Math. J. Okayama Univ. 42 (2000), 19-27
JORDAN DERIVATIONS OF A SKEW MATRIX RING

NAOKI HAMAGUCHI

ABSTRACT. We determine the form of Jordan derivations of a skew
matrix ring M2(R;0,q) over a ring R. Using this result, we also
show the properties of Jordan derivations of Mz (R), and derivations
of Ma(R;0,q). Moreover, we refer to invariant ideals with respect to
these derivations.

1. INTRODUCTION

Let R be a ring. An additive mapping D : R — R is said to be a
derivation if D(xy) = D(x)y+xD(y) for all z, y € R. An additive mapping
J: R — R is said to be a Jordan derivation if J(z%) = J(z)x + zJ(x) for
all z € R. We can easily check that, for all z, y € R, J(zy + yz) =
J(x)y +xJ(y) + J(y)x + yJ(x). We can also see that any derivation of R
is a Jordan derivation.

In [3], I. N. Herstein has shown that every Jordan derivation of a
prime ring not of characteristic 2 is a derivation. This result is extended
by J. M. Cusack in [2] to the case of a ring R where 2z = 0 implies = 0
and R is semiprime or R contains a commutator which is not a zero divisor.

In this paper, we give a necessary and sufficient condition for a given
mapping J of a skew matrix ring Ma(R;0,q) into itself to be a Jordan
derivation. By using this result, we can show that there are many Jordan
derivations of Ma(R; 0, q) which are not derivations. We also refer to the
properties of Jordan derivations of Ma(R), and derivations of Ma(R; 0, q).
Moreover, we consider invariant ideals with respect to these derivations.

2. JORDAN DERIVATIONS OF My (R;0,q)

In this paper, we treat a skew matrix ring defined as follows (cf. [4]):
Let R be a ring, ¢ an element in R and ¢ an endomorphism of R such that
o(q) = q and o(r)q = qr for all r € R. Let Ma(R;0,q) be the set of 2 x 2
matrices over R with usual addition and the following multiplication:

T X2 yioY2 \ _ T1Yy1 + x2y3q T1Y2 + T2Y4
T3 T4 Y3 Y4 230 (Y1) + xay3 x30(y2)q + xays )
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We call Ma(R;0,q) a skew matriz ring over R. A matrix <

denoted by e11(a) + e12(b) + ea1(c) + eaa(d).
Let J be a Jordan derivation of My(R;0,q). First, we set

_( fila) fa(a) _( ha(b) ha(d)
ent@) = ( po 1o ). e o h4(€6)i))7
sen@n= (0 1) ) @ = (00 20 ),

where f;, h;, l;, gi : R — R are additive mappings.

Since J(e11(a?)) = J(er1(a))err(a)+err(a)J(er1(a)) and J(ean(d?)) =
J(e22(d))esn(d) + eaa(d)J (e22(d)), we get the following two lemmas:

Lemma 2.1. For any a € R,
(1) f1 is a Jordan derivation of R.

(2) fa(a )—af2()
(3) fz(a®) = ()()-
(4) fa(a®) =

Lemma 2.2. For any d € R,

1(d):0
2(d*) = ga(d)d.
3(d) dgs(d).

4 1 a Jordan deriwvation of R.

Moreover, from J(e11(a)esn(d) + e22(d)eii(a)) = 0, we have the fol-
lowing relations:

(2.1) ag1(d) + gi1(d)a = 0,
(2.2) f2(a)d + agz(d) = 0,
(2.3) g3(d)o(a) + dfs( )
(2.4) fa(a)d + dfs(a) =

On the other hand, by the facts that J(ej2(ab)) = J(e11(a)e12(b) +
612(())611(&)) and J(egl(dc)) == J(egg(d)621 (C) + €21 (C)egg(d)), we have the
following:

Lemma 2.3. For any a, b € R,
(1) hyi(ab) = ahl(b) + hi(b)a + bfs(a)q.

(2) ha(ab) = fi(a)b+ aha(b) + bfa(a).
(3) ha(ab) = h3(b)o(a).
(4) ha(ab) = f3(a)a(b)g.
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Lemma 2.4. For anyc, d € R,
(1) li(de) = ga(d)cq
(2) l2(de) = la(c)d.
(3) I3(de) = ga(d)c + disz(c) + co(g1(d)).
(4) la(dc) = dly(c) + la(c)d + co(ga(d))q.

Moreover, from .J(e12(b)?) = 0 and J(ea1(c)?) = 0, we have the fol-
lowing relations:

(2.5) bhs(b)q = h3(b)o(b)g = 0,
(2.6) hi(b)b + bha(b) = 0,

(2.7) la(c)eq = co(la(c))q =

(2.8) la(c)e+co(li(e)) = 0.

Now we assume that R has identity. Then a Jordan derivation J has
the following properties:

Lemma 2.5. Let R be a ring with identity, and J a Jordan derivation of
My (R;0,q). Then there exist additive mappings f1, fa, g1, 94 : R — R
and elements o, B, v, 9, €, ( in R such that, for all a, b, ¢, d € R,

(2 "(611(@)):(53((&)) oy )

210 :< e B s Y,

21) Hen @) = (o) tetiy s ec o )

(2.12) J(eaa(d ( 1dﬁ gzo‘j >

[ A f§<2 e Sttt 2l o

fa(a) = af2(1) and f3(a) = f3
(2.2) and (2.3), we have ga(d
—dp.

By Lemma 2.3, we have hi(b) = —bfBq, ha(a) = fi(a) + fa(a) +
ahy(1), hs(a) = hg(1l)o(a) and hy(b) = Bo(b)g = [gb. Put v = ho(1)
and 0 = hg(1). By Lemma 2.4, we have l;(c) = —acq, l2(d) = l2(1)d,
l3(d) = o(g1(d)) + ga(d) + dl3(1) and l4(c) = co(a)g = cqa. Putting
e =13(1) and ¢ = [3(1), we have completed the proof of the lemma. O

)
(1)o(a). Put a = f2(1) and 3 = f3(1). From
) = —f2(1)d = —ad and g3(d) = —df3(1) =

An additive mapping F' : R — R is said to be central if F(R) is
contained in C, the center of R.



22 NAOKI HAMAGUCHI

Theorem 2.6. Let R be a ring with identity, and J : Ma(R;0,q) —
Ma(R;0,q) an additive mapping. Then J is a Jordan derivation if and only
if there exist additive mappings fi, fa, g1, g4 and elements o, 3, v, 6, €, ¢
of R satisfying (2.9), (2.10), (2.11) and (2.12) with the following conditions:
foralla, b, ¢, d € R,

(i) f1 and g4 are Jordan derivations of R.

(ii) f1+ and g1 are central Jordan derivations of R such that fi(a®) =

91( %) =0.
(iii) 6q = ec?q = 0.
(iv) fl(ab) + fa(ab) = fi(a)b + afi(b) + fa(a)b+ afs(b).
v) fi(d) + fa(d) + dy = g1(d) + ga(d) + ~d.
(vi) déo(b) = do(b)o(d).
(vil) o(g1(de)) + ga(de) = co(gi(d)) + do(gi(c)) + ga(d)e + dga(c).
(vili) o(g1(0(a))) + ga(o(a)) +o(a)C = o(fi(a)) + fa(a) + (o(a).
(ix) ecd = ede.
x) eco(a) = aec.
(xi) fi(beg) +gi(cgb) = fi(b)eq+ fa(b)cq+bgi(c)g+bga(c)g+bycq+beCq.

(xii) fa(beq) + ga(cqb) = cqf1(b) +cq fa(b) + gi(c)ab+ ga(c)gb + cqby + c(qb.
Particularly, a Jordan derivation J of Ma(R;0,q) is given by

(fi + fa)(b) + ac
N i e e
o i(agéng;):cg{cizg ol fa(a) + 94(d) + Bab + cqo

with the conditions above.

Proof. (=) : Assume that J is a Jordan derivation of Ma(R;0,q). Then
J satisfies (2.9), (2.10), (2.11) and (2.12) for some additive mappings
f1, f1, 91, g4 and elements «, B, v, 6, €, ( of R by Lemma 2.5.

For the conditions, first, we have (i) by Lemma 2.1 (1) and 2.2 (4).

From Lemma 2.1 (4) and (2.4), we get f1(a?) = fi(a)a + afi(a) =0
and 2f4(a) = 0 by fi((a + 1)?) = 0. Since 2dfs(a) = 0, we also have
fa(a)d = dfs(a). Hence, f4 is a central Jordan derivation of R. By Lemma
2.2 (1) and (2.1), we can show that g; is also a central Jordan derivation,
hence, we get (ii).

From (2.5), we have ¢ = 0, and from (2.7), we get ec?q = 0. Hence,
we have (iii).

By Lemma 2.3 (2) and (2.10), we get (iv), and since J(ej2(bd)) =
J(e12(b)exa(d) 4 e22(d)ei2(b)), we have (v) and (vi). (Note that, from (vi),
we have dé = do(d), and hence, do(b)o(a) = bdo(a) = do(a)o(bh).)

By Lemma 2.4 (2), (3) and (2.11), we have (vii) and (ix), and since
J(e21(co(a))) = J(ea(c)err(a) + er1(a)eai(c)), we get (viii) and (x).
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Finally, from J(e11(beq))+J (e22(cgb)) = J(e12(b)ear (c)+ea1(c)eia(d)),
we have (xi) and (xii).

(<) : If mappings f1, f1, g1, ga of R and elements «, S, 7, 4, €, (€
R satisfy the conditions above, then we can show that, for any A =

a b
< c d ) S MQ(R;O—7Q)7

J(A?) = J(A)A + AJ(A)
by direct calculation. O

When a Jordan derivation J of Ma(R;0,q) is determined by Jordan
derivations f1, f1, g1, g4 : R — R and elements «, 3, v, 9, €, ( € R as
in Theorem 2.6, we denote this J by (f1, f1, 91, 94, @, B, 7, 0, €, ().

Now we give the properties of Jordan derivations of Ma(R), deriva-
tions of My(R;0,q) and derivations of Ma(R), which are easily proved by
Theorem 2.6.

Corollary 2.7. Let R be a ring with identity, and J : Ma(R) — Ma(R) an
additive mapping. Then J is a Jordan derivation if and only if there exist
additive mappings f1, fi: R — R and elements o, (B, v in R such that,
foralla, b, ¢, d € R,

(2.13) J(en(a)) = ( j}ij) ff€§> >
(2.14) J(e12(b)) = < _gﬂ i+ félﬁ)lgb) o ) ’
(2.15) J(e(c)) = < (fi + f;;y(cc) — e c(;é > ’
(2.16) Jen(d) = ( 111 o

2 —dB fu(d) +dy—d

with the following conditions: for all a, b € R,
(i) f1 is a Jordan derivation of R.
(ii) f4 is a central Jordan derivation of R such that fi(a®) =0.

(iii)  fi(ab) + fa(ab) = fi1(a)b + afi(b) + fi(a)b+ afa(b).
Particularly, a Jordan derivation J of Ma(R) is given by

a b

(e 0)

:( fi(a) + fald) =bF—ac  (fi+ f1)(b) +ac + by — ad )
(fi+ fa)(c) + Ba—~yc—dB  fi(d) + fa(a) + ca+ Bb+dy —~d

with the conditions above.
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Proof. (=) : Assume that J is a Jordan derivation of Ma(R). Under the
notation in Theorem 2.6, put ¢ = idg and ¢ = 1. Then we have § =& =0
and ¢ = —v by putting b = ¢ = 1 in Theorem 2.6 (iii) and (xi). Moreover,
by putting ¢ = 1 in Theorem 2.6 (xi), we get gi(a) = f4(a) and, hence,
ga(a) = fi(a)+ay—~a from Theorem 2.6 (v). The conditions immediately
follows from Theorem 2.6 (i), (ii) and (iv).

(<) : Assume that there exist additive mappings fi, f4 of R and
elements «, 3, v € R satisfying the conditions, and consider a Jordan
derivation J; = (f17 f4a g1, 94, &, /87 s 67 €, C) of M2(R) - MQ(R;idR7 1)7
where g1 = fi, ga(a) = fi(a) + ay —va (for all a € R), § = ¢ = 0 and
¢ = —v. Then we can see that J = Ji, hence, J is a Jordan derivation of
Ms(R). O

Corollary 2.8. Let R be a ring with identity, and D : Ma(R;0,q) —
May(R;0,q) an additive mapping. Then D is a derivation if and only if

there exists a derivation f of R and elements o, 3, 7, C in R such that,
foralla, b, ¢, d € R,

(2.17) D(er1(a)) = < f@) o ) :
(2.18) D(e12(b)) = ( —bBa S [3;?; by ) ,

o —acq 0
(2.19) D(ei(c)) = ( fle)+cey—ryec+cC cqu )’

0 —ad

(2.20) D(esn(d :( _d fd+d7_7d>
with the relations o(f(a)) — f(o(a)) = o(a)y —yo(a) + o(a){ — (o(a), and
fla) =va+Cq.

Particularly, a derivation D of Ma(R;0,q) is given by

a b
o2 3)
_ f(a) = bBq — acq f(b) +aa+by—ad
— \fle)+ Bo(a) + ey —vc+cC—dB  f(d)+ Bgb+ cqa + dy — vd

with the relations above.

Proof. (=) : First, note that any derivation is a Jordan derivation. Un-
der the notation in Theorem 2.6, since D(eji(ab)) = D(eii(a))ei1(b) +
ell(a)D(eH(b)) and D(622(Cd)) = D(BQQ(C))GQQ(d) + GQQ(C)D(GQQ(d)), we
have that f = f; is a derivation and f; = g1 = 0, and hence, g4(d) =
f(d) + dy — vd from Theorem 2.6 (v).
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Moreover, since D(ej2(1)) = D(e11(1))e12(1) + e11(1)D(e12(1)) and
D(e21(1)) = D(e22(1))e21(1) + e22(1)D(e21(1)), we have § = = 0.

(<) : If a mapping f and elements «, [, v, (€ R satisfy the condi-
tions above, then we can show that, for any A, B € My(R;0,q),

D(AB) = D(A)B+ AD(B)
by direct calculation. O

Corollary 2.9. (cf. [1]) Let R be a ring with identity, and D : Ma(R) —
My (R) an additive mapping. Then D is a derivation if and only if there
exist a derivation f of R and elements o, B, v in R such that, for all
a, b, ¢, de€ R,

(2:21) Deenta) = (18 ).

(222) pienm = (" ).
(2:23) Dlen@) = (1™ o )

(2.24) D(ea(d)) = < s @ :jlfj_yd )

Particularly, a derivation D of Ma(R) is given by

pf @ b\ fla) = b8 —ac f(b) +aa+by—ad
c d ) \ fle)+pa—~c—dB f(d)+pb+ca+dy—~d )’

Proof. Put 0 =idgr and ¢ = 1 in Corollary 2.8. O

Now we give an example of a Jordan derivation of My(R; 0, q) which
is not a derivation.

Example 1. Let K[X] be a polynomial ring in one variable X over a field
K mot of characteristic 2, and put R = K[X]/(X?) and z = X +(X?) € R.
Let f : R — R be a K-derivation defined by f(z) = 2x. We consider a
skew matrix ring Ma(R;idg, ).

Let J = (f1, fa, 01, 94, @, B, 7, 6, €, ¢) be a Jordan derivation of
Ma(R;idg, x) such that

fi=g=f fa=qa=0, a==7y=(=1, d=c=uzx.
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(Note that J satisfies the conditions of Theorem 2.6.) However, since § # 0,
J is not a derivation. In fact,

(611 612)

(-
(2 )
(20

3. INVARIANT IDEALS WITH RESPECT TO DERIVATIONS

Let R be a ring, and F': R — R an additive mapping. An ideal I of
R is said to be F'-invariant or invariant with respect to F if F\(I) C I.

Let Iy, I», I, I be ideals of R and put Z = GI ?) C My(R;0,q).
3 4

If 7 is an ideal of Ms(R; 0, q) then we have the following conditions:
(3.1) IsaqC I, o(Iy) C I3, qls CI4 C 1o, InqC I C Iy, I3q C 14 C I3.

Theorem 3.1. Let R be a ring with identity, Iy, Is, Is, Iy ideals of R
satzsfymg (31); and J = (fla f47 g1, 94, @, ﬁa s (57 &, C) a Jordan

derivation of Ma(R;0,q). Then the ideal T = ? Z of My(R;0,q) is
3

J-invariant if and only if Iy, 12, Is and 14 satisfy the following conditions:
(1) Iy is fi-invariant, and g1(14) C I.
(2) I is (f1 + fa)-invariant, and € € I.
(3) I3 is (0 0 g1 + ga)-invariant, and 6 € I5.
(4) 1y is ga-invariant, and fy(I;) C I4.

Proof. By Theorem 2.6 and the relations (3.1), the result immediately fol-
lows. (Note that do(b) = bd.) O

For derivations of My(R; 0, q), we have the following:

Corollary 3.2. Let R be a ring with identity, Iy, I, I3, 14 ideals of R
satisfying (3.1), and D a derivation of Ma(R; 0, q) defined by f, a, B, v, ¢

as in Corollary 2.8. Then the ideal T = ? ? ) of Ma(R;0,q) is D-
3 14

mwvariant if and only if Iy, Is, I3 and 14 are f-invariant.
Next, we consider ideals of My(R). In this case, an ideal 7 is in the

form of ( § § ), where [ is an ideal of R. Hence, we have the following:



JORDAN DERIVATIONS OF A SKEW MATRIX RING 27

Corollary 3.3. Let R be a ring with identity, I an ideal of R, and J a
Jordan derivation of Ma(R) defined by fi, fa, «, B, v as in Corollary 2.7.
Then the ideal T = < § § > of Ma(R) is J-invariant if and only if I is

invariant with respect to fi1 and fy.

Corollary 3.4. Let R be a ring with identity, I an ideal of R, and D a
derivation of Ma(R) defined by f, a, B, v as in Corollary 2.9. Then the

ideal T = < I

I > of Ma(R) is D-invariant if and only if I is f-invariant.

Acknowledgement

The author would like to thank Professor A. Nakajima for suggesting
these problems and for valuable comments.

REFERENCES

[1] J. BERGEN, I. N. HERSTEIN and C. LANSKI: Derivations with invertible values, Can.
J. Math. 35 (1983), 300-310.

[2] J. M. Cusack: Jordan derivations on rings, Proc. Amer. Math. Soc. 53 (1975),
321-324.

[3] I. N. HERSTEIN: Jordan derivations on prime rings, Proc. Amer. Math. Soc. 8 (1957),
1104-1110.

[4] K. OsHIRO: Theories of Harada in artinian rings and applications to classical artinian
rings, International Symposium on Ring Theory, Birkhauer, to appear.

NAOKI HAMAGUCHI
DEPARTMENT OF MATHEMATICS
GRADUATE SCHOOL OF NATURAL SCIENCE AND TECHNOLOGY
OKAYAMA UNIVERSITY
TsusHIMA, OKAYAMA 700-8530, JAPAN

(Received November 13, 2000)



