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ON TEST MODULES FOR INJECTIVITY
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SHOJI MORIMOTO

Throughout this note, R means an associative ring with identity and
modules mean unitary left R-modules. We fix a module M. As is well-
known, R. Baer showed that R is a test module for injectivity [3]. After
that, G. Azumaya proved that if R can be embedded in M" for some n,
every M-injective module is injective [2, Theorem 14]. The main purpose
of this note is to give equivalent conditions for M to be a test module for
injectivity by means of the notion of weakly tas-injective modules (Theorem
3).

In this paper, the category of all modules is denoted by R-mod and the
injective hull of a module A by E(A). For the terminologies and basic prop-
erties of preradicals and torsion theories, we refer to [7]. For each preradical
r, we denote the r-torsion class (resp. r-torsionfree class) by T(r)(resp.
F(r)). Also the left linear topology corresponding to a left exact preradical
r is denoted by L(r) . Now, for two preradicals r and s, we shall say that
r is larger than s if r(A) DO s(A) for all modules A. Also for a preradical r,
we put 7(A) = r(E(A)) N A for all modules A. Then 7 is the smallest left
exact preradical larger than r.

Let » be a preradical for R-mod. We call a module Q weakly r-injective
(resp. r-injective) if the functor Hompg(—, Q) preserves the exactness of all
exact sequences of modules O -+ A -+ B — C — O with B € T(r)(resp.
C € T(r)).

Lemma 1. Let r be an idempotent preradical for R-mod. Then a module
H is weakly r-injective if and only if it is weakly T-injective.

Proof. Let H be a weakly r-injective module. Since #(E(H)) = r((E(H))
NE(H) = r(E(H)) and 7(E(H)) = r(H), 7(H) = r(E(H)) Nr(H). Hence
7(E(H)) = #(H), that is, H is weakly 7-injective.

A module @ is called M-injective if every homomorphism of any submod-
ule of M into @@ can be extended to a homomorphism of M into Q. Also ¢
denotes the smallest one of those preradicals r such that (M) = M. Asis
well-known, t; is idempotent.

Proposition 1. For a module Q, the following conditions are equivalent :
(1) Q is M-injective.
(2) Q is weakly tps-injective.
(3) Q is weakly tpr-injective.
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Proof. The implication (2) = (3) is clear by Lemma 1 and (3) = (1) is
obvious by M € T'(fp). (1) = (2). Let O - A — B — C — O be an exact
sequence of modules with B € T(tar). Then B is a homomorphic images of
M®) for some index set A. Since Q is M-injective, it is MM injective and
so it is B-injective by [1, 16.13 Proposition]. Hence Q is weakly ts-injective.

Combining [6, Theorem 2.1] with Proposition 1, we have a generalization
of Azumaya (2, Theorem 15].

Theorem 1. Let Q be an M-injective module and Q' a submodule of Q.
If a(M) C @ for all a € Homg(M, Q), then Q' is M -injective. Moreover
if Q' is essential in Q, then the converse holds.

Proof. Since (M) C @' for all @ € Homp(M, @), tm(Q) C tm(Q')
andso ty(Q) = tm(Q'). Thus tm(Q') = tn(Q) = tm(E(Q)) 2 tm(E(Q)) 2
ta(Q"), that is Q' is weakly tpr-injective, that is, it is M-injective. Next
suppose that Q' is an M-injective module and is essential in Q. Then
tn(Q) = tu(E(Q)) = tm(E(Q)) = tm(Q). Thus a(M) C Q' for all
a € Homg(M, Q).

In [2], an exact sequence O — A 4 B called M -monomorphism if
B = h(M) + j(A) for some h € Homg(M, B). We call an exact sequence

O — A -5 B of modules M-coindependent if B = j(A) + a(M®1)) for
some index set A and o € Homp(M4), B).

Since every M-monomorphism O — A 2, Bis M -coindependent,
we can obtain a generalization of Azumaya [2, Theorem 11] by combining
Proposition 1 with [4, Theorem 2.5].

Theorem 2. For a module Q, the following conditions are equivalent :

(1) Q is M -injective.

(2) For every M-coindependent sequence O — A -5 B and every ho-
momorphism f : A = Q, there exists a homomorphism g : B — Q such that
goj=1/f. ,

(3) For every M -coindependent sequence O — A -2+ B with j(A) essen-
tial in B and every homomorphism f : A — Q, there exists a homomorphism
g:B — Q such that go j = f. _ .

(4) EBvery M -coindependent sequence O = Q L5 Q' splits.

(5) Every M-coindependent sequence O — Q 2L Q' with §(Q) essential
in Q' splits. )

Now, we shall rewrite Proposition 1 by using a generator Q of T(tas).

Since tg = ty, we have

Lemma 2. Let Q be a generator of T(tpr). Then the following conditions
are equivalent :
(1) Every M -injective module is injective.
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(2) Every Q-injective module is injective.
(3) Every Q™) -injective module is injective for all indez setsA.

We call a module M a test module ( for injectivity ) if every M-injective
module is injective. Following [8, Theorem 2.1], we call a module P locally
projective if for each element x € P, there exist z1, z2, ---, zn € P and
fi, fay -+, fn € Homg(P, R) such that z = 3> ;_, fi(x)z;, or equivalently,
tp(A) = tp(R)A for all modules A. Also we call a preradical r pseudo-
cohereditary if every homomorphic image of A/(ANT(E(A))) is in F(r) for
all modules A.

Theorem 3. Let Q be a module with tg = tr. Then the following condi-
tions are equivalent :

(1) M is a test module.

(2) Q is a test module.

(3) Q is locally projective and R = (R) + I for all essential left ideals I
of R.

(4) to(R) = Re for some idempotent element e of R and every module A
such that eA = O is injective.

(5) to(R) = Re for some idempotent element e of R and R/Re is a
semisimple artinian ring.

(6) to(R) = Re for some central idempotent element e of R and R =
to(R) + I for all essential left ideals I of R.

Proof. (1) < (2)is clear by Lemma 2. (3) = (2). Let H be a weakly
tg-injective module. Since @ is locally projective, ¢¢ is pseudo-cohereditary,
that is, H is tg-injective from [4, Theorem 3.3]. Let I be an essential left
ideal of R. Since R = tg(R)+ I, I € L(tg) and so Z < tg, where Z is
the singular torsion functor. Thus G < tg, that is, every tg-injective mod-
ule is injective, where G is the Goldie torsion functor. Hence @ is a test
module. Also if we take tg as r of [5, Theorem 2.6}, then (4), (5) and (6)
are equivalent to (2), (3) and (6) of [5, Theorem 2.6] respectively. Moreover
(2) is equivalent to (2) of [5, Theorem 2.6] and so (2) is equivalent to (4).
(6) = (3) is clear.

We call a module A4 cofaithful if R can be embeded in A" for some index
set A.
Corollary 1. Every cofaithful module is a test module.

Corollary 2. If R is an artinian ring, then every faithful module is a test
module.

Now, we shall give an example of a test module. Also , in general, a
nonzero direct summand of a test module is not necessarily a test module
(Example 1 (2)).

Example 1. Let R be the 2 x 2 upper triangular matrix ring over a field
K.
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(1) We put M = ( (O) g ) Then tar(R) = ( 8 g ) and tp(R) =
tM(E(R))NR = ( ﬁ g ) N R = R. Hence t); = 1, that is, M is a test
module.

(2) We put § = (IO( (O)) and M = (IO{ IO() Then tg(R) =

tm(R) = M. Since R/M is flat as a right R-module, tp; is left exact.
Also M is essential in R. However, t3r(R) + M = M # R, that is, M is not
a test module by (3) of Theorem 3. Hence S is not a test module.

Next we give an example of a test module which is not cofaithful. We call
a preradical t centrally splitting if there is a central idempotent e of R such
that ¢(A) = eA for all modules A.

Example 2. We put R = Z/12Z and M = 3Z/12Z, where Z is the ring of
rational integers. Since M is not faithful, it is not cofaithful. Also s is left
exact, L(ty) = {R, 2Z/12Z, 4Z/12Z} and L(Z) = {R, 2Z/12Z}. Thus t);
is larger than Z. Moreover, R = 3Z/12Z & 4Z/12Z, that is, tps is centrally
splitting. Hence M is a test module by (6) of Theorem 3.
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