural map @M(X VY) — @M(X) X
QM (Y) induced by the evident projections is a homotopy equivalence.
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Proof. Let m denote the composite
OM(X) x QM(Y) B, oM(x vy )2 & oM (X v ),

where Ix and Iy are induced by the inclusions X —- XVY andY — X VY
respectively. Then 7 is an adjoint inverse to QM (X VY) — OM(X) x
OM(Y); hence its realization gives a homotopy inverse to QM (X VY) —
QM(X) x QM(Y). m

Now suppose X, is a pointed simplicial space. Then the maps X, x A" —
| Xe|, (z,5) — [x,s], factor through X,, A AT = X,, x A"/ % xA" and we
obtain

QM (Xn) x A" — QM (Xn) N AT — QY (X A AY) — QY (IX.))
which, in turn, induce a pointed map |Q™ (X,)| — QM (| X.]).

Lemma 2.9. Given a pointed simplicial space Xo, the map |©M(Xo)| —
QM (|X,|) is a homeomorphism.

is homeomorphic

Proof. As is well known, |QM(X,)| = ‘[m] — [OM (X))

to the successive realization

0] = N2 QY (Xa)]| = |[n] 1= ] > NaQM (X))

of the bisimplicial space ([m],[n]) — N, oM (X,n). To prove the lemma,
it suffices to show that the natural map |N, O™ (X,)| — N, QM (|X,]) is a
homeomorphism for n > 0. But this follows from the fact that | X%| — | X,[?
is a homeomorphism for p > 0. U

We are ready to prove Theorem 2.2. In fact, we can prove a more general
result. A functor T of the category of pointed spaces into itself is called
continuous if the function

Mapy (X, Y) — Mapy(T'(X),T(Y)), [~ T(f)

is continuous for any X and Y. If T' is continuous and 7T'(x) = * then there
are pairings

pyx: Y AT(X) = T(Y AX), phy: TV)AX = T(Y AX)
obtained, by adjunction, from the composite
Y L Mapy(X, Y A X) L Map,(T(X), T(Y A X)),
where [ is given by I(y)(z) = y A =, and the similar one

X — Mapy(T(Y), T(Y N X)).
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It follows, in particular, that any homotopy h: I;1 A X — Y induces one
I. NT(X) — T(Y) between T'(ho) and T'(h;); hence T preserves homotopy.

Given a continuous functor 7' of the category of pointed spaces into itself,
put F(X) = T(X)/T(¥) and E(X) = QF(XX). (When T(X) = QM (X),
F(X)=FM(X) and E(X) = EM(X)). As F(x) = * and E(x) = *, there
are natural maps

F(X) 5 QF(2X) = E(X), EX)SQE(ZX)
adjoint to SYAF(X) — F(S*AX) and S'AE(X) — E(S'AX) respectively.

Theorem 2.10. Suppose T satisfies the following conditions:
(C1) If (X, A) is an NDR pair then so is (T'(X),T(A)).
(C2) T'(x) is contractible.
(C3) For any X, Y the natural map T(X VY) — T(X) x T(Y) induced
by the evident projections is a homotopy equivalence.
(C4) For any pointed simplicial space Xo the natural map |T(X.)| —
T (| Xe|) is a homotopy equivalence.
Let us regard T(X) as an H-space whose composition law is given by the
composite

-1
T(X)xT(X) X—T(X vX)™ T(X),
where p~ " is a homotopy inverse to the equivalence T(X V X) — T(X) x
T(X) and m is induced by the folding map X V X — X. Then we have
(1) the composite v: T(X) — E(X) of the natural map T'(X) — F(X)
with F(X) 5 E(X) is a group completion,
(2) the map E(X) S QE(XX) is a homotopy equivalence, and
(3) for every pointed subspace A of X, E(A) — E(X) — E(X UCA) is
a homotopy fibration sequence.

1

Proof. Given a pair of pointed maps f: A — X, g: A — Y, let Z(f,9)e
denote the pointed simplicial space defined as follows: Z(f,g), = X VA"V
Y, where AV" is the n-fold wedge sum of A, and for every 6: [m] — [n],
0 : Z(f,9)n — Z(f,9)m is given by 0*(z) =z if z € X VY, and

fla) i j < 6(0),
0*(¢j(a)) = S we(a) fO(k—1)<j<O(k), 1<k<m,
gla) if O(m) < j.
Here ¢; denotes the inclusion of A into the j-th summand of AY™. As every
point of X VAY" VY is the image of a unique point of X V AVY under some

degeneracy map, the realization of Z(f, g)e is the quotient of (X VY') ]I x
(X VAVY) by the identifications, (¢,2) ~ z, (0,a) ~ f(a), (1,a) ~ g(a),
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wheret € I, 2 € X VY and a € A. Thus |Z(f,g)e| is homeomorphic to the
reduced double mapping cylinder

Z(f,9) =X Us (I x A) Uy Y/I x x.
By (C4), there is a natural equivalence

T(Z(f9)e)l = T(Z(f,9))-

Moreover, by (C1), T(Z(f,g)e) is a proper simplicial space (or good sim-
plicial space in the sense of [8]). Hence the natural map ||T(Z(f,g)s)| —
IT(Z(f,9)e)| is an equivalence. Here ||T'(Z(f,g)s)|| denotes the fat realiza-
tion of T(Z(f,q)s)-

To see that v: T'(X) — E(X) is a group completion, let f and g be the
constant map X — * and write Z(f,g)e = X"*. Then the simplicial space
T(XV®) is the composite of the I'-space n — A(n) = T(X An) = T(X"")
with the contravariant functor A — T, [n] — n.

But the properties (C2) and (C3) ensure that A satisfies the conditions
(i) and (ii) of [8, Definition 1.2]. Thus, by the main theorems of [8] (or [6,
§3]), the map

A(1) — QBA(1) = Q(|A[/A(0))

induced by the natural map A' x A(1) — |A| is a group completion.
As v can be written as the composite

T(X) = A(1) — Q(JA|/A(0)) & B(X),

where 1 is induced by the equivalence |[A| = |T(XV*)| — T(XX), we con-
clude that v is a group completion.

The second statement is proved by the similar argument with X replaced
by £X. Since A(1) = T(XX) has a continuous homotopy inverse induced
by the map

S'AX = S'AX, [ta]— [l —ta],
A(1) — QBA(1) is a homotopy equivalence by Proposition 1.5 of [8]. This
implies that F(XX) — E(XX) is an equivalence; hence so is E(X) —

QE(XX).
To prove the last statement, we need only show that
(2.1) T(A) - T(X)—->T(XUCA)

is a homotopy fibration sequence if T'(A) has a homotopy inverse. But this
is equivalent to say that

(2.2) 7(4) 29 rx uza) T2 r(x U CA).

is a homotopy fibration sequence. Here X U ZA = Z(i,14) is the reduced
mapping cylinder of the inclusion i: A — X, j is the inclusion of A into
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{I} xACXUZAand p: XUZA — X UCA is the map which collapses
{1} x A to the basepoint.

Let us write Z(i,14)e = X VAY*V A and Z(i,*)e = X V AY®, where * is
the constant map X — *. Then j is induced by the inclusion j, of A as the
last summand of X V AY®* V A and p is induced by the simplicial map

Pe: X VA VA XVAYS

which collapses the last summand A to the basepoint. There is a commuta-
tive diagram

T(A) T(X V A) T(X)

ITGo) Ve ()| Ve
T(A) —2% |T(X v AV* v A)| —2% |T(X v AY*)|

in which the vertical arrows are the natural maps sending 0-simplexes into
realizations.

As T'(pe) is a map of proper simplicial spaces, we can apply the argument
of the proof of Proposition 1.5 of [8], with the standard realization instead
of the fat one. Thus the right hand square of (2.3) is homotopy-cartesian
if T(A) has a homotopy inverse. As T(A) — T(X VA) — T(X) is a
homotopy fibration sequence, we conclude that (2.2) is also a homotopy
fibration sequence. This completes the proof of Theorem 2.2. O

Remark 2.11. If we take the non-abelian version of QM (X) discussed in
Remark 1.6 then the corresponding 7'(X) no longer satisfies (C3). Therefore
the commutativity is essential in the construction of EM(X).

The following variation of Theorem 2.10 is also useful. Again, let T be a
continuous functor of the category of pointed spaces into itself.

Theorem 2.12. Suppose T' satisfies the following conditions:
(C2) T(x)=x.
(C3) For any X, Y, the natural map T(X VY) — T(X) x T(Y) induced
by the projections is a homotopy equivalence.
(C4)" For any pointed simplicial space Xo, the natural map |T(Xa)| —
T (|| Xe||) is a homotopy equivalence.

Let E(X) = QT(XX) for any pointed space X. Then we have
(1) the map T(X) = E(X), adjoint to the natural map S* A T(X) —
T(S'' A X), is a group completion,
(2) E(X)=QT(2X) L, QE(XX) is a homotopy equivalence, and
(3) for every pointed subspace A of X, F(A) — E(X) — E(XUCA) is
a homotopy fibration sequence.
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Proof. By arguing as in the proof of Theorem 2.10, but replacing the stan-
dard realization with the fat one, we see that the natural map 7T(X) —
Q|T(XV*)| is a group completion for any X, and is an equivalence if T'(X)
has a continuous homotopy inverse. As the composite

QYTX) — QT (IX*) — QT(|X 7)) = E(X)

is an equivalence, we see that the first and the second properties hold. The
last property is proved similarly. O

3. CLASSICAL EXAMPLES

3.1. The stable homotopy theory. In [8] Segal showed that for any space
(without basepoint) X there exists a I-space BY. x such that the associated
spectrum B(BX x) is equivalent to the suspension spectrum S(X3 ).

By definition, BX. x is the I'-space associated with the symmetric monoidal
category equivalent to Q{l}(X ). Hence there is a natural homotopy equiv-
alence

BEx(1) =@M (x) = QM (xy)
induced by the inclusion Q™ (X) — QU (X,). It follows by Proposi-
tion 3.6 of [8] that ES°(X,) = E(X,) has the weak homotopy type of
Q°%®(X,). (The case X, = SY is the Barratt-Priddy-Quillen theorem).
More generally, we can prove

Theorem 3.1. Let M be a pointed space having the homotopy type of a
CW -complex. If we regard M as the set of generators for SP(M,x) then
there is a natural isomorphism of generalized homology theories

T EM(X) 2= 7d (X A M)

defined on the category of pointed spaces having the homotopy type of a
CW -complex.

Proof. Let T(X) = QY(X)/Q\%(X) and EM(X) = Q(T(SX)/T(x)). As
Q1%}(X) is contractible, the natural map Q™ (X) — T(X) is an equivalence;
hence so is EM(X) — EM(X). Let v: X AM — EM(X) be the natural
map induced by the composite

X x M = 0bQM(X) — |QY(X)| = QY(X) — T(X) — EM(X)

Then there is a diagram of natural maps
QPE®(X A M) 28 e EM(xox) 5 EM(X) & EM(X)
in which Q% is the limit of

QMp: QPSN(X A M) = Q"X A M) — Q"EM (" X)
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and €% is the natural map
EM(X) = 1lim,Q"EM (2" X) = Q°EM (2% X).
As £ is a weak equivalence, we obtain a natural transformation
7w (X A M) = 1, Q08 (X A M) — 1 EM(X).

Observe that QM (X) satisfies the properties (C1)—(C4) with respect to M
as well as X. Hence me EM (X) = 1y EM(X) defines a homology theory in
either variable X or M. Therefore, to prove that 7 is an isomorphism we
need only show the case X = M = S°. But this follows from the classical
Barratt-Priddy-Quillen theorem. (See Proposition 3.5 of [8]). O

Note that if X is pathwise connected then so is CM (R™ x X). Therefore
CM(R™ x X) has the weak homotopy type of EM(X) ~ Q®X®(X A M)
if X has the homotopy type of a connected finite CW-complex. But this
also follows from the next theorem together with the fact that the inclusion
CXNM(R>®) — CM(R*® x X) is a homotopy equivalence if X admits an
embedding into R*°. (Compare Proposition 4.4).

Theorem 3.2. The natural map CX(R>®) — QC¥X(R™) is a group com-
pletion and there is a natural isomorphism of homology theories

TeQCHX (R®) = 15 X,

Proof. Let T(X) = CX(R>). We first show that T satisfies the conditions
(C2)’, (C3) and (C4)" of Theorem 2.12. It is obvious that (C2)" holds. To
see that (C3) holds, choose a linear isometry /: R® x R>* — R>. Then
there is a composite

OX(ROO) % CY(ROO) (ix,3%) OXVY<Roo)2 ﬂ) CXVY(ROO)

where 7, and j, are induced by the inclusions X and Y into X VY, and &

takes ({(vi, po) 1 (w5, 47)}) 0 {(1(0, v1), pi)} U{(U(e, wy), g5)} for some e 0.
This gives a homotopy inverse to T'(X VY) — T(X) x T(Y'), for the space
of linear isometries of R* is contractible. Finally, (C4)" is equivalent to the
condition that the natural map

[rC¥+ (RX)] — |CT¥(R®)| = CIT¥(R)
is a homotopy equivalence, where 7X, denotes the proper simplicial space
associated with X,. (See [8, Appendix A]). But for every n > 0, the com-
posite

CX" (Roo) i TnCX' (ROO) N CTnX. (Roo)
is an equivalence induced by X, — 7,X,. Hence |rCX*(R®)| —
|C™X+(R>)| is a homotopy equivalence by Theorem A.4 of [5].
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It follows by Theorem 2.12 that the natural map CX (R*) — QC>X (R>)
is a group completion, and the correspondence X — m,QC>% (R>°) defines
a generalized homology theory. Moreover, there is a natural transformation
of homology theories v: T,QC™¥ (R®) — 75 X induced by the composite

QCX (R™) 5 20 N (Re) &Y greny,
where 1 is the natural map X — CX(R™) taking x to (0,z). That v is an

isomorphism for X = S follows from the Barratt-Priddy-Quillen theorem.
(Compare Section 3 of [7]). O

3.2. The ordinary homology theory. Now suppose M is a topological
abelian monoid. Then CM(X) = BM(X) is a functor of X, and there is a
natural map
EM(X) = QCM(£X)

induced by the functor OM(X) — CM(X) which takes a morphism
(0%y,a) — (y,0.a) to the class [0y, a] = [y, bal.

Given a graded group G, let H.(X G,) denote the ordinary homology
of X with coefficients in G,.

The following generalizes the results of Dold-Thom [1].

Theorem 3.3. Let M be an arbitrary topological abelian monoid. Then the
natural map CM(X) — QCM($X) is a group completion, and there are
natural isomorphisms of homology theories

Te EM(X) = 7, QCM (£X) = Ho(X; 1 G),

where G is the group completion of M, i.e. G = QBM. In particular, we
have

WnéM( X) 2 H,y(X;7eG ZHTLTX’]TT )
if M is grouplike or if X is connected.

Proof. We first show that the functor CM satisfies the conditions (C2)’, (C3)
and (C4)’ of Theorem 2.12. It is obvious that (C2)" holds. (C3) follows from
the fact that the composite

OM(X) x CM(y) L9, aM(x vy )2 & eM(x vY)
is the inverse to CM(XVY) — CM(X)x CM(Y). Here i, and j, are induced
by the inclusions X — X VY and ¥ — X VY respectively, and & is the
multiplication given by [z,a] @ [y,b] = [z,y,a,b]. (C4)’ is equivalent to say
that
[rCM(Xa)| — [CM(rXa)| = CM(|7Xa))

is a homotopy equivalence, and is proved by the argument similar to that of
Theorem 3.2.
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By Theorem 2.12, CM(X) — QCM (LX) is a group completion and the
correspondence X TeQCM (XX) defines a generalized homology the-
ory which is represented by the Q-spectrum {QCM(S™t1)}. However, as
CM(Sm+1) are topological abelian monoids, {QCM (S™t1)} is equivalent to
the generalized Eilenberg-MacLane spectrum [[,, K(m,G,n). (Cf. Satz 7.1
of [1]). Thus there is a natural isomorphism of homology theories

TQCM (LX) = Hy(X; 1 Q).

On the other hand, as QM (5%) — CM(S°) = M has a right adjoint M —
OM(5%), 4 — (1,a), the induced map QM (5°) — CM(S9) is a homotopy
equivalence. Therefore EM(59) — QCM(£59) is a weak equivalence, and so
is EM(X) — QCM(£X) for any pointed CW-complex X. This completes
the proof of the theorem. O

3.3. Theories associated with subsets of N". As we stated in Exam-
ples 1.2 and 1.5, the labeled configuration space associated with a subset of
N is interesting in that it is related to the topology of the space of rational
algebraic maps. The following proposition together with (P4) implies that if

M is sufficiently large, meCM (R™ x X) converges to Hy(X;Z™) as n — co.

Proposition 3.4. Let M be a subset of N™. Suppose M contains all the
subsets of the form {0}*1 x N x {0}"7%, 1 < k < m. Then there is a
natural isomorphism of homology theories

TeEM(X) = Hy(X;ZM).
Proof. Let M' = |, {0}~ x N x {0}™~*. We shall show that the H-map
QM (%) — QM(S%)
induced by the inclusion M’ C M is a homotopy equivalence. This implies,
in particular, EM'(S9) ~ EN"(59). But EN"(S9) ~ Z™ as we have already
seen. Hence EM (S°) ~ Z™ for any M containing M.

As QM (S?) is homotopy equivalent to QM ({1}) = |QM({1})], we need
only show that the inclusion I: QM,({l}) — QM({1}) has a homotopy
inverse. For brevity, let us write Q™ ({1}) = Q™. The elements of QM are
identified with finite sequences of the elements of M. Let n be the functor
oM _, oM’ given by

n(ai,...,ap) = (aler,...,alem, ..., azl,el, ceyOpem) € (M"™P,
where a; = (a},...,a;"), 1<j<p ande, = (0,...,1,...,0) € {0},1 x
Nx {0} F. Then its realization J: QM ({1}) — Q™ ({1}) gives a homotopy

inverse to I. In fact, if Qéw " denotes the full subcategory of QM consisting
of those objects (ai,...,ap) such that a; # 0 for 1 < k < p then the
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inclusion QSW — QM/ has the evident retraction p: QM/ — Qg/[/; hence
00| ~ |QM'| = QM'({1}). But it is easily verified that pn gives a left
adjoint to the composite Qéw QN QMI — QM Therefore JI ~ 1d. Similarly
we can show that IJ ~ Id. Il

4. THE RELATION BETWEEN CM anp EM

If X is a pointed space, we write R” x X = R" x X/R" x {x}. Let £(n)
be the space of linear isometries (R*)" — R*. For each | € L(n), consider
the composite

~ n il ~
BM (R x x)r X ooy xyn
IxD)"  ~ ~
D, BMR x X)" 2 BMR™ & X),
where i; is the inclusion of R® into the j-th component of (R*°)" and & is
the juxtaposition map. Clearly this restricts to a continuous map
CM(R™ x X)" — CM(R™® x X).

Thus we obtain a linear isometries operad action on CM(R® x X), hence a
group completion of CM(R> x X) into an infinite loop space.

The following theorem is nothing but (P4) of the main theorem.
Theorem 4.1. If X is a pointed finite CW -complex then EM(X) has the
weak homotopy type of a group completion of CM(R>® x X).

From now on we assume, by replacing M by M if necessary, that M
contains 0. _

To establish a relationship between EM(X) and CM(R> x X), we intro-
duce a pointed map

®: QI MI(|S.X]) — |S.CM (R x X)),
where S, X = {5, X} is the total singular complex of X and Q5*M/(|S,X|)
is the realization of the diagonal of the bisimplicial set
([m], []) = Na Q5 M (8, X) = S (N, QM (X)),
As the evaluation maps |Se(N, QM (X))| — N,OM(X) are weak equiva-
lences, the induced map QI5Ml(|S,X|) — QM (X) is a homology equiva-
lence. (Cf. Theorem A.4 of [5]). But an H-map between grouplike admissi-

ble H-spaces is a weak homotopy equivalence if and only if it is a homology
equivalence. (Cf. [5, Remark 1.5]). Hence

Lemma 4.2. The natural map p: E'5M(|S,X|) — EM(X) induced by
the evaluation maps |SeM| — M and |SeX| — X is a weak homotopy
equivalence.
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Let A™ be the standard n-simplex with vertices eg,e1,...,e,. Let §; be
the inclusion of A""! as the j-th face of A" and o; the j-th projection
AL A" Write 9;A" = §;(A"7L) and 9A™ = U?:o 0;A"™.

Lemma 4.3. There is a system of continuous maps R(6,i): A" — R,
defined for every sequence of pointed maps 0 = (po b, P1 b2, ... bn, Pn)
and every i € po, enjoying the following properties:

(1) R(A,0) =0,

(2) for any s € A" — A", R(8,1)(s) # R(0,/)(s) if i #J,

(3) R(H,i)aj = R(st,z'), R(@,Z)(go = R(d00,01<1)) and R(@,Z)(SJ =

R(d;0,1) if j > 0.

Here we denote s;0 = (...,05,1,0;11,...) for 0 < j <mn, and

djez (...,Qj_1,9j+19j,9j+2,...) ifl S] § n—1
(917---7971—1) lfj =n.

Proof. For every sequence § = (pg — p1 — -+ — Pn) let |0] be a copy of
po and let S =\/,|0| be the union of all |§|. We may identify R* with the
linear space R(S) spanned by S.

The construction of R(6,7) proceeds by induction on the length n of 6.
For n = 0 we define R(6,i) by R(6,1)(eg) =i € |8] C R(S). Assume that we
have assigned R(¢’,4) for every sequence 6’ of length < n. Assume further
that the image of such R(#',i') is contained in R(S,_1), where S,_1 is the
subset of S consisting of all |@| such that the length of # is less than n.

Let 6 = (01,02, ...,0,) be asequence of length n. Let b,, be the barycenter
of A", so that every element of A" = b, x 9A™ can be written in the form
(1 —t)by, + td;x for some j and z € A"~ 1. Then we define R(6, i) as follows:

(1) if 6 = s;0’ for some 6’ of length n — 1 then
R(0,i)(x) = R(0',4)(0;(x))
for any z € A™,
(2) if  # s;0' for all §' then
R(0,1)((1 — t)b, + td;x) = (1 — t)ig + tR(d;0,7) (),
where ig € |0| corresponds to i under the bijection |f| = po and
i’ =61(2) if j =0, ¢ =i otherwise.
As ig € S, — Sp—1, one easily verifies that R(6,i) enjoys the required

properties and that the image of R(f,7) is contained in R(S,). Thus the
proof proceeds by induction on n. O
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Let D(X)e be the diagonal of the bisimplicial set
(fm), [n]) == Na Q5 (5, X).
Then each element f of D(X),, is of the form

(a%,a%) 2 (a1 at) 2 oo I (a7, a"),
where (2%, a’) € S, XPi x S, MPi, 2= = 0;*2* and a' = 0;,a" . Let us write
0 =(01,02,...,0,), 20 = (1, Tpg), a® = (a1,...,apy)

and define ®,,(f): A" — BM(R>® x X) by
(I)n(f)(s) = [(R(97 1)(8)7 -751(5))7 ) (R(0>p0)(3)5 Lpg (3))7 ai (5)7 <5 Apg (3)]
By using the properties of R(0,i), one easily verifies that Im ®,(f) C
CM(R®> x X). Thus we obtain a simplicial map
By: D(X)e — SeCY(R™ x X).
Let ® denote its realization. Then ® factors as
Q5 (1S, X ]) 2 1S, CM(R™ w X)'| S [S.CM (R x X)),

where CM(R™ x X) is the subset of CM(R™ x X) consisting of those
{((vi,z4),a;)} such that vy,...,v, are mutually distinct in R*>. Observe

that if M = {1} then C}(R*> x X)' = CX(R™).

Proposition 4.4. If X admits an embedding into R then the inclusion
CM(R® x X) — CM(R*® x X)

18 a homotopy equivalence.

Proof. Let i be an embedding of X into R* and define a homotopy h: I x
X — R*® by h(t,x) = (1—t)i(z). If we write hy(x) = h(t, x) then hg = i and
h1 is the constant map with value 0. Let [ be a linear isometry R x R*® —
R°. Then there is a homotopy

H:I. ABMR™ x X) - BM(R® x X)
such that H; is induced by the composite

1xhex1 Ix1
RS

R® x X X498 poo o x X R® x R® x X 2L R™ x X.

One easily verifies that
(1) H restricts to Iy A CM(R® x X) — CM(R™ x X) and also to
I ACM(R® x X) — CM(R™® x XV,
(2) the image of fo = Ho|CM(R™ x X) is in CM(R® x X', and
(3) fi = Hi|CM(R™® x X) is induced by I’ x 1: R® x X — R® x X,
where I is the composite R™® =2 R*™ x {0} C R® x R® LR,
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As the space of linear isometries of R is contractible, I is isotopic to the
identity through linear isometries. Thus we have fy ~ f1 ~ 1, showing that
fo is a homotopy inverse to the inclusion CM (R®x X) — CM(R*x X). O

Clearly the correspondence X — cM (R* x X)' is a continuous functor
of X. Let T(X) = CM(R® x X) and F(X) = QT (XX). Then

Proposition 4.5. The natural map v: T(X) — E(X) is a group completion
and the correspondence X — me E(X) defines a generalized homology theory
on the category of pointed spaces.

Proof. Tt suffices to show that T satisfies the conditions (C2)’; (C3) and
(C4)" of Theorem 2.12. But this follows from the argument similar to that
used in the proof of Theorem 3.2. O

It follows, by Propositions 4.4 and 4.5, that F(X) has the weak homotopy
type of a group completion of CM(R> x X). Moreover, there is a diagram
EM(X) £ ESM(15,x)) L B(X),

in which ¥ is induced by the composite
QIS MI(1S,X[) 25 [SCM (R® x X)'| — CM (R & X)' = T(X).
Now Theorem 4.1 follows from
Proposition 4.6. If X is a pointed finite CW -complex then
)i BPMI(|S,X|) — B(X)
1s a weak equivalence.

Beware that EIS+MI(|S, X|) is not continuous in X. Nevertheless, the cor-
respondence X — moE!5M|(|S,X|) defines a generalized homology theory
on pointed finite CW-complexes, if its suspension isomorphism is defined to
be the composite

mn B MI(|S, X [) < m, Mapy(|Se S|, EIS*MI(15,2.X1))
L Mapg (S, EVSMI(|SuEX ) = g1 EIS* (1S, 5X]).
Here ¢ is the adjoint to [Se S| A EISeMI(|S,X|) £ EISeMI(|S,(S! A X)|) and
¢ is induced by the equivalence |SeS'| — S*. Clearly
Uyt T B MI(|S,X|) — mo E(X)

is a natural transformation of homology theories.
Thus, to prove Proposition 4.6, we need only show the case X = S°. But
this is a consequence of
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Proposition 4.7. The map
o' QI MI(S0) — |S,CM(R™ x %] =[S CM (R™))]
1s a homology equivalence.

We give a proof of this proposition in the next section.

5. PROOF OF PROPOSITION 4.7

We shall prove the case M is discrete. The general case follows from this,
for @' is obtained as the realization of the map of proper simplicial spaces

QM (%) — |S.C5MR®)|, n>0.
As in the preceding section, we assume M contains 0.

Definition 5.1. A continuous map ¢ of a simplex o = |pop1 -+ pn| into
CM(R™) is called proper if n = 0 or if there are maps vy, ... ,vp of o into
R and elements ay, ..., a, of M satisfying the following conditions:

(1) g(s) = [v1(8), .., vp(8),a1,...,ay) € CM(R>®) for all s € o,

(2) if vi(s) = v;(s) holds for some s € 0 —0yo, where dyo = |p1p2 - - - Pnl,
then v; = v; all over o,

(3) the restriction of g to Jyo is proper with respect to the restrictions
of the maps v1,...,v, to oo and labels ay, ..., a,.

Observe that if g: 0 — CM(R™) is proper then so is its restriction to
each face
dio = |po- pi—1Pi+1- - pul, 0<i<nm.

Moreover, its restriction to each simplex of Sd o is also proper. Here Sd o
denotes the barycentric subdivision of ¢; a simplex of of which is of the form
|booboy -+ - b, |, where 09,01, ..., 0, are faces of o such that og > 07 > -+ >
o, and by, is the barycenter of o;, 0 <7 <.

For each n > 0, let S,CM(R>)" denote the set of proper maps from
A" to CM(R*®). Then S,CM(R*®)" = {S,CM(R>)"} is a subcomplex of
S.CM(R>) and @' factors as

QM(5°) L [8.CMR=)"| L |S.CM (R>)),
where I is the inclusion map. Let ®” denote the composite
QM ({1}) = @M(8%) L+ |S.CM (R,

where QM ({1}) = |QM ({1})]. Then Proposition 4.7 is a consequence of the
following two lemmas.
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Lemma 5.2. ®": QM ({1}) — |SeCM (R>®)"| is a homotopy equivalence.
Lemma 5.3. I: [S;CM(R>®)"| — |S.CM(R*®)| is a homology equivalence.

Proof of Lemma 5.2. To construct a homotopy inverse to ®”, we introduce
a simplicial subdivision of A™. For every n > 0, let [[n]] denote the partially
ordered set {(4,7) | 0 <i < j < n}, where (4,5) < (¢, 4') if and only if both
i > and j < j' hold. (Thus we have (i,7) < (0,n) for any (i,7) € [[n]]).
Let us regard [[n]] as a category in which a morphism from (4, j) to (¢/,5) is
the relation (7, j) < (¢/,4’). Then there is a piecewise-linear homeomorphism
¢n from the realization of [[n]] to A™ such that ¢,(j,j) = e; and ¢, (i,7) =
S(e; + €;) (i.e. the middle point of |e;e;|) if i < j. Given a linearly ordered
subset J = {(i0,j0) < --- < (ik,Jjx)} of [[n]], let Ay denote the simplex
spanned by the vertices ¢y, (i0,0), - - -, ®n(ik, jx). Then the collection {A;}
defines a simplicial subdivision of A™ having 2" n-simplexes corresponding to
those J = {(i0,jo) < -+ < (in,Jn)} such that (ig,jo) = (¢,4) for some ¢ and
(4n, jn) = (0,n). This subdivision coincides with the edgewise subdivision
defined in [7, Appendix 1].

Let g: A" — CM(R®) be a proper simplex. Then there are maps
v1,...,0p of A" into R> and elements ay, ..., a, of M such that the follow-
ing holds:

g(s) = [v1(s),... ,vp(s),al,...,ap}, se A"

A o
p(Gg) 1 o p(JJ)

sentative of g(e;) such that zy << xp’(Jj i) with respect to the lexico-

For each j, let (xl RN ) be the unique reduced repre-
graphical order in R*. Then we have

@ = Lomentigm) @m
where A(j, j; k) denotes the set of those integers m such that v,,(e;) = xfc’] .

More generally, for any pair (i,7) such that i < j, let
U {vm(es)} = {a% .., p(”)} o << (j gy
where m runs through the integers such that v, (e;) = x;f for some k,
1 <k < p(i,i). Obviously {z}’,..., x;’(Jivj)} is a subset of {z]”,... ’x;(g’,j)}
if i' <i<j. Let
ay’ = EmeA(i,j;k) (m
where A(i, j; k) ={m | vm(e;) =2}’ }. Again, (ac{’y, . ’:U;;’(Jj,]) all, .. .,aJ’J.J.))

p(J
is a (possibly non-reduced) representative of g(e;).

For any triple (i,4, j) with ¢’ < i < j, there is an injection
visig: AL (i, ) = {1, p(@ )}
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such that ¢~y (217, .. ,x;(’g,yj)) = (z77,.. .,x;(]iyj)) holds. On the other
hand, if ¢ < j < 5/, there is a surjection

Ti,5<g’* {17 s 7p(za.7)} - {17 s ,p(z,]/)}
defined by choosing any m such that vy, (e;) = :):;j and putting m; ;< (k) =1

if v (ejr) = x?’j/. Clearly we have

a5 <" Tij<j’ = T, j<j"

Lir>it j Lisilj = Li>ij
Tt j<jl Lisitj = Lisil ! T j<jl-
Moreover, if we write a®/ = (ay’,...,a”’. ..} then we have
’ Lo Pp(ing)

Mgy, @ =a', Ly a =a",
Hence there is a functor §: [[n]] — QM (point) such that §(i, j) = a’’ and
iy - SNy (i Tii<g’ i’ il - NN (i Li>il j i'j
g((17])<(7la]))_(a —a )7 g((17])<(7’7]))_(a —a )

Now we define ©: |S,CM (R>®)"| — |QM (point)| as follows. Suppose [g, 5]
is a point of |SeCM (R>)"|, where g € S,,CM(R>)" and s € A". Choose a
linearly ordered subset J of [[n]] such that s € Int A;y. Let £; be the affine
homeomorphism A ; = AJ which preserves the order of the vertices, and let
gy be the composite

7] 2 7 24 QM (point).
Then O([g, s]) is defined to be the class of (§s,£s(s)) € N;QM (point) x AJ.
We will show that © is a homotopy inverse to ®”. Given

f=(a LA N a™) € N,,QM (point),

let f denote the functor [[n]] — QM (point) which takes (i, j) to a/ and such
that

FG,5) < (i,5) = 050010 0 — o', f((i,5) < (¢,)) =1d: & — d.
Let I be the self-map of |QM (point)| given by

F([fas]):[vagJ(S)] ifSEIntAJ-
Then there is a homotopy ©®” ~ F induced by the evident natural transfor-

—_——

mation ®,,(f) — f. There is also a homotopy F ~ Id given by hy([f, s]) =
F([f,h}(s)]), where h} is a self-map of A™ such that

1 1-1¢ 1+t
h; (2((3@- —i—ej)) = ¢ + 6
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and is linear on each A ;. Then A} maps A™ onto A ,, where Jy = {(0,0) <
(0,1) < --- < (0,n)}, and &£,k is the identity of A”. As fj, = f, hy is the
identity of |Q™ (point)|. Therefore ©®” ~ Id.

On the other hand, we can inductively construct a homotopy ®”’© ~ Id
by using the general position argument as in the proof of Lemma 4.3. The
verification will be left to the reader. O

To prove Lemma 5.3, we need the following lemma.

Lemma 5.4. Let X = |K| andY = |T| be polyhedra and let f: X — W be a
continuous map of X into an open subset W of Y. Suppose that K is a finite
complex and there is a subcomplex L of K such that the restriction of f to
A = |L| is simplicial with respect to L and T. Suppose further that W is the
union of the open stars O(p,T), where p runs through the vertices contained
in W. Then there exists a subdivision K' of K, leaving L unaltered, and a
simplicial map g: X — W, with respect to K' and T, such that g(z) = f(x)
forx € A and

f~g: X — Wrel A.

Proof. By taking the barycentric subdivision of K relative to L, we may
assume that L is a full subcomplex of K. Let L = {0 € K [ o N[L| = 0}
and let K1 = Sd; ; K be the barycentric subdivision of K relative to LUL.
Then there is a simplicial map h: X — X, with respect to K7, such that
(1) if v € LU L then h(v) = v,
(2) if v ¢ LUL, so that v is the barycenter of some simplex ¢ such that
o & Land o N|L|# 0, then h(v) is a vertex of o that belongs to L.
As we have O(v, K1) C O(h(v),K;) for every v € K, h is a simplicial
approximation of the identity and

(5.1) 1~h: X — Xrel A.

Now let Ky = Sdz, K1. Then h(N (v, K2)) C h(O(v, K1)) = O(v, L) holds
for v € L. Here N(v, K3) denotes the (closed) star of v in Ks. As f|A is
simplicial with respect to L and T, we have fh(N(v,K3)) C f(O(v,L)) C
O(f(v),T) or, equivalently,

(5.2) N(v, K3) € (fh) 71 (O(f(v), T)).

Let U be a covering of X consisting of those open sets

U(p) = (fh)"(O(p, T)),

where p runs through the vertices contained in W. Then, by the auxiliary
theorem of [11, p. 318], there is a subdivision K’ of Ky, leaving L unaltered,
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enjoying the property that for every vertex v of K’ there is a vertex g(v)
contained in W such that

(5.3) N(v,K') € U(g(v)) = (fh) 1 (O(9(v), T)).

Here we may assume, by (5.2), that g(v) = f(v) if v € L.

Evidently the correspondence v — g(v) determines a simplicial approx-
imation g: X — W of fh with respect to K’ and T. Moreover, as g|A =
flA = fh|A, we have

(5.4) fh~g: X — Wrel A.

It follows that f ~ g: X — Wrel A, where g is simplicial with respect to a
subdivision K’, leaving L unaltered, and T. O

We are now ready to prove Lemma 5.3.

Proof of Lemma 5.3. For n > 0, let §,CM(R>)” be the abelian group
generated by all proper maps A" — CM(R*>). Then S.CM(ROO)” =
{8,CM(R>)"} is a subcomplex of the singular chain complex $4CM (R*)
of CM(R>). We will show that the inclusion

I: 8.CMR>®)" — 8,0M(R>)

is a chain homotopy equivalence. This, of course, implies the lemma.

For this purpose, we introduce a triangulation of BM (R>). Let X, be the
ordered simplicial set associated with the standard triangulation of R, with
the integers as vertices. For N > 0, let XV be the N-fold cartesian product
of X,. Then X7 is isomorphic to the ordered simplicial set associated with
the product triangulation of RY; hence |X)| = RYN. Moreover, if 0 is
a map of finite sets then 8*: (RV)? — (RM)” is induced by a simplicial
map (XM)? — (XY)". Clearly the equivalence relation on [,>0 (XN x
MP? generated by the relations (6*z,a) ~ (z,6.a) is compatible with the
simplicial structure. Thus we obtain a simplicial set P, such that |P,| &
BM(RYN) holds.

As P, is a regular simplicial set, its realization is a regular C'W-complex.
Hence we can triangulate BM(RN) = |P,| by successively taking the el-
ementary subdivision b, * (Jo)" of every closed cell & of positive dimen-
sion. Here b, is the barycenter of o and (90)’ is the (already constructed)
subdivision of do. This triangulation is compatible with the natural map
BM(RN) — BM(RN*!) induced by the inclusion RY ¢ RN*!. Thus we
obtain a triangulation 7" of BM (R>). It is readily seen that C™ (R*) is the

union of open stars O(p,T'), where p runs through the vertices contained in
CM(R™>).
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Toeach f: A" — CM(R™) we assign a homotopy f: I x A" — CM(R>),
with fo = f, and simplicial subdivisions K g of A" and Ly of I x A" enjoying
the following properties:

(1) (d:}‘)t = di(f;) for 0 < i < nandt e I, where d;f = f&: A" ' —

(2) Kf|3ZAn = {O‘ S Kf ’ o C 81An} = Kdifa

(3) Llo(I x A™) = {0} x A" U{1} x Ky UlUg<icp(1 % 6i) La,f,

(4) fl is simplicial with respect to Ky and T', and its restriction to o is
proper for every o € Sd K,

(5) if f € S,CM(R>)" then the restriction of f to |7 is proper for every
TE Sd{O}XAn Ly.

The construction is by induction on n. For n = 0, we take as f a path
in CM(R™) joining f to a vertex p of T such that f € O(p,T). Suppose
that we have constructed f”, Ky and Ly for every f': AP — CM(R*) with
k < n. Then for each f: A" — CM(R>) and each i with 0 < i < n there
are a homotopy J:f and subdivisions Kg,¢ of ;A" and Lg, s of I x A" !
enjoying the properties mentioned above. Let (ﬂ": I x OA™ — CM(R™) be
the homotopy determined by the homotopies caf . Then, by the homotopy
extension property, there is a homotopy F: I x A" — CM(R>) such that
Fy = f and F|I x A™ = df.

Let L be the subdivision of 0A™ determined by the subdivisions K4, ; and
let K = b, * L be the elementary subdivision of A™ arising from L. Then L
is a subcomplex of K and Fj|0A" = d} 1 is simplicial with respect to L and
T. Therefore we obtain, by Lemma 5.4, a subdivision Ky of K, leaving L
unaltered, and a simplicial map g: A" — CM(R) with respect to K and
T such that the following holds:

gloA™ = FI|0A" = df,, F, ~ grel A",

Combining these two homotopies f = Fy ~ F} and F; ~ g rel A", we
obtain a homotopy f with fo = f and f; = g.

We will show that the restriction of g to o is proper for every o € Sd K.
By definition, o is of the form |bs,bs, - - - bs, |, where o1, ..., 0, are simplexes
of K such that o9 > 01 > --- > 0,. As g is simplicial with respect to Ky
and T', its restriction to o is an affine map of o onto the (possibly degenerate)
simplex 7 = |byybr, - - - br,.|, where 7, = g(0;) € T. Such a map is certainly
proper by the construction of T

We also define Ly to be the elementary subdivision b * L', where b =
(5,bn) € I x A™ and

L'={0} x A"U{1} x K UJ,;(1 x &)Ly,
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If f € S,CM(R>®)" then, by using the general position argument as in the
proof of Lemma 4.3, we can choose such an f that its restriction to each
simplex of Sd¢gyxan Ly is proper. Thus f, together with Ky and Ly, enjoys
all the required properties.

Now let .J,, be a homomorphism §,CM™(R*>®) — §,CM(R>)" which takes
each generator f: A" — CM(R>) to the chain

1= 3 a0 A1 00) € 8uCM (R

where o runs through the n-dimensional simplexes of Sd Ky, i, is the affine
homeomorphism A™ = ¢ which preserves the order of vertices, and (o, A™)
is either 1 or —1 according as the orientation of ¢ induced by i, is compatible
with the standard orientation of A™ or not. By the properties of f; and K I
{Jn} defines a chain map

Jo: $eCM(R>) — 8,CM(R>)".

Similarly let h, be a homomorphism §,CM(R*®) — §,.1CM(R>) which
takes a generator f to

1= ZTESd{O}XAn L}LHE(T?I X A”)(fo ir) € S"+1CM(ROO)’

where 7 runs through the (n+1)-dimensional simplexes of Sdgyxan Ly, ir is
the affine homeomorphism A™! 22 |7| which preserves the order of vertices,
and (7, I x A™) is either 1 or —1 according as the orientation of |7| induced
by i, is compatible with the orientation of I x A™ or not. Here I x A" is so
oriented that we have

(I x A™) = —({0} x A™) + ({1} x A"™) — Z?:O(—l)i(l X 0;A").
Then we have
Ont1hn(f) = Onsa <ZT€Sd{O}><An Ly e(r, I x A™)(f o Zr)>
n+1 i N ‘
- ZTESd{O}XAn L?'HZZ':O (_1) 6(7—’] x A )(f O1%r O 51)

= ZTGA:}‘H&(T’ I x An)(fo iaoT)a

where A?H denotes the set of those 7 € Sdypyxan L?H such that 0y is con-
tained in O(1 x A™) and ig,, = i 0 dp. (By the construction of Sdygyxan Ly,
0;7 cannot be contained in 9(I x A™) unless i = 0).
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But we have

(1,1 x A™)(f 0igyr)

p

—f if dyr = {0} x A"
(o, A™)(f1 0iy) if oo = {1} x o,
= o€ Sd K}

—(=1)ie(r', I x A" Y)(dif oin) if By = (1 x 6;)7,
T € Sd{O}XA” Ldif-

Therefore

6n+1hn(f) + hn—lan(f) - Jn(f) - f

holds for any generator f of §,CM(R>). This, of course, implies that

h =

{hn} defines a chain homotopy I,Je ~ Id.

On the other hand, if f belongs to 8,,CM (R>)” then [f] €8, 1CM (R>)".
Hence there are homomorphisms k;,: 8,C™(R>®)" — §,,,1CM(R*>)" defin-
ing a chain homotopy Jele =~ Id.

This completes the proof of Lemma 5.3. O
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