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THE COMPARISON THEOREM OF
HILBERT-SPACE-VALUED TANGENT SEQUENCES

Yu HE and PEIDE LIU

Let (Q,F,u) be a complete probability space, X be a Hilbelt space.
When X has a Schauder basis (e;);>1, we consider ¢: X — R® = {(ai)i21 |
ai € R}, (¥ ;51 aies) = (ai)i>1; Let f be an X-valued random variable,
then ((f) is a serie of random functions, there exists RCPD (regular con-
ditional probability distribution) P,s) of ¢(f) w.r.t. B, where B is a sub-
algebra of F. Let B> be the Borel algebra of R®, Bx be the Borel algebra
of X, p(Bx) = {np(B) | B e BX}. Let x4 be the characteristic function
of A€ F.

In this article, integrability means Bochner integrability.

Lemma 1. Let X be a Banach space, f be an X -valued random
variable with almost separable values, B be a subalgebra of F, then there ez-
1sts regular conditional probability distribution of f w.r.t. B denoted by Py.

Proof. see [1].

Theorem 2. Let X be a Hilbert space, f be an X -valued integrable
random variable, then E(f|B)(t) = [y zPys(t,dz). a.e.

Proof. Since an X-valued integrable random variable is strong mea-
surable, it is almost separably-valued by the Pettis theorem. We need only
consider the case where X is a separable Hilbert space. Let (en)n>1 be an
orthonormal basis of X, p, respectively g, be the projections of X respec-
tively R to the n’th coordinate, then for all z € X, pn(z) = gn((z));
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Theorem 3. Let X, Y be Hilbert spaces, f be an X-valued random
variable with almost separable values h: X — Y be Borel measurable, ho f
be integrable, Then E(h o f|B)(t) = [y h(x)Pf(t,dz). a.e.

Proof. Because h: X — Y is measurable, we can define
Phog(t,B) = P (t,h"}(B)), VteQ, B€By
then V¢ € Q, Phos(t, *) is a probability measure on By. VB € By,
Paos(t, B) = P¢(t,h™"(B)) = E( ™ (+71(B)) [B)
= E((ho £)71(B)|B)(t) a.e.

So Ppoy is a regular distribution of h o f w.r.t. B. Choosing regular distri-
bution pair such as these and using Theorem 2, we have

E(ho f|B)(t) = /Y yPhos (t, dy)
2/ h(z)Py(t,dz).
X

Definition 4. Let (F,)n>0 be an increasing sub-o-algebra sequence
of F, (dn)n>1, (en)n>1 are X-valued random variables w.r.t (F In>1. V\e
call (dy)n>1 and (en)n>1 tangent, if VA € By, Vn > 1, P |7-'n 1) =
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P(e; 1(A)|.7:n_1) a.e. We call (d,)n>1 conditionally symmetric, if (—dp)n>1
and (dn)n>1 are tangent.

Let ®: R, — R, be an increasing function satisfying the condi-
tion Ap, it means: 3IC > 0 such that Vz > 0, &(2z) < C®(z), and
®(0) = 0. Easily, we have: Vz, y > 0, ®(z + y) < C®(z) + C®(y).
Let (dn)n>1 be a random variable sequence, we define

dy=0, dy = sup [dill, d*=supl|dnl.
1<k<n n>1

Lemma 5. Let X be a Hilblert space with orthonormal basis (e;)i>1,
90(21:21 aie;) = (ai)i>1, then

0(Bx) = B®[w(X) = {A[Jp(X) | A € B>}

Proof. Let p, be the projection of R* to the first n coordinates, B™ be
the Borel algebra of R*. Then B® = o(T), T = |J,;5; Pr - (B"), where o(T)
is the o algebra generated by T'. So o(T' [ ¢(X)) = B® (X)) C o(Bx),
B> Np(X) = ¢(Bx).

Lemma 6. Let Hilbert spaces X, Y have orthonormal bases
(e2k—1)k>1, (e2r)r>1 respectively, we take product topology on X x Y, then
Bxxy = Bx x By.

Proof. We define p: Z =X XY = R, ¢(37;, aie;) = (ai)iz1,

= {(an)n21 | as, = 0,Vk > 1}
R’So = {(an)nzl | asx—1 = 0,Vk > 1}

B is the Borel algebra of R°(¢ = 1, 2). Then
(Bz) = B[ (2) = (B x BX) [)(¢(X) x ¢(Y))

= (B e(X)) x (B[ o))
= ¢(Bx) x ¢(By) = p(Bx x By).

So BZ:BX XBy.
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Lemma 7. Let X be a Hilbert space with basis, (d,)n>1 be an
X -valued conditionally symmetric sequence. We define

M= (d1yenn,d): Q> XN =Y,
§n:(d1,"' :dn—la_dn): Q_)K

then both A, &n are measurable w.r.t. By, we can take their RCPDs Py,
P, wrt Fn_y and E € F,_y such that p(E) = 0, and ¥Vt € Q\ E,
VA € By, Py, (t,A) = P, (t, A).

Proof. By Lemma 6, By = , S0 VA; € F, A\, &, are measurable
w.r.t. By. Since X is separable, X i 1s secondly denumbrable, we can take
a countable set A = {A4; | i € N} consisted of open sets of X such that
A generates the topology 7x of X. The o algebra generated by Tx is

O'(TX) = BX, S0 U(A) = BX1 O’(An’) = B} = BY.

n n
VB € By, p,\n (t, H Bk) H Ifn 1
k=1 k=1

P([) d; " (Bx)|Faz1) ()

k=1

ﬂ XD Exp, | Fa1)(1)

A(where D, = d;l(Bk))

n-1
= H XDkE(XEnlfn—l)(t)
k=1
(where E, = (~d»)"'(B»))
n—1
= E(H XDy © XEn | Fn-1)(t)
k=1
= P(& (] ] Bo)|Fa-r) ()
k=1
= P (t, f[ By). a.e.
k=1

For k; € N, we take E(ky,... ,kn) € Fn_1,such that u(E(ky,... ,kn)) =0
Yt e \ E(kl, ,kn), P,\n(t, l—[?:l Akl-) = PE,, (t’l—[?zl Ak;)- (1)
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Let E = J{E(ky,... ,kn) | ks € N, 1 <i < n}, then u(E) =0, Vt € Q\E,
Vk; € N, (1) holds. Since Py, (t,*) and P, (t,*) are probability measures
on By, by (1), they are equal on A that generates By, so Vt € Q\ E,
VA € By, P, (t,A) = P, (t,A). For t € E, we take

P, (t,4) = p(A7(4)),  Pe,(t,4) = p(71(4)).

Lemma 8. Let X be a Hilbert space, (dn)n>1 be a conditionally
symmetric sequence, d, € Li(p,X). We denote f, = ::1 di, then
f = (fa)n>1 is @ martingale w.r.t. (Fn)n>1, and we have decomposition
fn = gn + hn, such that g = (gn)n>1 and h = (hp)a>1 are martingales
w.r.t. (Fn)n>1, where

n n n n
gn= ar= dixa, hn= b= dixs,
k=1 k=1 k=1 k=1
Ap = {lldxll <2d;_,}, Bi = {lldkll > 2d}_,}

Proof. Similar to the proof of Theorem 2, we need only consider the
case where X is a separable Hilbert space. We define B: X" — X by

B(21,- -+ s Tn) = TnX{|jcn | <2yn-1}
Yn-1 = max{”:rl”a'-- ,||$n—1||}, yo =0
then
E(an|Fa1)(t) = E(B(d1,- . ,dn)|Fn_1)(2) = B(B 0 Al Fn1)(2)
_ / B(z) Py, (t, dz) = / B(c) P, (t, dz)
Xn Xn
= E(80&y|Fn-1)(t) = E(—an|Fn-1)(t) ae.

So E(ap|Fn-1) =0 a.e., g is a martingale. Similarly, h is a martingale.
We denote the RCPD of (dn)n>1 and (—dp)n>1 wort. Froq by Py, P_
respectively, then P, = P_ a.e., similarly to Lemma 7, using separability
of X. By this result

E'(dn|.7~'n_1)(t)zfXxPJr(t,dx):/ zP_(t,dz)

X
= E(—dn|Fn_1)(t) = E(dn|Fno1) =0 ae.,

so f is a martingale.
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Lemma 9. Let X be a Hilbert space, then there exists a con-
stant C > 0 dependent only on ®, such that for all Li(p,X) bounded
martingale f = (fn)n>1 satisfying ||dn|| < wn_1, where dn = fn — fa-1, wn
is Fn, measurable, we have

(1) E®(f*) < CE®(S(f)) + CE®(w*)
(2) E®(S(f)) < CE®(f*) + CE®(w*)

Proof.

n—1
8a(F) = (O lldill® + 1dal®)? < (Saca ()2 + 2 y) "

k=1
< Sn——l(f) + Wn-1 = On-1

For 8> 0, A > 0, we define a stopping time
S =inf{n| gn > BA}.
We consider martingale f(5) = ( fnnas)n>0 and define a stopping time
T =intfn | 1) > A}

Then Va > 1, denoting |A| the measure of A, we have
(3) |{f >} < |{f > a) §=o00}| +|{5 < o0}

< 7S > a}| + {8 < o0}

<A = £ > (@ = 1A} +|{S < oo}

Now we consider a new o algebra sequence (F,,)n>0, where F| = Fpy7.

We define g' = (9),)n>0, 9 = T(li)T - f%s_)l, then g’ is a martingale, because

s s
E(g;1+1|]:;) = E(fy(,+)1'+1 - f‘1("_)1|]:n+T)
= E(f(n4r+1)8s — fir-1)A8|Fn=1)
= E(fin+r+1)as|Fnt1) — fir-1)A8

and

E(f(n+T+1)AS|}—n+T)
= E(fsx(s<n+TFn+T) + E(farT+1X{s>n+T+1}|Fn+T)
= fsx{s<n+1} + X(5>n+T+1} E (fr+7+1|FriT)

= fsX(s<n+T) T fat+TX(S2n4T 1} = fin4Tins
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So E(gp411F7) = gn-
Because f:(r“i)l = SUPp>q ||fr(j\)(T_l)||, if 3m < T — 1, such that f(5)* =

1A, then £69)" = | #8D), fO" = f —0. Tim > T—1, 157 > £,
we have

A

£ — #8307 < sup 1790 = 17200 < sup 1FON — 1£E 0.
m>T m>T

st¢) = (21

n>0

1/2
= (Z ||f1£’j—)7‘+1 - fr(j-)Tllz) X{T<x}

n>0

() ) 2\’
fn+T+1 - fn+T”2>

< S(F)x(T<oop < OT-1X{T<o0) < BAX(S<00}-
(7" > an}| < {6 > (a— 1A}
< E(¢g)/(a—1)A < CES(g")/(a — 1)A
(using [5, p.414, Theorem 7))
< CBIT < oo}|/(a—1) < CB{FS)" > A} /(e - 1)
< CBIH{f* > A}/{a—1).

So |{* > ax}| < (CB|{f* > AH|/(a— 1)) +[{8() +w* > BA} it means
that (f*, S(f) + w*) satisfies “good A inequality”, so we have (1).
The proof of (2) is similar. With ||fp|| < f_| + wn-1 = gn-1, we define a
stopping time

S=inf{n|op > 382}, VB>0,1>0
We consider martingale f(5) = (fua 5)n>0, and define a stopping time

T = inf{n | So(f15)) > A}
then for a > 1, we have
|{5(5) > ax}| < [{8(59) > ar}| + {5 < oo}
< {8 = 5r-1(F®) > (a = DA} + {5 < o0}
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Because
1/2
SU) - 5119 < (X 1489 - 191°)
n>T
= (S(F) - Sp_ (F9))) 2,
sup |74 = £2 1 < 27 X (100
m2>T
< 2B8Ax{T<o0}-
So

{55 > ax}| < [{S() = 1 (£9) > (- 1}
< [{(SU92 = 5009 > @ - 1}

< B(S(f)? = Sr_1 (£ */(a— 1)A

1/2
= E(Z 1745 — f,ﬁi’1u2) /(a—1)A

n>T
< CE(sup £ - A2 /(= 1)A

(using (5, p.411, Theorem 4])
< 2BC|{T < oo}| /(e — 1)

= 260|{5(/) > 2}|/(a - 1)
< 2ﬂC|{S(f) > /\}I/(a ~1).
So
{5 > ar}| < 26¢|{s(5) > A}|/(a = 1) +]{F" + " > B3],
it means (S(f), f* + w*) satisfies “good A inequality”, (2) holds.
Theorem 10. Let X be a Hilbert space, then there exists a con-

stant C dependent only on ®, such that for all integrable conditionally
symmetric X -valued sequence (dn)n>1 with respect to (Fn)n>0, denoting

fn = Elgkgn dy, we have

C 'E®(S(f)) < E®(f*) < CE®(S(f))-
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Proof. Let
gn = Z ar = Z deAka A= {”dk” < 2dZ—l}
1<k<n 1<k<n
hn = Z bk = Z deBka Bk = {"dk” > 2d2—1}
1<k<n 1<k<n
then
FP<g+h <+ llbnll
n>1
S(g) < S(f) + S(R) < S(£) + Y _ libal
n>1
B8(*) < CBa(g") + OB (3 Il
n>1

By Lemma 9, we have

Ed¥(g*) < CE®S(g) + CE®(2d")

< CE®(S(f)) + CE@(Z ||bn||) + CE®(d*).

n>1

d" < S(f) = Y lIball < 2d° < 25(f)

n>1

So E®(f*) < CE<I>(S(f)). The proof of the other inequality is similar,
using S(f) < S(g) + 2,51 1ball, g° < F* + 32,51 llball-

Remark 11. Let &(z) = zP, 0 < p < +00, we can obtain (11.2) in
[2] and (1.6), (1,7) of Thorem 1 in [3] with different constants by inequality
lfllp < |If*|lp, but the constants in [3] are the best possible.

Lemma 12. There exists a constant C depending only on ® such

that for all nonnegative R-valued tangent sequences (dn)n>1, (€n)n>1, we
have

E® (Z d,,) < CE® (Z e,,)

n>1 n>1

Proof. see [4, Theorem 2].
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Corollary 13. Let X be a Hilbert space, then there ezxists a con-
stant C depending only on ® such that for all X -valued conditionally sym-
metric sequences (dn)n>1, (én)n>1, dn, en € Li(p, X), when (”d"”)n>1
and (||e,,||)n>1 are tangent, we have -

E®(f*) < CE®(g*)
where [, = leks" di, gn = Z1glcgn €k-

Proof. From Lemma 12,

E®(f*) < CE®(S(f)),
E®(S(g)) < CE®(g*)

and we take ®(¢'/?) in stead of ®(t) and take tangent sequences (||d,||?)

n>1’
(”ennz)nzp and get

E3(S(f)) < E®(S(g))
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