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CERTAIN METRICS ON R*, (II)

ToMINOSUKE OTSUKI

ABSTRACT. This paper is a continuation of the one with the same ti-
tle ([4]), in which we obtained a special solution for a system of differen-
tial equations on metric tensors on R*, satisfying the Einstein condition
for Case I generalizing the Ot-metric:

3
1 azTyTe 1
ds® = > Ghe = drydr. — ————dzad
s x4m4{b0_1(b 1+a7‘2) Toar 1+ axsza T4 w4}

in Theorem 1, and proved that there exist no solutions for Case II in
Theorem 2. In this work, we shall show that we can obtain more general
solutions for Case I which depend on the latitude parameter. We use
the results in [4], so the section numbers start from 5.

1. PRELIMINARIES AND CURVATURE TENSOR

2. RIccl TENSOR

3. SOLUTIONS FOR CASE I

4. ANALYSIS AND A CONCLUSION FOR CASE II

5. SEARCH FOR GENERAL SOLUTIONS FOR CASE I

We consider solutions g;; = Fj; Juquyg which satisfy the Einstein condition
under the restriction (1.3):

Fop = Fop(ur,ug), Fyy = Fyu(ui,ug,us), Fia = Fy\ =0,

where o, 3,7,...=1,2 and A\, u,v,... = 3,4 in the paper and (2.6):
OF33  OF34 0
Ouy  Oug

Then the solutions are divided into two cases as follows:
Case1:Y1 =Y2=0 and Casell: (Y7,Y3) # (0,0),

where

1 OF: OF:
Vo= Fyg—22 — Fyy—3 ), A= Fy3Fy — F34Fy.
A Oug Oug,
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For Case I, we obtain relations (3.2):
Fyy = bFy3, Fyy =b"Fi3+ ¢, A= ¢Fss,

Fig _ 10 F3y b
1) pss_ w107
A Fiss )
¢ = ¢(uq), b= constant.

F33_1

A4

34 - _ 7 —
= A o' A @

We found some special solution in §3 under the restriction (3.14):

OF OF
8u121 = 8u222 =0 and Fs3 = ¥ (uy) sin® ug,

from which we get the relation (3.19): ¥ (u1) = c¢Fra(uy), ¢ = constant and
SO F33/F22 = CSin2 u9.
Now, we consider Case I without assuming (3.14) and so Fj; are deter-

mined by the conditions (3.10")~(3.13) from which we see that
1 de 1 d 1

_ SY 2 T 9
usp? dug  ug dug ¢ “

and so
1
(5.2) — = cruquy + ¢y, g, c1 = constants.

¢
(3.107), (3.11"), (3.12') and (3.13') can be written respectively as follows.

1 (&log Fy3 lalongailo <F33F22>
F11 6u18u1 2 8u1 8u1 & F11

(5.3)
1 82 log F33 1 810g F33 (9 F33F11
— = —1 4ep =0
+F22< BUQaUQ 2 81@ 6u2 © ( F22 ) + “ ’
0% log Fs3 N 1 (dlog F33 dlog F33
(5 4) 6u18uQ 2 8U1 8UQ
' _ 810gF22 810gF33 _ alogFH 8logF33 —0
8u1 aUQ 61@ 8U1 -
1 [ &log Fy3 9 log Fyy
Fii | Ouidug Ou10uq
1 810gF33 0 F33 810gF22 0 F22
5.5 S T og (22 ) 4+ 2 E log( =2
( ) + 2< 8u1 6U1 0g(F11) + 8U1 Gul 0g<F11)

1 62 10gF11 1810gF11 (9 F33F11
L AL SR LI
FQQ 6”26”2 2 6”2 8UQ FQQ
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and
1 9%log Fap lalogFmilo (F33F22)
F11 (9’&16@61 2 8u1 8u1 & F11
1 [ 0%logF: 0%log F 1 /0log I F.
(5.6) 1 og Fi3 ogFii | 1(0log 33ilog<ﬁ)
F22 OUQa’UQ 8’&282@ 2 8u2 6”2 FQQ

1 610g F11 0 F11
log| — 4c1 = 0.
ta 2 8’&2 6U2 Og<F22) tda

We obtain by (5.5)—(5.3) the equation:

1 82 logFQQ 1810gF22 0 1 ( FQQ )
— - — 10
F11 8u18u1 2 8’11,1 8“1 F11F33

1 | &logFiy  8%log Fy3
Foo

81@8’&2 8'11,28”2
10 Fii 0 F33F11 _
S () s ()} o

and by (5.6)—(5.3) the equation:

1 8210gF22_8210gF33 lilo (F22> 0 o <F33F22>
F11 8u16u1 aulaul 26u1 F33 8U1 F11

(5.8)

i (92]0an lﬁloanﬂlo ( Fiy )
FQQ 8'&2811,2 2 8UQ 8'&2 F22F33

The system of equations (5.3), (5.4), (5.5), (5.6) is equivalent to the sys-
tem of equations (5.3), (5.4), (5.7), (5.8). Now setting F33/Fs = p, the
above equations are written as follows. First, (5.3) is written as

i 8210gF22+8210gp+1 Olog Fhs  Ologp ﬁlo (F22F22p)
Fi1 | Oui0ug oui0u, 2 ouy ou; ) Ouy & Fi

1 | 0%logFae  9%*logp 1 (0logFy Ologp\ O
5 log(F:
Fzz{ Oug0us * OugOus + 2< duy + Ous )8 g og(F11p)
+4c1 =0,
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l.e.

1 0?log Foy  0%logp 1 810gF22+810gp 2810gF22
Fi1 | Oui10wy ou0u; 2 ouq ouq ouq

dlog F1; 01 1 [ 9%log Fye 071
(5.3) _ OlogFy 0gp>} { og Fyy  O%logp

ouq ouq Fy | Ousdus OugOus
1/0log Fys Odlogp) [(OlogF11  Jdlogp B
+ 2 < Ous + Ous Ous + Ous +der = 0.

Second, (5.4) is written as
02 log Fao n 02 log p . 1/ Odlog Foy N Odlogp\ Ologp
8u18u2 87148162 2 8U2 8UQ 8u1

71010gF11 dlog Fae  Ologp _0
2 Ous Ouy oup ) 7

i.e.
82 logF22 - lﬁlogFH alogFgg 82 logp
6U1 Oug 2 OUQ 8u1 8’&1 OUQ
10logpdlogp 1 0O Fyo\ Ologp
5 + --—log ( )
2 Ou; Ous 20 Fi/ 0w
Third, (5.7) is written as

1 0% log Fao _ lﬁlogFgg Olog F11 n Ologp
F11 3U18U1 2 8u1 8U1 8U1

(5.4')
= 0.

1 0% log I B 02 log Fa9 _ 02 log p
Fao

8U28UQ 8U2 8u2 aUQ 811,2
1/ 0 i Ologp\ (Olog F11  Ologp B
+ <8u2 lo (F22 > Ous Ous + Ous =0,

1 {62 log Foo  10log Fys Olog F11 1 0log Fao Glogp}

i.e.

Fiu 6u18u1 B 5 8u1 8u1 B 5 8U1 6u1

1 82 FH 1 8 Fn 8log F11
5.7 ——1 -1 =
( ) + F22 { 0’&26UQ o (FQQ) * 2 8uz Og<F22> a’UQ

0? logp 1 Ologpdlogp 10log Fyy Ologp | 0
8’LL28U,2 2 OUQ 8u2 2 8UQ OUQ -
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Fourth, (5.8) is written as
1 {82 logp 10logp <2810gF22 _ Olog Iy N 8logp>}

_Fill 8u18u1 2 8u1 aul 8u1 8u1

/ [
(5.8) + Busdity

1 62 log F11
Fao

_laloan 2810gF22 _aloan +8logp _o
2 8u2 8u2 8’[1,2 aUQ -
Now, we put a restriction given by
(5.9) p = sin? uy x constant.

Then,(5.3'), (5.4’), (5.7") and (5.8") turn respectively into the following
equations. From (5.3') we obtain

1 {82 log Fyo n 0log Fas Jlog Fyo B lalog Fys Olog Fiq }

F711 8U18U1 (‘9u1 (‘3u1 2 8U1 811,1

(5.3°) n 1 0% log Fao lalogFll 0log Fyo
' Fyy | Ougdus 2 Ougy Ous

0
costz 9. log(FHFQQ) — 2} +4c; = 0.

sin u9 8U2

From (5.4") we obtain
*log oy 108log F11 0log F.
(5.4%) 97 log 22_7a og F11 dlog 2 _
Ouq0us 2 Ous Ouy

From (5.7") we obtain

l{ﬁzlogFgg1810gF22810gF11}+ 1 { 02 1g(Fn)

F11 8u16u1 2 8u1 6u1 Figz 8u20uQ © F722
(5.7%)
1 0 F Olog F; 0log F:
+7710g<g) og 11+2_C?Su2 0g F'22 —0
2 Ousg Fyo Oug sinug  Ousg

From (5.8') we obtain

1 J&logFy 10log Fi 28 log [y,  Olog Fiy
F22 0’&26UQ 2 6”2 8UQ 8UQ

(5.8%)

cos ug 0 log F11 }
— — — 5> =0.
sinus  Oug
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Since (5.4%) can be written as

ilo <810gF22> _lﬁlogFll
Ous & ouq 2 Juy
we see that
alog F22 2 B
(510) (Tul) = 1110,

where 0 = o(uy) is an integral function depending only on u;. (5.10) implies

dlog F 2 log F: dlog F: !
(5.11) og I _ 0" log Fy ogly o
Ouy Ouq0u ouy o
Olog F:
Now, substituting (5.4*) and (5.11) into (5.3*) and multiplying g8t
we obtain
Olog F: / 1 0 ([ Olog Fyy dlog F.
(o +4c1) 8 22+g+7 o g L'22 0108 1'22
8’&1 2 F22 6”2 8U1 8U2
(5.3%%)
cosug ( 0log Foo Olog Fao . 282 log Fo B 2010gF22 _0
sin ug ouy Ous Ou10us ouq N
(5.3*)—(5.7") and (5.10) give the equation:
1 0? Fp)? 10logFy 0 Fpo)?
o4 og( h2) 41 0og 11710g( h2)
FQQ 8u28u2 F11 2 6UQ Gug F11
(5.7%%)
cosuz O 9
— log(F11(F: —4 4c1 = 0.
Sy Oty og(F11(Fr2)?) }+ c1

From (5.8") we obtain
il 6logF11 lalogFH

Oug Ous 2 Ous Ous sin us

0 810gF11 2 1 1
—1 ) F———s— | =0.
8U2 Og<< 8u2 ) H (F22)2 SiIl2 U2>

By integration we obtain

Olog Fos  cosus

=0,

and hence

Olog F11\2 Iy
( Ous ) (Fpo)?sin® us
where o is a function of u;. Substituting (5.4*) and (5.10) into the above
equation we obtain
i
8U26ul

=01,

2
) = 001(F22)2 SiIl2 us.
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Therefore we can replace (5.8%) by
62 10g F22
8U23U1
where oy is a function of u; only. This equation can be written as

9% Fny 1 OFy OF5
Oug0uq Fzz Ouz Ouy
from which we obtain

62 ( 1 )_ 1 32F22 2 3F22 8F22
-

(58**) = 09 SinU2F227

= 09 sin U2(F22)2,

6u28u1 F722 B F22)2 aUQa'LLl + (F22>3 8u2 811,1
1 1 (9F22 8F22 . 2) 2 BFQQ 8F22
= - T + o9 sinug (F +
(F22)2 <F22 BUQ 6u1 2 2( 22) (F22)3 a'LLQ 8u1
1 8F22 (‘9F22

— o9 Sinus.

- (F22)3 (9112 8U1
Denoting 1/F5; = y, the above equation becomes

0%y 1 0y Oy )
— ——=—" = —0gysinus.
Oug0uy Yy Oug Oug 2 2

(5.8")

Now (5.3**) can be written as

10y o 0 (1 0y Oy
_(U+4cl>y8u1+2+y{<

Ous \ y2 Ouy Ous

cosug (1 Oy Oy sin ug 2 0y
22 A~

+ sin us <y2 Ouy Oug + 202 + y Ouq

by using (5.8**), from which we get
oS Py oy Py oy
2 Oug0uy Ous  OugOusg Ouq

20y 0 8 dy 0 0
y 9% 9y cosuz 99 y+2agcosu2y+2y8y

— (o +4c1) +

y Ouy Ous Qus  sinwug duy Ous

0,
and using (5,8”), we obtain the equation

2
%{_w+%ﬁ_1®fw Py cwway+%}

y Oug Ous  OusOug  sinusg Ous

Oy o’
—agsmuga——i- 5—1—2020081@ y = 0.
U2
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Next, (5.10) can be written as
(8logF22)2 1 ( oy )2

1
== - - (%
1 Ouq oy? \Ouy

o
from which we obtain by (5.8")

OlogFi 2 0y n 2 0%y
Ous yOug  OQy/0u; Ouaduy
:_2ﬁ+ 2 (183/8@/_0 sin u >
yOug  OQy/O0uy \ y Qug Ouq 2 2
sin ug
7 oy our’

=-2

and so

0 2 Oy 1
——(21log F: log Fj1) = —— == 4+ 2 i _—
8u2( og Fyy F log Fi1) O o9 sin ug 390

(5.7*) can be written as

1{ 52 19log Fiy

—< ——(2log Fyy — log F; ——————(2log Fyy — log F;
0+F22 8uz8uz( 0g 22 og 11)-i-2 D 8u2( og Fao og 11)

cos ta i(Q log Foo + log Fll) — 4} + 4cq

sin ug Oug

0 2 Oy sin ug 1 sin us
—o+4 (22 4o ()
o+ Cl+y{8u2< y8u2+ UZay/8u1>+2< Uz@y/@m)

2 Oy sin ug COS U9 2 Oy sin ug
w (-2 4o 2 95, PRy
< y Ous + 202 8y/8u1> + sin ug y Ous 72 dy/0uq
0%y 2 Jdy Oy COS Uo
g+t y{ y Ougdus  y? dug Ous + 202 dy/Ouy

1 0%y 9 sin ug _l@ sin ug
(Qy/Ouq)? Quz0uy 2 dy/Ouy

y Ous o2 Ay /Ouy
cosus (1 Oy sin us
9 ~ 9 "y
sin ug <y Oug +028y/8u1> }

Py 20y oy v 0%y
OugsOug Yy Oug Ous (Oy/Ouq)? Ougduq
sinus Oy < sin ug )2 _ 2008 us Oy

Smuz I _ay=0
o2 Jy/0uq sin ug Oug Y ’

— 209 sin ug

=o0+4c —2 — 209 sinuy

20 Oy /0uy Oug
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into which substituting (5.8"”) we obtain the equation

2
1
0%y oy Oy C‘OS’U,Q oy +2y_g_201:0'
Oug0us Yy Oug Ous  sinug Qus 2

Substituting (5.12) into (5.3”), we obtain the equation

(5.12)

0 0
(5.13) (o + 401)(3—31 + 209 sin uza—i — (0! + 409 cosug)y = 0.

Thus, we obtain the following conclusion.

Proposition 1. In order to solve the system of the equations (5.3"), (5.4),
(5.7) and (5.8") under the restriction (5.9), it is sufficient to solve the system
of the equations (5.8"), (5.12) and (5.13) on y with y = 1/F and Fi; is
given by (5.10).

6. TREATMENT OF THE SYSTEM OF (5.8”), (5.12) anND (5.13)

Noticing of (5.13) which is linear on y, dy/du; and dy/dug, we put

(6.1) y = Z Py, (u1) sin™ us.

m=0

Then we have from (5.13)

(o]
Z ((o + 4c1) Py — o' Pp) sin™ ug
m=0
(6.2) -
+ 209 cos U9 Z (m — 2) Py, sin™ ug = 0.

m=0

Setting us = 0, we obtain
(O’ + 401)P0/ - O',Po —409F) = 0.

Hence we have by integration

(6.3) Py = (0 + 4c1)p?bo
where by = constant and
2
(6.4) p = exp (/ > —1—042101 du1>, with p(0) = 1.

Using (6.3), we obtain

[o.¢]
409 Py(1 — cosug) + Z o+4c)) Py — o' Py)sin™ us
m=1

o
+ cosusy Z 2(m — 2)o9 Py, sin™ ug = 0,

m=1
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i.e.
— cosu >
2 e
402P0 + E o+ 4¢1)Py — o' Pp) sin™ gy
sin ug
m=1
+ cos us g m — 2)og Py, sin™ 1U2 =0,

from which by settlng ug = 0, we obtain the relation
(0 +4c1)P — o' Py — 209, = 0.

Hence we obtain

(6.5) Py = (0 + 4c1)pb1, bp = constant.

Noticing these facts, we set

(6.6) P, =(+4c1)Qm, m=0,1,2,....

Then, we have

(0 +4c1) Py — ' Py = (0 + 4c1){(0 + 4¢1)Qn) + 0'Qun} — o' (0 + 4¢1)Qn,
= (0 +4¢1)Q’.

Hence, from (6.2) we have

(6.2") (0 +4c1) Z Q. sin™ ug + 209 cos uo Z m — 2)Qm sin™ ug = 0.

m=0 m=0

Since we have

m=1
where k1 = % and
_(2m =3 B
(67) km = W, m = 2, 3, s
we have from (6.2)
(o +4cy) Z Q' sin™ ug

m=0
(6.2") "

oo
= —209 Z (m — 2)Qm, sin™ uy <1 — Z Ky sin®™ u2>.
m=0 m=1

From the coefficients of sin™ ug, m = 0,1, we obtain (6.3) and (6.5), and
hence Qy = p2b0 and Q1 = pby. From the coeflicients of sin® uy, we have the
relation

(04 4¢1)Qo' = —402Qok1 = —202Q0 = —202p>bo,
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from which we have

Q2 =

209 2 Pl 2 /
- bo = —2 p2by = —pp'b
U+4clp 0 pp 0 PP 0o

and by integration we obtain

2
(6.8) Q9 = —%bo + by, by = constant.

Next, regarding sin® us we have the relation

(0 +4c1)Q3" = —202(Q3 + Q1k1) = —202 (QS + %Ql)y

from which we have

209 209 1 Pl p

! = — —— = —"—pb; = —=b
Q3+0+401Q3 o+4c; 2 p2p1 91
and hence
/ 1, . p2
(pQ3)" = =5pp'br, Le pQy = =Ty +bs,
that is
1 1
(6.9) Q3 = _Zpbl + ~b3, bs = constant.
0

4

Next, regarding sin® us we have the relation

(04 4¢1)Q4" = —202(2Q4 + 2Qokz) = —209 <2Q4 + leQ0>,

that is

409 200 Qo o p?
/ _ =0 _ _FF
Q4+U+401Q4_ o+4c; 4 p 4 0

hence we have

2 / /
Qi + Qi = i,
p 4
from which by integration we obtain
1
(6.10) Qi1 =——=by+ 72b47 by = constant.
p

2

In general we obtain from (6.2”) the relations as follows. For sin“ ug, m > 2,

we have

m—1
(0 +4c1)Qam’ = —202{2(771 — 1)Qam + 2Qokm —2 Y (h— 1)Q2hkm—h}7

h=2
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that is
4(m — 1)o2
! N )7 a
Q2m’ + . Q2m
m—1
= -1 k
(6.11) U+4c Qokm o 1?2 )Q2nEm—n
4o —
2
= -1) k
o+ ey § )Q2nkm—h,
h=0
2m—+1

and for sin ug, m > 2, we have
(0 +4c1)Qamt1’

= —2092{Q1km — Q3km-1 — 3Qs5km—2 — -+ (2m — 1)Q2m+1}

m—1
= 202{(2m - 1)Q2m+1 — Z (2h — 1)Q2h+1km—h}a

h=0
that is
(612) Qupyr' 4+ 2222 =D 20 mzl(mz— 1)Qopirk
. 2m—+1 O'—|—4Cl 2m+1 — U+4Cl £ 2h+1~vm—h-

By means of (6.4), (6.11) and (6.12) can be written respectively as

(6.11') (P*"2Qam) = 2p¥" 3 ’Z — 1)Qonkmn, m>2
and
m—1
(6.12") (P*" 1 Qaomt1) = p*™ 2 Z(Qh - 1)Qont1km—n, m>2.
h=0

From these considerations, we may put

(6.13) Qun = Runlp) + 2

Py bm = constant

where Ry, is a polynomial of p with negative powers. By means of (6.3),
(6.5), (6.6), (6.8), (6.9), (6.10), we have

bo ! bo
14 = = - - _2
(6.14) Ry=R1 =0, Ry = 5 p?, Ry = P Ry = 16P
From (6.11’) and (6.12") we obtain the relations as follows.
b
(6.15) (0> *Rg)* = 2p™™° Z <R2h+ p2§h2)km_h,

h=0
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and

_ " m— b
(6.16)  (p*™ ' Ropmy1)t = pPm 2 Z (2h — 1)<R%+1 - pﬁ’,ﬂ)km_h,
h=0

where “*” denotes the derivative with respect to p. We compute Rs5, Rg, Ry
by the above formula. First, from (6.16) with m = 2, we have

1
(0°Rs)* = (2h — 1)(p* Ran1 + p° > bang1 )k

h=0
= —(p2R1 + p°b1)kz + (p*Rs + pbs) k1
= —%f’ + ;( Zp?’ +bsp)
= —%p‘% + %Sp,
from which we obtain
(6.17) Rs = i’é + 2;

Next, from (6.15) with m = 3, we have
2

(p"Re)* Z )(0” Ron + 9> bap ) ks,

= —2( 3R0 + pObo) k3 + 2(p> Ry + pba)ky

< () )

=— 3b +b
= 16 4P
from which we obtain
bO 2 b4
1 — 4
(6.172) Ro=—35r 202

Then, from (6.16) with m = 3, we have
2

(P°Re)* = _(2h = 1)(p* Rans1 + p° > bong1 ks
h=0

= —(p*Ry + p°b1)ks + (0 Rz + pPb3)ka + 3(p* Rs + pbs) k1

bl 5 1 4 bl 3 3 4 b b
=1 “) b ° b
16p+8<p( 1) o’ ) +5 (0 (e g >+5p

Tl Taf T
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from which we obtain

b1 bs  3bs

6.17 Ro— 2, 08 9%
(6.173) 7 32P+8p 13

Now, we consider the condition (5.12), or

2
(6.18) < 0%y cosuy Oy

1 2
OuoaOun + sin uo 871@ +2y - (U+461)> - <67uz) ’

Since we have

(9 (Z mbP,, sin™ ) COS U9
U2

m=1

o
— <Z (m + 1)Pyqq sin™ U2> COS U3,

m=0
2 (o.)
8’52;/@ = —sinuy <m§_:1 mP,, sin™ ! uz>
o0
+ (Z m(m — 1)Pp, sin™ 2 u2> cos? us
m=2
o0 o0
=— Z mP,, sin™ ug + Z (m+2)(m+ 1)Ppyosin™ ug
m=1 m=0
o
- m(m — 1) P, sin™ ug
m=2

o0
=2P + Z ((m +2)(m +1)Pyo — m?Py,) sin™ ug,

we obtain

0%y cosuy Oy 1
2L oy — (o +4
OugOug  sinus Ous +2y 2( o +da1)

=2P) + Z((m +2)(m + 1) Ppaa — m*Py,) sin™ ug

m=1
1
<§ mbP,, sin™~ u2> S — E mbP,, sin™ u2—|—2§ P, sin™ uqy
m=1 m=0
(0 + den)
— —(o c
5 1
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=2P)+

oo
P +4Py+ Y {(m+2)*Priz — (m? +m — 2)Pp} sin™ ug

sin ug A
m=

1
— 5(0’ + 401)

1 1
= (o +461){2Q0 + —Q1 +4Q2 —
sin uo 2

+ Z ((m + 2)2Qm+2 —(m+2)(m —1)Qy,) sin™ ’LLQ}

m=1

by (6.6), and
(ﬁ)Q = (i m Py, sin™ ! U2)2(1 — sin® up)
Oua — "

(e.) 2 [o.¢]
= (Z (m+ 1)Pyqq sin™ u2> — <Z mbP,, sin™ u2>
m=1

m=0

— (o + 461)2{ <§: (m 4 1)Qpsy sin™ uQ>2

m=0

- (5 nwna)’}

m=1

2

Therefore (6.18) is equivalent to

> 1 1
<Z Qm sin™ U2> 2Q0+ —Q1+4Q2 — 5
— sin us 2

(6.19) + ) ((m +2)2Qmaz — (m +2)(m — 1)Qm> sin™ uQ}

m=1
00 2 e8] 2
= <Z(m+ 1)@y sin™ u2> — <Z Mm@y, sin™ uz> ,
m=0 m=1

from which we see that it must be

QoQ1 = pbob1 =0

looking at the coefficient of 1/ sin us.
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In the following, first we shall discuss the case by # 0, by = 0. Then we
have

b
Qo =bop?, Q1 =bip=0, Q2 = 2 p* + by,

b b b b
ng_zlerj: ,Q4——*0/32+—4
P p?

by (6.8), (6.10). Considering the constant term on sin us, we have Qo (2Qo +
40Q)9 — 1/2) = 0 and 2Qy + 4Q2 — 1/2 = 4by — 1/2 = 0, that is by = 1/8
Then, (6.19) can be written as

o0

(0 2‘2 Qi ) (32 (0 + 2

m=1
(6.19") —(m+2)(m —1)Q,,) sin™ ug)

00 2 o] 2
= (Z(m+ 1)Qpg1 sin™ uz> — <Z mQ, sin™ u2> .

m=1 m=2

From the coeflicient of sin us, we obtain Qg x 9Q3 = 0, which implies @3 =0
and so b3 = 0.

Lemma 1. We have Qamy1 =0 form =1,2,3,....
Proof. We suppose that
Qony1 =0, h=0,1,...,m (m>1).
From the coefficients of sin?*1 uy of (6.19'), we obtain the relation

Qo((2m + 3)* Qa3 — (2m + 3)2mQ2m+1)

2m
+ Z Qp((2m +3 — p)2Q2m+3fp — (2m+ 3 —p)(2m — p)Qam+1-p)
=2
ZT: 2m—1
= Z(p + 1)(2m + 2 - p)Qp+1Q2m+2—p - Z p(2m + 1- p)QpQ2m+1—p;
p=1 p=2

which is reduced to
(2m + 3)2Q0Q2m+3 =0

by the above supposition, hence we have Q2,43 = 0. Thus we obtain the
relation

(6.20) Q2m+1 = 0, m = O, 1, 2, 3, e O
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Then, from the coefficients of sin®” ug, we obtain from (6.19")

Qo((2m + 2)*Qam+2 — (2m + 2)(2m — 1)Q2m)
m—1
+ ) Qan((2m + 2 — 2h)*Qaom—ont2
(6.21) h=1
— (2m +2— 2h)(2m -1 2h)Q2m_2h)

m— m—1
Z (h+ 1)(m — h)Qon2Qam—2n — Y 4h(m — h)QonQam—2n-

h=1
Now, regarding (6.20), we have the following.

Lemma 2. We have
(620/) b2m+1 = 0, m = 0, 1, 2, e

Proof. We knew that b; = b3 = 0 and from (6.17) Rs; = 0 and so b5 = 0 by
Q@5 = 0. From (6.173) we have R7 = 0 and so by = 0 by @7 = 0. Now, we
suppose that by = b3 =+ = bgy,—1 = 0 (m > 4), then we have

Ri=R3=---=Ryp_1=0
by (6.20). From (6.12") we have

m—1
(PP 1 Rgpmyr)* = p?" 2 Z (2h — 1)Q2n11km—n =0,

h=0
and hence Rop,11 = — Zéﬁtll by Q2mi+1 = 0. Since Rop,y1 is a polynomial of
p, for which bo,, 11 does not relate. Hence we obtain boy,+1 = 0. O
In the following, we investigate the relation of by, ba, by, .... First, from

the coefficients of sin® uy of (6.19) and (6.21) we have the relation

Qo(16Q4 — 4Q2) = (2Q2)?,
which is written by (6.8), (6.10) as

16b
bop® (-bop2 + 74 + 2bop* — 452) = (—bop® + 2b2)?,
and which is equivalent to
(6.22) 4bgby = baobo.

Next, from the coefficients of sin®us of (6.19') and (6.21) we have the
relation

Qo(36Q6 — 18Q4) + Q2(16Q4 — 4Q2) = 16Q2Q4 — 4Q2Q2,
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l.e.
18Q0(2Qs — Q4) = 0.

Since this is equivalent to
bo b4 2b6 bo b4 2b6
2@6—Q4—<—P2+2+4 + *;02—*2 =— =0,
p? o p p
we have

(6.23) bg = 0.

Next, from the coefficients of sin®wus of (6.19') and (6.21) we have the
relation

Qo(64Qs — 40Q6) + Q2(36Q6 — 18Q4) + Q1(16Q4 — 4Q>)
= 24Q2Q6 + 16Q4Q4 — 16Q2Q4,
ie.
(6.24) 64QoQs — 40Q0 Qs + 12Q2Q6 — 6Q2Q4 = 0.
Here, we compute Qg = Rg + Z—%. By means of (6.15), (6.8), (6.10) we have

3
* b h
(°Rs)" =29 (h—1) (Rgh - py§_2>k4h
h=0

5 by 1 be \ 1
% —(Ry+bop?)—+ (Rs+ = | = +2( Rs + — | =
2p{ (Ro + 0ﬂ)128+ 4+p2 g+ 6+p4 5

5 1 bo by bo by bs
—9 5 N A 2 (70 2 s Y02 4 Y6
p{ 128 °° +8< 16" +p2>+< 327 T g T

5 . 5 4
=—— b 2b
5500P” + Jbap” + 2bep

and by integration we obtain

5 5by b
6.25 Ry = —obpp® + —s + 20
(6.25) 5772560 T g2

Then, we obtain from (5.24)

64Q0Qs — 40Q0 Qe + 12Q2Q6 — 6Q2Q4
= 8Q0(8Qs — 5Qp) + 6Q2(2Q6 — Q4)

5 5b b b 1 b b
2 2 4 6 8 2 4 6
8bo {8< 256b0 16p2  pt ,06> 5( 320 2p p4>}

1 1 be  be 1 by
——bop® + by ) 2( —=bop? + — + — | — [ ——=bop® + —
+6< 20p+2>{ < 32 0p+2p2+p4> < 160p+p2)}
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3bs  8b 2
= 8byp> <p6 + 8> + 6<—bop + b2> pﬁ

1 4
p8b0b6 + — ,0 (16b0b8 + 3b2b6) =0,

and hence it must hold bybg = 0 and 16bybg + 3b2bg = 0. By means of (6.23)
and by # 0, we obtain
(6.26) bs = 0.

Next, we compute Q19 = Rio + bp%?. By means of (6.15) and using (6.23)
and (6.26), we have

4
(P°Ruo)* =20" > (h—
h=

b
(th + th2>k5—h
0 p

b
207{ (Ro + bop® k‘5+<R4+p§>k‘3
bs
+2(R >k2—|—3<R8+p )kl}
7 b
) — (= + 4
{ 25607 +16< 16007 ,02)

1/ 1 b\ 3/ 5 5b
= =pap? + £ 2?4+
+4< 3277 T3, >+2( 256 " +16p2>}

35

= —%bop + T654P )
and by integration we obtain
(6.27) Rig=—— ’ bp —I—Lb4
512 322

Then, from the coefficients of sin® us of (6.19") and (6.21), we obtain
3

Qo(100Q10 — 70Qs) + > Qan((10 — 21)*Q1o-2n — (10 — 2)(7 — 2h)Qs_21)

h=1

3 3
Z (h+1)(4 = h)Q2n+2Q8-2n — Z4h (4 = h)QanQs—2n,
h=0

h=1
that is

Qo(100Q10 — 70Qg) + Q2(64Qs — 40Q)
+ Q4(36Q6 — 18Q4) + Q6(16Q4 — 4Q)2)
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= 16Q2Qs + 24Q4Qs + 24Q6Q4 + 16QsQ2
—12Q2Q6 — 16Q4Q4 — 12Q6Q2,
which is arranged as
10Q0(10Q10 — 7Qg) + 4Q2(8Qs — 5Q¢) + 4Q4(Q6 — ész) =0.
Since we have

8Qs — 5Qs = 8Rs — bRy

40 5b b b

" 256 O T gp2 327 T op2
1 1 by
Q6_§Q4—R6—§R4_Tp2
bo by 1 bo by
b L)t
32 2p 2 16 2p

10b
10Q10 — 7Qs = 10R19 + p810 — TRg

35 35by4 10019 5 5by
=———bop® + —— — 7 —==bop* + ——

256 ¥ T 16p2 T 8 256 °" T 16,2
- 10b19

pS

the above expression becomes
10b 100
10bop? x 710 = Fboblo =0,

which implies
(6.28) b1 = 0.

Now, we suppose for m > 5 that

b
(629) R2h = —)\thP2 +Mh;é’ h = 6777" -5,
and byo = byy = - -+ = bay, = 0. We knew already that
1 1 1 by
Ro=0, Ry = —=byp?, Ry = ——bop?, R = ——=bop* + —
0 ; 2 2 0P, 4 16 00", 6 32 0P + 2,027
5 5by 5 7 by 7
Ry = ———bop* + —— = —Rg, Rip = ——=bop* = —Rg.
8= 79560 T g2 T g1 M0 TP T e s = 160

and bg = bg = b1jp = 0. From (6.15) we obtain

m * m— % b2h
(PP Ropi2)* = 2p*" 1 Z(h —1) <R2h + p?h?> Em+1-n
h=0



CERTAIN METRICS ON R*, (II) 163

_ b
=2p"" 1{—bopgkm+1 + <R4 + pé)km—l

- b
+> (b= Dkmiron (—Ahbopz + Mhpé) }

h=3

(A3,..., A5; U3, ..., us are suitably determined from the above expressions)

16

b m
+ p% <k'm—1 +> (h— 1)km+1—h#h> },

h=3

_ 1 -
= 2p"" 1{—bop2 <km+1 + —kmo1+ Z(h - 1)/€m+1—h)\h>
h=3

from which by integration we obtain the equation

Romqo = —

16

1 m
2
o 1bop <km+1 + —km-1+ hgg(h - 1)/€m+1—h)\h>

1 by =
+ m—1p2 (km—l + hz_;(h - 1)km+1huh)-

It follows that

1 1 "
(6-30) )\erl = m <km+1 + T6k‘m—1 + hz_?)(h - 1)km+1—h)\h)7

1 m
(6.302) Hm+1 = m (kml + hz_g(h - 1)km+1—hﬂh> .

Then, from (6.21) we have

bom
bop? <4(m 1) <R2m+2 2 +2) —2(m+1)(2m — 1)R2m>

p2m
m—1 b b
oh 2m+2—2h
+ Z <R2h + P%Z) {4(m +1—h)? <R2m+2—2h + %)
h=1

bom—
—2(m+1—-h)(2m —1—2h) <R2m—2h + M) }
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m—1

b boyn—
= 3" 4(h+1)(m - h) (R2h+2 + 2’;22) <R2m2h + M)
h=0 P P
m—l ban bom—2n
— > 4h(m —h)( Ron + =5 | ( Ram-2n + 555
h=1 p p

and we see that from the coefficients of 1/p?™~2
hence we have
(6.31) bams2 = 0.

We see that
b
Rom = —Ambop” + ump% =Qam, m=6
and A, i, are determined inductively by (6.30), (6.302) respectively.
Since, from (6.30) and (6.302) we have

1 1
X6 = 8 (kﬁ + T6k4 + 2k3A3 + 3koAg + 4k1/\5>

121 1 5 1 1 3 5 7\ 21
=\ 210 "o X gr Tas N gs Ty X gs TEX g ) = om
and
1
e = Z(kz; + 2k3ug + 3kopg + 4k1pu5)
_If(5 1 13 5, T2
o4\ 27 237 9 237 24 25 ) 2T’
we obtain
21 21b, 21
(6.32) Rip = Q2 = —ﬁbo/ﬁ + 27 2 = ga e

Then, from (6.21) with m = 5 we have
Q0(144Q12 — 108Q10)

1
+ ) Qan(4(6 — 1)*Qrz—2 — 2(6 — h)(9 — 21)Q10-21)

h=1
4 4
= 4(h+1)(5 = 1) Qanr2Qr0-2n — Y _ 4h(5 — h)QanQ10-2n,
h=0 h=1

i.e.
Qo(144Q12 — 108Q10) + Q2(100Q10 — 70Qs) + Q4(64Qs — 40Qs)
+ Q6(36Q6 — 18Q4) + Qs(16Q4 — 4Q2)

it must be boboyto =

0,
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= 40Q2Q10 + 64Q4Qs + 36QsQs — 32Q2Qs — 24Q4Qs,

which is arranged as

Qo(144Q12 — 108Q10) + 60Q2Q10 + 16Q4Qs — 42Q2Qs — 10Q4Qs = 0.

Substituting the relations on Ra,,, the left-hand side becomes

144Q0 Q12 + (60Q2 — 108Q0) Q10 + (16Q4 —42Q2)Q8 — 10Q4Q6
= 144 x %QOR@ + (60@2 — 108@0) RG + (16@4 — 42@2) Rg — 10Q4Rg

189
= RG( Qo + — (15Q2 —27Q0) +10Q4 — 7@2 — 10Q4> =0.
Lemma 3. For m > 6, we have

K,

b 1
Q2m = Ropm = _>\mb0,02 + Nm;éa Am = 5

and pmy = 16X, form =3,4,....

Proof. The first part is clear by the above argument. As for the second part,
we suppose that for m > 6

1
/~Lh:16)\h7 /\hzikhforh:?),ll,...,m

Then we have by (6.30)

1 m
16A 11 = —— [ 16k, km—1+1 h —1)kmt1-nA
02me1 m—|—1(6 +1F L GhZ_S( ) +1hh>

and
1 m
Hm+1 = m <k7m1 + 16 hz_g(h - 1)km+1—h)\h) .
Therefore, 11 = 16,41 is equivalent to the equation:

(m—1) <16/~cm+1 + ko1 +16 (h— 1)km+1_h>\h>
h=3

= (m+1) (km_1 +16) (h— 1)km+1_h)\h>
h=3
which is reduced to

(6.33) k1 — 16(m — Dyt + 32 (b — Dkpyr—ndn = 0.
h=3
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By the supposition, this is equivalent to

m

(6.34) > (h = Dkpma—nkn = (m — 1k,
h=2
which holds by the following Proposition.

Proposition 2. Regarding ky, the equation (6.34) holds for m > 3.
Proof. We have for function (1 — :c)% the following equations

(1-2)2—1
i

= —ky —kox — k3z® — - — kg™ —

1 /
1- -1
_<(’T)2> :k2+2k3x+...+(h+1)kh+2xh+...7

X
(1-2)2 =1—kyz — koa> — - —kpa — -+
1 / 1
~- ot (U :(1_@%{“‘”9”2;‘%;36(1_@—;}
l—z—(1—-2)2 1
:%—%—%(1—k1$—k2x2—k3x3—...)

:k2+k3x+...+km+1xmil+..7

from which we obtain the relation for m > 2

m—1 m
ki1 =mEmi1 — Y kn(m = B)km_pi1 = mEmyr = Y kmi1—n(h — 1k,
h=1 h=2

hence we have the equality

m

> (h = Dkgmar—nkn = (m — 1)k 1. O
h=2

Corollary. We have for m > 2

m

(6.35) > knkmii—n = 2km1,
h=1

and

(6.36) > hkmy1—nkn = (m + k1.

h=1



CERTAIN METRICS ON R*, (II) 167

Proof. From (6.34) we obtain immediately

m—1
Z m — h)kpkmy1-n = (m — Dkpy,
h=1

whose left-hand side is written as
m—1

> " (m = h)knkmgr—n + (m = 1)k by
h=2

The left-hand side of (6.34) is written as

m—1

> (= Dkmga—nkn + (m — 1kikn,.
h=2

By adding these terms we obtain

m—1
(m—=1) Y knkmii—n + 2(m — Dkikpn = 2(m — Dk
h=2
and hence
> knkmii-n = K.
h=1
(6.35) and (6.34) imply immediately (6.36). O

Now, returning to the proof of Lemma 3, by the supposition, (6.30) and
(6.34) we have

1 1 i 1
A1 = —— | km, —kp— h—1Dky+1— —k
+1 m+1< +1+16 1-1—];)( VEm+1 h><2h>

1 1 &
=l <km+1 t3 hz_;(h - 1)km+1—h/€h>

1 1 1
= T (k?erl + i(m - 1)km+1> = ik‘m+1- U
Finally, we have to check the equality (6.21). We knew that (6.21) holds
identically for m = 2, 3,4. In the following, we suppose m > 5. We have

16b k 16b
Qon = Rop = Ah( bop? + 2 4) = ?h (—bop2 + p;) =2k, Re (h > 3)

and
bO 2 b4
= —— — =2R
o T + 2 6-
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To see (6.21) we put
Q= Qo(4(m + 1)*Qama — 2(m + 1)(2m — 1) Qo)

,_\

m—
{ (m+1—h)?QonQam—_2n+2

(h+1)(m — h)Q2p12Q2m— Qh}
(6.37) h—0

m—1
— 2{ (m +1— h)(2m —-1- 2h)Q2hQ2m_2h

- 2h(m-— h)QQhQQmQh}-

We show that €2,,, vanishes identically. €2,, is written as

Q= 2(m + D{2(m + 1) - 2% 1 — (2m — 1)2%%,,} Rg

m—1
+ 4{ Z (m+ 1= h)*QonQ2m—2n+2

h=1

— Z h(m+1— h)QQhQ2m+22h}
h

=1

h=1

m—1
— 2{ > ((m+1—h)(2m—1— 2h) — 2h(m — h))QQhQQm_%}.
+1

Since 2 = (2m — 1)ky,, Q, becomes

(m
m—1
Q= { D (m+1—=h)(m+1—2h)QanQam—anta2 +m(m — 2)Q2Q2m}

m—1
m —2)Q2Qam +4 > (m+1—h)(m+ 1 — 20)2%ky k41 Rs?
h=2
—2(m —2)(2m — 3)Q2Q2m—2
m—2
-2 Z (2m® — (6h — 1)m + 4h* — h — 1)QonQ2m—21
h=2

h=2
m—1
— 2{ Z (2m® — (6h — 1)m + 4h* — h — 1)Q2hQ2m2h}
h=1
(

=4m
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= Q(m — Q)QQ(QmRQm — (2m — 3)R2m72)
+ 210 Z m+41—h)(m+1—2h)kpkm_pnt1 Re>
Z (2m? — (6h — 1)m + 4h* — h — V) kpkp,_n Re>.

h=

Since we have
2mRom — (2m — 3)Rop_o = 24 (2mky, — (2m — 3)kpm_1)Rs = 0

and

m—1
2> (m+1—h)(m+1—2h)kpknm_p
h=2

m—2
= > (2m? = (6h — 1)ym + 4h* — h — 1)kpkm_p
h=2

m—1
= (m +1-— 2h)(2m —2h — ]-)khkm—h

h=2
m—2
=Y (@m? = (61— 1)m + 4h* — h — 1)kpkm_p
h=2
m—2
= (B —mkm_1k1 + > _{(m+1—2h)(2m — 2h — 1) — 2m?
h=2
+ (6h — 1)m — 4h% + h + 1Y kpkp—p,
m—2
—(m = 3)krkm—1+ Y hkpkm_p
h=2
m—1
—(m = 3)krkm—1+ Y hkpkm_p — mkikm 1
h=1

—(2m — 3)/€1k‘m71 + mk:m

1
~(2m = 3)km_1 =0

1
—(2m — 3) =ky—
(2m )2/~€ 1+

by (6.36), hence we obtain €, = 0. Thus, we have the following conclusion.
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Theorem 3. The solution of the system of equations (5.8"), (5.12) and
(5.13) on y with y(0,0) # 0 is given by

1 8 1 8
y=(o+ 461){260p2 + p—2b4 + <2b0p2 — p2b4> COS U9

1 4
+ <bz — —bop® — 2b4> sin uy 3,
4 p

where by # 0, ba, by, and c1 are constants such that by = 8, by = ﬁ and
o and p # 0 are auziliary functions depending on uy only, which is written

as
= b 1— =
Y 5 {( 0p” + 16b0p2)< 5 S Uz

+ L sin? ug + ( bop? 1 cos
—sin“u — U9 ».
1 2 0P 16bop2 2

Proof. By means of the argument of this section and (6.1), (6.6), (6.8),
Lemma 1 and Lemma 3, we have

(6.38)

o
Y= Z Py (up)sin™ ug = Z Py (uq) sin?™ ugy

= (0 +4c1) Qarm SIN>™ 1y

1
bo,O2 + <—2bo,02 + b2> sin? ug
(o]
k b

+) 77” (—b0p2 + 16p§) sin2™ uQ}
1 o0

=(o+ 401){bgp2 <1 — kysin®ug — 3 Z Ky, sin®™ u2>

m=2
+ by sin? uz—l——Zk sin®™ }
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and since

o0
cosug =1 — g ko sIn®™ us,
m=1

the right-hand side of the above expression can be written as

1 1
= (o + 401){2b0p2 cos ug + ibopz(l — ky sin® uz)
.. 92 8 L. 2
+ by sin uQ+—Qb4 1 — cosug — — sin” uy
P 2

1. 5 8 1, 5 8
— (a+4cl){2bop + ?64—1- <2bop — p2b4> COS U9

1 4
+ (b2 — *b0p2 — 2()4) Sin2 U,Q}.
4 p

From (6.19) we have by = £ for y(0,0) # 0 and 4bobs = babs by (6.22), hence
by = 1/256by. Hence the last expressions becomes (6.38). O

Example 3. In (6.38), p is defined by (6.4) as

Ul 209
P eXp</O p—T u1>, with p(0)

We put o2 = 0, then p becomes 1. Then we have

4 1 1 1

+ (b —L cos U
O 160y 2(

If we put by — ﬁ = 0, then we see easily

aFag/(?UQ = O,

which is treated in Section 3. Here, we put by — ﬁ = %, and so by = % or

—é. When by = 1, (6.38) turns into

U—|—401{5< 1, ) 1., 3 }
Yy = —(1— =sin“ug | + - sin u2+§cosu2

2 8 2 4

4
=7 —22 cl{10 —sin®up + 6cosus} =

o+ 4c
32

(cosuy + 3)%.




172 T. OTSUKI

Hence we obtain
32
(0 + 4c1)(cosug + 3)%°

1
Fy=-=
Yy

And by (5.10) we obtain

By the restriction (5.9) we have

1

. 9 2
F33 = clyysin®ug, F34 = b33, Fyq = b°F33 + ———,
co + cruquy

Fi2 =0, Fy\ =0,

where b, ¢, ¢y are constants. If we take the auxiliary function o = o(uy) as

4 4(1 — cruru
0':—2—401:—( 1)
uy Uiuy
then we obtain
1 Suiuy 8cuquq sin? usy
Fin=r——— Fn=—""—"%7, FFB3=""+5,
1 —cuju (cosug + 3) (cosug + 3)
8bcuguy sin® us 8b2cuqug sin? ug 1
Fyy = oS0, — ; .
(cosug + 3) (cosug + 3) Co + c1uUqUs
Furthermore, setting b =0, co = —1, c=1and ¢; = —a and u; = r, ug = 9,

us = @, ug =t we obtain the metric

2 1+ a?? (cos ) + 3)?

1
— de? .
1+ at?

which is an interesting one compared with the metric (1.1) as a simple
form. O

2
ds? = { L a2 % (49 +sin?9dy?)
(6.39)

7. TREATMENT OF CASE by =0, by #0

Finally, we discus the remaining case: by = 0, by # 0. Then we have

1
Qo= p*bo =0, Q1 = pby #0, Q2 = —=p*by + by = b,
2

1 1

= 1b 1b 1b 2 b b
Q3——Zﬂ1+;3, Q4__T6 0P +?4—?4
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by (6.3), (6.5), (6.8), (6.9), (6.10), respectively. The equation (6.19) becomes
> . 1 1
E @ sin"™ ug - Q1+ (4Q2 — =
= sin uo 2

+ Z (m + 2)?Qumi2 — (m+2)(m — 1)Q,y,) sin™ ug}

m=1

00 2 00 2
— (Z (m 4+ 1)Qp41sin™ u2) — <Z mQ,, sin™ u2> )
m=1

m=0
From the coefficients of sinus, we obtain the relation
1
Q1(4Q2 — 5) + Q2Q1 = Q1 -2Q2 X 2,

which implies

1

(7'2) Q2 =0by = 5

by means of Q; # 0. From the coefficients of sin® uy, we obtain the relation
Q1-9Q3 + Q2(4Q2 — %) + Q3Q1 = Q1 -3Q3 X 2+ 2Q2 - 2Q2 — Q1Q1,
ie.
10105~ 3@2+ @101 =0.
Using (7.2), we obtain
Q1(4Qs + Q1) = 1,
which becomes by (7.1)

4 1
pb1(—pb1 + —bs + pby) = 4b1bs = vk
(7.3) g

1 1 1
bibg = E and Q3 = _Zblp + 16b1p.

Hence (6.19) can be written as
- 3
<Z Qm+15in™ U2> {Ql +5 sin ug
m=0

(7.4) +

g

0

((m 4+ 1)?Qms1 — (m+1)(m — 2)Qyy_1) sin™ ug}

2

2 [e'e]
(m+ 1)Qpm+1sin™ u2> — (Z Mm@y, sin™ u2> .
m=1

WK

0

3
I



174 T. OTSUKI

From the coefficients of sin® uy of (7.4), we obtain

Ql‘(16Q4_4Q2)+Q2'9Q3+Q3'g+Q4‘Q1
= Q1 8Q4 +2Q2 - 6Q3 — Q1 - 4Q2,
that is 3
9Q1Q4 — 3Q2Q3 + 5@3 =9Q1Q4 =0
by means of (7.2). Hence we obtain
(7.5) Q4 =0.

Next, from the coefficients of sin up and sin®ug of (7.4) we obtain the
relations

3
16Q1Q5 — 4Q1Q3 + 5@4 =0
and

1
250Q1Q6 + 9Q2Q5 + Q3Q4 — 10Q1Q4 — 2Q2Q3 — 5@5 =0,
from which we get by (7.5)

(7.6) Q5 = %Q:ﬂ = 2k2Q3

and so the second equation becomes

9 1
25Q1Q6 + §Q3 - Q3 — §Q3 = 25Q1Q6 = 0,
hence it implies
(7.7) Qs = 0.

From the coefficients of sin® us of (7.4), we obtain

36Q1Q7 + 12Q2Q6 + 4Q3Q5 + %QG —18Q1Q5 — @3Q3 =0,

from which we get
1 1
(7.8) Qr =505 = §Q3 = 2k3Qs3

by (7.5), (7.6) and (7.7). From the coefficients of sin” uy of (7.4) we obtain
the relation

49Q1Qs +12Q7 — 6Q5 = 49Q1Qs = 0,
from which we get
(7.9) QRs=0
by (7.5), (7.6), (7.7) and (7.8). From the coefficients of sin®ug of (7.4) we
obtain

64Q1Q9 + 16Q3Q7 — 40Q1Q7 — 8Q3Q5 = Q1(64Q9 — 40Q7) =0
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by (7.5)~(7.9), which implies

40 5
1 = —Qr=—Q3=2 .
(7.10) Qo = = Q1 = 03 = 2kuQs
Then, from the coefficients of sin® us of (7.4) we obtain

81Q1Q10 + 48Q2Q9 — 30Q2Q7 = 0.

Since we have

1
48Q9 — 30Q7 = (96/€4 — 60k3)Q3 = (96 X 1578 — 60 x E)Q?) =0,

the above equality implies
(7.11) Q10 = 0.

From the coefficients of sin'® uy we obtain
100Q1Q11 + 36Q3Q9 + 4Q5Q7 — T0Q1Q9 — 22Q3Q7 — 3Q5Q5 = 0.
By means of (7.6), (7.8) and (7.10), we have

36Q3Q9 + 4Q5Q7 — 22Q3Q7 — 3Q5Qs5
= (T2k4 + 16koks — 44ks — 12k2k2)Q3Q3
) 1 1 1 1
=[7T2X —+16Xx = x — —44 x — — 12 x — =0.
<7 “1og T10X g X 16 M yg X64>Q3Q3 0
The above equality becomes
(100Q11 — 70Q9)Q1 = 0,

which implies

7 7
12 = — = — .2k =2k .
(7.12) Q11 10@9 10 1Q3 5Q3

Last, from the coefficients of sin!! uy of (7.4) we obtain
121Q1Q12 + 80Q2Q11 — 56Q2Q9 = 0.

Since we have

7 )

we obtain 121Q1Q12 = 0, which implies
(7.13) Q12 =0.
From the coefficients of sin'? uy of (7.4) we obtain

144Q1Q13 + 64Q3Q11 + 16Q5Q9 — 108Q1Q11 — 44Q3Q9 — 12Q5Q7 = 0.
By means of (5.6), (5.8) and (5.10) we have

64Q3Q11 + 16Q5Q9 — 44Q3Q9 — 12Q5Q7
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= (128k5 + 64koky — 88ky — 48k32k3)Q3Q3

7 ) 1

and hence we obtain

Q1(144Q13 — 108Q11) = 0,

which implies

108 18
.14 = — = —k = 2k .
(7.14) Q13 144Qll 15 53 6(3
Collecting these results we have
Qthoa h:273747576;
Q2h+1 = QkhQ?n h = 17273a47576'

Now, for a fixed integer m > 6 we suppose that

Q2n = 0 and Qopq1 = 2kpQ3, h=7,8,...,m.

From the coefficients of sin?”*! uy of (7.4) we obtain the relation

Q1(2m + 2)*Qami2 + Q2((2m + 1)*Qami1 — (2m + 1)(2m — 2)Q2m—1)

—Qu(2m —8)(2m — 11)Q2m—10 — Q2m—-14Q2 + %Q2m+1 + Q2m+2Q1
={Q1(2m + 2)Qam+2 +2Q2(2m + 1)Qam41} X 2

2 (when m > 6)

—1{2Q2(2m — 1)Q2p—1 + 11Q11(2m — 10)Q2m—10} X {1 (when m = 6)

which is arranged by the supposition as

(2m +1)°Q1Q2m+2 + 2m(2m — 2)Q2Qam+1 — 2(2m* — 5m +3)Q2Q2m—1 = 0

when m > 6, and when m = 6 the expression becomes

132Q14Q1 + 120Q13Q2 — 90Q11Q2 = 0.

Since we have
120015 — 90Q11 = (240K — 180ks)Qs = 240(kg — %k;,)cgg —0,
we obtain Q14 = 0. And we have also
2m(2m — 2)Qam+1 — 2(2m* — 5m + 3)Qam—1
= {4m(2m — 2)ky, — 4(2m? — 5m + 3)ky_1}Q3

2 _
=8m(m — 1){ky, — o 3km71}Q3 =0,
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we obtain

(715) Q2m+2 - 0

Now, we go to prove the remaining claim. By means of the supposition
and (7.15), from the coefficients of sin?"*2 uy of (7.4) we obtain

Q1((2m + 3)*Qamis — (2m + 3)2mQ2m+1)
+ Q3((2m + 1)%Qamy1 — 2m +1)(2m — 2)Qam—1)
+ 4 Qon1((2m — 20+ 5)*Qom-onis
— (2m —2h +5)(2m — 2h + 2)Q2m—2n+3)
4+ Qony1(3%Q3 — 0) + Qam43Q1
= (2m +3)Q1Q2m+3 + 3(2m + 1)Q3Q2m+1
“+ (2h = 1)(2m — 2h + 5)Q2n—1Q2m—2h+5
4+ 52m — 1)Q2m-1Q5 + (2m + 1)3Q2m+1Q3 + (2m + 3)Q2m+3Q1
— (2m +1)Q1Q2m+1 — 3(2m — 1)Q3Q2m -1
— = (2h = 1)(2m — 2h + 3)Q2n—1Q2m—2n+3

+ = (2m — 1)3Q2m-1Q3 — (2m + 1)Q2m+1Q1,
which is arranged as

+ .-
+ -

m—+2
Z (2m — 2h + 5)°Qop—1Qam—2n+5
h=1

m—+2

- Z (2h — 1)(2m = 2h + 5)Q2n—1Q2m—2h+5
h=1

=) (2m — 20+ 5)(2m — 2 + 2)Q2n—1Qom—2n+3
h=1

m—+1

+ Z (2h —1)(2m — 2h + 3)Q2p—1Q2m—2n+3 = 0,

h=1
ie.

m-+2

> " (2m — 2k + 5)(2m — 4h + 6)Qap—1Q2m-—2n+5

h=1
m—+1

— > {(2m —2h+5)(2m — 2h + 2)
h=1

— (Qh — 1)(2m —2h + 3)}Q2h,1Q2m,2h+3 = 0.
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Since we have

(2m — 2h + 5)(2m — 2h + 2) — (2h — 1)(2m — 2h + 3)
=4(m—2h+3)(m—h+1)—2h+1,

the above expression can be written as

m+1

Z (2m — 2h +5)(2m — 4h + 6)Qaon—1Q2m—21+5
h=2

+4(m + 1)2Q1Qam+3
=) {4(m =20+ 3)(m — h+ 1) — 2h + 1}Qop—1Qam—2n+3
h=2

— (4m? +2m — 2)Q1Q2m+1

= {4(m +1)*Qaom+3 — 2(2m — 1)(m + 1)Qom+1} Q1
m+1
+ > (2m — 2h+5)(2m — 4h + 6)dkp 1k n12Q3Q3
(7.16) h=2

= {4(m =20+ 3)(m — h + 1) — 2h + 1}kp_1 k11 Q3Qs
h=2

=2(m + 1){2(m + 1)Q2m+3 — (2m — 1)Qam+1}Q1

m+1
+412) 0 (2m =20+ 5)(m — 2h + 3)kp_1km_n 42
h=2
=) {4(m—2h+3)(m —h+1)
h=2

—2h 4+ 1} kp_1kp—pg1 | @Q3Q3 = 0.

We show that the expression in the brackets [ | vanishes. First, we have

m+1
23 " (2m — 2h +5)(m — 2h + 3)kp_1km—p+o
h=2
m+1
=2 (2(m—h+1)+3)(m—1—2(h - 2))kn_1km—nto
h=2
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m—+1 m—+1
=4(m—1) Y (m —h+ Dkprkm_pso +6(m —1) > kn_1km_pso
h=2 h=2
m+1 m+1
=8 (m—h+1)(h—2kp1km_nsz — 12> (h = 2)kn_1km_nto.
h=2

Since we have

m—+1 m m
> (m=h+ Dknikm-ni2 = > _(m = hknkmni1 = > _(h— Dkmp1-nkn
h=2 h=1 h=1
and
m+1 m
> kntkmoni2 =Y knkm-ni1,
h=2 h=1
m+41 m
Z (h —2)kp_1km—hi2 = Z(h = Dkpkm—nt1,
h=2 h=1

the above expression becomes

4(m —1) Z(h = Dkmy1-nkn +6(m —1) Zkhkm h+1
h=1 h=1
m+1
—82 m—h—+1)(h—2)kp_1kp_ h+2—122 — D kpkm—ni1
h=1
=4(m —4) Y (h = Dkpkmi1_p + 6(m — 1) Z kenkm—hi1
h=1 h=1
m+1
—8Y (m—h+1)(h—2)kn_1km_nia  (by (6.34) and (6.35))
h=2

= 4(m — 4)(m — Dkmi1 +6(m — 1)2kms1 —8 Y (b — 1)(m — h)knkmi1-n

h=1

=4(m = 1)%kmi1 — 8> (h—1)(m — h)kpkmi1—n
h=1

= 4(m - 1)2km+1 -8 Z(h - 1)(m - h)khkm-i-l—h
h=2

= 4(m —1)%kpy — 8 Z (m — h)(h — Dkpi1—nkn
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m—1

=4(m = 1)%kmi1 +8m Y knkmit—n
h=1
m—1 m—1

(m+1)> " hkpkmyr—n + 8> BPkpkmi1—n
h=1 h=1

= 4(m — 1) k‘m+1 + 8m(2km+1 - k‘mk‘l)

m—1

— 8(m+ 1)((m + Dkmg1 — mbmk1) +8 > h?kpki1-n
h=1
={4(m — 1) +16m — 8(m + 1)*} k1
m—1
— {4m — 4m(m + D)}k, +8Z P2 kKt —n
=1

—4(m 4 1) kg1 + 4m%ky, + 8 Z W2 kpkpi1—p.
h=

Then, for the second part in [ | of (7.16) we have

Z{4(m —2h+3)(m —h+1) = 2h + 1}Ykp_1km—ni1

= 42( —2h+3)(m —h+ Dkp1km—ni1 — Z(zh — Dkp—1km—ht1
h=2 h=2
m—1 m—1 m—1
=—4 Z( —1—2h)hky,_pkp — 2 Z hkpkp—n — Z knkm—_n
h=1 h=1 h=1
m—1 m—1 m—1
=8> h’kpkm_p —22m —1) > Bkpkm_p — > kpkm_n
h=1 h=1 h=1
m—1
=8> hlkpkpm_pn — 2(2m — D)mky, — 2ky,.
h=1
Therefore, the expression in [ | of (7.16) becomes

—4(m + 1) ka1 + 4mPky, + 2m(2m — Dk, + 2k,

m—1 m—1
+ 8(2 W2 kpkma1—n — Y h%hkmh)

h=1 h=1
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= —4(m 4 1)%kpy1 + 2(4m?* — m + 1k,

m—1 m—1
+ 8{ > hPkpkmar—n — Y h2khkm_h}.

h=1 h=1

Regarding the first term in { } of the above expression we have

m—1 m—1
W hkpkmar—n = Y Bknkmi1-n + kikm
h=1 h=2
vl op—3
= Fn—1km1-n + kik
2h
h=2
m—1 3 m—1
=D Whn-ikmirn =5 Y hknoakmiion + kikm
h=2 h=2
m—2 3 m—1
= (h + 1)2khkm—h - 5 Z (h - 1)kh—1km+1—h
h=1 h=2
3 m—1
—3 kn—1kmy1—n + k1km
h=2
m—2 m—2 m—2
=" hPknkmn +2 > hknknn + > knkn—n
h=1 h=1 h=1

3
S

hknkm—p — gsumgjkhkm_h + K1k
1

\
DO o
>
I

m—2 m—2

1 1
= W2 knkm—n + 3 E hkpkpy—p — 3 § knkm—n + kikm,
h=1 h=1

3
&

>
Il
—

m—1 1 m—1
= <Z R2kpkp—p, — (m — 1)2km1k1> +3 (% hknkm—n

h=1
1 m—1
—(m — l)klkm_1> 3 <Z knkp—n — klkm_1> + k1km
h=1
m—1 1 m—1 1 m—1
=" B2kpkmn + 3 > hkpkim—n — 5 > knkm-n
h=1 h=1 h=1

—1)2 -1 1
—<(m2 ) +m4 —4>km_1+k1km



182 T. OTSUKI

3
L

m m(2m — 3) 1
=Y Bkpkmn + 5 km — km — ———km—1 + Skm
— 2 4 2
(by means of (6.36) and (6.35))
m—1
1 7y —
= ST Rk Ty, MM =3),
2 4
h=1
ol m—1 m?
_ 2 _ _
= hekpkpm—n + 5 km 2 km
h=1
m—1 2
— 1
— h2khkm—h_wkma
2
h=1
from which we obtain
m m—1 2
— 1
S W kuk1on = 3 Wk il — T,
h=1 h=1
m—1 m—1
- thhkm—h + Tkmv
h=1
that is
m m—1 m—1
(7.17) > WPknkmyr-n =Y Bkpkmon+ 5 Fm-
h=1 h=1

Using these facts, we obtain

m+1
2> (2m — 2h + 5)(m — 2h + 3)kp—1km_p+2
h=2

— > {4(m = 2h+3)(m — h+ 1) — 2h + 1} kp_1 ka1
h=2

= —4(m 4+ 1)?kpmar1 +24m* —m + Dk, — 4(m? —m + 1)k,
= =2(m+ 1){2(m + 1)kpy1 — 2m — 1)k} = 0.
Therefore, from the expression (7.16) we see that

2(m + D{2(m + 1)Q2m+3 — (2m — 1)Q2m+1}Q1 = 0,
hence from supposition we obtain

2m —1 2m —1

)Q2m+1 = 2(

2m 1 m1) Q3 +1Q@3

Q2m+3 =
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By these arguments, we obtain the following claim.
Lemma 4. We have for the case bg =0, by #0

1 1 1
Qo =0, Q1 =pby, Q2 5 Q3 Lot 16b1p"
2m — 3)!
Qom =0, Qomt1 = 2k @3, kmzi( ) , m=223,4,....
2mim|

Thus, we obtain a conclusion for the case by = 0 and by # 0.

Theorem 4. The solution of the system of (5.8"), (5.12) and (5.13) on y
with y(0,0) = 0, is given by

1 b 1
y = (a+4cl)sian{ZSian + %’0(1 + cosug) + %(1 - cosuz)}

where by # 0 and o and p # 0 are auziliary functions depending only on uy.
Proof. By means of Lemma 4, we have

Y= Z P, (up)sin™ ug

m=0

= (0 +4c1) Z Qm(up)sin™ ug

m=0

1 o0
= (0 +4c1) {Pbl sinug + 5 sin® ug + Q3 sin® up + Z 2k, Q3 sin?™ uz}

m=2

1 o
= (0 + 4cq1) sin uz{pbl + 3 sinuo + Q3 <sin2 us + 2 Z Ky, Sin®™ u2> }

m=2

1 (o]
= (0 +4cy)sinusg 1+ =sinug + 3| k1sin” ug + m SINT U9
4¢q) si phi+ 5 2Qs3 | ki sin? ke sin®™

m=2

1
= (0 + 4c1) sinugq pby + isinm +2Qs3(1 — (1 - sin? ug)é)}

= (0 + 4c1) sinug

1
pb1 + B sinug + 2Q3(1 — cos UQ)}

1 b 1
= (0 + 4c1) sinugq pby + —sinug + (_1P + )(1 — cosug)}

—N— —— —— ——

2 2 " 8bip
1 b 1
= (0 4 4cq) sinug §sinu2 + 1Tp(l + cosug) + %(1 - cosug)}. O
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