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A GENERALIZATION OF THE WHITEHEAD PRODUCT
NoBuYyuUkl ODA

1. Introduction. Barratt [4] and Arkowitz [1] defined the gener-
alized Whitehead product

[@,0] € [E(X AY), Z]

for any elements a of [£X, Z] and 8 of [LY, Z], where X A is the suspension
space of a space A with a base point and [4, Z] is the set of base point
preserving homotopy classes of base point preserving continuous maps from
Ato Z. ,

Let I" be a co-Hopf space. For any space X, we write [ X =T A X,
the smash product of I' and X. We call I'X the I'-suspension space of a
space X. If ' = £ = S! (1-sphere), then ['X = X = S1 A X is the usual
suspension space of X. In general, if I is a co-grouplike space, that is,
an associative co-Hopf space with an inverse, then I'X has a co-grouplike
structure induced by that of I'. The co-grouplike structure of ' X enables
us to define a generalization of the product of Barratt [4] and Arkowitz [1];
we shall define an element

[CY, ﬁ]l" € [F(X /\Y), Z]

for any elements « of ['X,Z] and 3 of [I'Y, Z]. We refer to the element
(@, B]r as the I'- Whitehead product of o and 3. The definition of the I'-
Whitehead product [e, B]r is obtained by making use of the commutator.
This generalizes the Whitehead product studied by Barratt and Arkowitz.
We show that the I'~Whitehead product enjoys many properties of the
usual Whitehead product. We also study the dual results.

In the first section we define the I'-Whitehead product [e, 8]r. If @ €
[TX,Z),B€[l'Y,Z] and v € [l X, Z] (or v € [['Y, Z]), then v acts on the I'-
Whitehead product [, 8]r, which we denote by [a, 8]L. The I~-Whitehead
product with this action has many of the properties of the usual Whitehead
product. It is natural with respect to induced maps between homotopy
sets. It satisfies the relation y([a, 8]2,) = 0 for any co-grouplike space
I';y and any co-Hopf space I'5, which is a generalization of the well-known
fact that the suspension of any Whitehead product vanishes. Moreover, we
prove that the I~Whitehead product [a, 3]r is biadditive and satisfies the
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Jacobi identity under some conditions with the action of v (Theorems 2.8,
2.9 and 2.11). The author did not find in the literature the explict formulas
with the action of v and the explicit proof of the Jacobi identity even in
the case ' = S!. In the second section we define I'*- Whitehead product
[a, B]r+, which is a dual concept of the I'-Whitehead product [e, S|r. This
generalizes the dual product of Arkowitz in §6 of [1]. We will see that some
of the results in the preceding section can be dualized. But the dual results
are not complete ones. In the third section we study the relation between
the I'~-Whitehead product and the Samelson product and also the relation
between the I™-Whitehead product and the dual Samelson product.

We work in the category of topological spaces with a nondegenerate
base point * (cf. [9]). For any spaces X and Y, the wedge sum (one
point union) X VY is a subspace of the product space X x Y with the
inclusion map j: X VY — X x Y. The smash product X AY is defined
by XAY =(X xY)/(X VY). We use the same notation for a map and
its homotopy class.

2. I-Whitehead product. We write ' A X = T'X (the I'-
suspension space of X) for any co-Hopf space I" and any space X. A
map f: X — Y induces a I'-suspension map T'f:TX — I'Y. We see
Fgol'f =T(go f) for any maps f: X Y and g: Y — Z.

Let A be a co-Hopf space with a co-multiplication 8: A — AV A. For
any maps o, 3: A — Z, we define o+ 3: A — Z by

a—i—ﬁ':vzo(avﬁ)OB,

where VV;: Z V Z — Z is the folding map. This defines a homotopy class
a+ 8 € [A, Z] for any elements o, 8 € [4, Z].

A space A is called a co-grouplike space (cf. Whitehead [9]) if it is a
homotopy associative co-Hopf space with a homotopy inverse (inversion)
viA — A, namely, 1, + v ~ ¥ ~ v + 1,, where 14: A —» A is the
identity map. Let I' be a co-grouplike space with a co-multiplication
g:T - I'vI. We define

05 = OAlx: X = TAX — (IVL)AX = (TAX)V(TAX) = TXVIX.

Then I'X is a co-grouplike space with a co-multiplication 8y for any space
X (cf. 6.3.14(a) of Maunder [7]).
Consider a cofibration sequence

PXVY) Srx <v) S rxay) S srx vy) 25 sr(X < Y).
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Let p1: X xY - X and p;: X xY — Y be the projections and
j1: X = X VY and j: Y - X VY the inclusion maps. We define a
map p: T(X xY) 5 T(XVY) by p="T(j10p1)+T(j2 0p2). Then the
map p satisfies the relation poI'j >~ lp(xyy). Then by a long homotopy
exact sequence, we have a short exact sequence of groups

21) 0 — [Lx AY), 2] Y% n(x x 1), 2] "5 [p(x v Y), 2] — 0
for any space Z. We define

G=aolp: (X xY)>Z and B=Folp: (X xY)>Z
for any maps a: X — Z and 3: TY — Z. Let
(2.2) [@,8l=a+B-a—-pBc[l[(X xY),Z]

be a commutator defined for any elements a € [['X, Z] and 3 € [I'Y, Z] by

making use of the co-grouplike structure of I'(X xY'). Since (I'j)*([a, 8]) =
0 in [I'(X VY),Z], we can find a unique element

[, Bl € [F(X AY), 2]

with (Tq)*([e, Blr) = [&, ] for the identification map g: X xY — X AY.
We refer to the element [, S]r € [[(XAY), Z] as the ['- Whitehead product
of o € [[X,Z] and B € [TY,Z]. If T = S! (l-sphere), then [, G]r
coincides with the generalized Whitehead product [a, 3] of Arkowitz [1].

Remark 2.1. Arkowitz [1] uses the commutator (z,y) = 27 'y~ lzy
in the defintion of the generalized Whitehead product [a, 5]. Then we have
[a’ﬁ]Sl = [_a’ _:6]

In a group G, an “action” of a on z is defined by conjugation z¢ =
aza~! for any z,a € G and relations between commutators and actions are
known as in Lemma 2.7. We now define actions of elements of homotopy
groups on I'~Whitehead products.

Ifae[l'X,Z), B€[lY,Z] and v € [I'X, Z] (or v € [I'Y, Z]), then v
acts on the I-Whitehead product [a, 8]r, denoted by [a, 8]{, by the formula

(2.3) (Cq)"([e BlF) =7 +[@.B] -7 =[@.8]"

for the monomorphism (I'g)*: [(X AY),Z] — [I(X x Y),Z] in (2.1)
(cf. Marcum [6]).
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We remark that any element v € [['(X x Y), Z] acts on any element
a€[[(XAY),Z] by

(Tg)*(@”) =v+aolg—y=(aolq)? € [[(X xY), 2.

The I'-Whitehead product with action [, 8] does not always have the
form [0/, B]r for some o/ € [['X,Z] and §' € [I'Y,Z]. Bearing these in
mind, we have the following formulas: If [o, 8]r = 0, then [a, 8] = 0 for
any v; [0 812 = [, Blrs ([, BIL)" = [, BIF™™ for any y1 and 7.

The construction of I'~-Whitehead product is natural in the following
sense.

Proposition 2.2. Leta € [['X,Z], B€[lY,Z] and v € [[X, Z] (or
v € [T'Y, Z]) be any elements. Then we have the following results.
() wola, Bl = [woa,woBIf°" for anyw: Z — Z'.

(i) [, B]foT(6AE) = [aoFJ,ﬂoFe]}/ forany d: X' > X ande: V' —
Y, where ¥ = yoTé if y€[[X,Z] and v' = yoTle if y€[IY,Z].

Proof. (i) Consider the following commutative diagram.

(Tg)*
0 [D(X AY),Z] (X xY), Z]
* l (Tq)* l *
0 (X AY),Z') [T(X xY), 2"

We see

(Tg)*(we [a; A1) = (Tg)"{ws([e: BI1)} = wef{(Ta)"([e, BJr)}
=w(y+a+s-a-pg-7
= (o) +(wed) +weh) - (wod) = (woh) - (wo7)
=woy+woatwof-woa-woB-woy

= [@55,50 BT = (T)"(jw o w0 A7),

Then we have w o [a, 8]} = [wo a,wo BJ£"".
(ii) We prove the case v € [['X,Z]. The other case is proved similarly.
Consider the following commutative diagram.
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Proposition 2.3. Let I be a commutative co-grouplike space. Then
[@,B]l =0 forany & € [IFX,Z], B € [IY,Z] and vy € [[X,Z] (or
v € [TY, Z)).

Proof. Since [['(X x Y), Z] is an abelian group when I' is a commu-
tative co-grouplike space, we have

@B =7+a+B-a-B-7=0
in (2.2) or (2.3). Hence we have the result.

Proposition 2.4. If Z is a Hopf space, then [a, 8]} = 0 for any
elements a € [I'X,Z), €LY, Z] and v € [['X,Z] (or v € [IY, Z]).

Proof.  Since [['(X x Y), Z] is an abelian group when Z is a Hopf
space, we see that [&, /3] = 0 in (2.2) or (2.3). Then we have the result.

Proposition 2.5. Let 'y be a co-grouplike space and I's a co-Hopf
space. Let

[o: [T1(X AY),Z] = [[2T(X AY), T2 Z)

be the I'y-suspension homomorphism, then T'a([e, ﬂ]?‘1) =0 for any ele-
ments a € [[1X,Z], Be€[nY,Z] and v € [I'nX,Z] (or v€[I1Y,Z)).

Proof. Consider the following commutative diagram.

(T2T1q)"
[PzPl(X A Y)FZZ] [P2F1(X X Y),F2Z]
- | -
(T19)"
[C1(X AY),T3T22] [[L(X x ¥),[3T52)

The map 7: [['2A4, B] — [A,T3B] in the above diagram is the adjoint iso-
morphism.
It follows then that

(F2F1q)*: [FzFl(X A Y),FQZ] —_— [I‘gI‘l(X X Y),FzZ]
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is a monomorphism for the identification map g: X XY — X AY. We see
T2([@, B]7) = 0 in [[oI'1(X x Y),T2Z], since the group is an abelian group
when I'; is a co-grouplike space and I'; is a co-Hopf space. Then we have

Thus we have TI'z([a,B]f ) = 0.

Theorem 2.6. Let T: YAX — X AY be a switching map defined
by T(yAz)=xAy for any element yAz € Y AX. Let a € [['X,Z],
B €LY, Z] and v € [['X,Z] (or v €[TY,Z]) be any elements. Then the
T'-Whitehead product [o, 8]} € [[(X AY),Z] satisfies

(PT)* ([, B]7) = = (B, o}

Proof. We prove the case v € [['’X,Z]. The other case is proved
similarly. Consider the following commutative diagram.

(Tg)

[L(X AY), Z] (X xY),Z]
o7y | |
(Tg')*

[T(Y A X), Z] (Y x X), Z]

In the above diagram, the maps g: X XY = X AY and'¢': Y xX - YAX
are the identification maps and T: Y x X — X x Y is a switching map.
Then we have

(T {(TT)* ([, B]1)} = (CT)"{(Tg)* ([, BI1)}
=(IT)H+a+B-a-B8-7)
=y+a 48 a ~F -

a-pf-a-7)
= (T¢)* (=8, el}),
where ¥ = yoI'py: (Y x X) 5 TX — Z,@ = aolyp): ]."(Y‘x X) —

FTX > Zand B = Bolp:T(Y xX) > Y — Z. Since (T'¢)" is a
monomorphism, we have the result.

It
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We use the following well-known results on commutators in a group.
See, for example, 5.53 and 5.54 of Rotman [8].

Lemma 2.7. Let G be a group. We define z® = aza™! and [z,y] =
zyz~ 'y~ for any elements z,y,a € G. Then, for any z, y, z € G, we
have

(i) [z, 97" = [y, 2]

(i) [z,yz] = [z,9][z, 2] = [z, y][z, 2][[2, 2], 0]

(ii)) [zy, 2] = [y, 2]°[z, 2] = [y, 2][[2, 4], z][z, 2]

(iv) [z, [y~ 2)Ply, 27 2]l [z 27 0]l = 1,
[y 2l 2 [l y] 2 ([z 71 2], 9] = 1

(V) (= 9], 27y~ 2, 2] = ([, 9], (27, ]

Theorem 2.8. (i) Let o, € [I'X,Z] and v € [I'Y,Z] be any
elements. Then we have

[+ 8,7 = 8,71 + [a,7]r-

(ii) Let a € [I'X,Z] and 8,7 € [TY, Z] be any elements. Then we have
[ 84 7lr = [, Blr + (e, 7iE.

Proof. These are obtained by Lemma 2.7 and the definition of the
I'-Whitehead product.

We use the notation cat(X) in the sense of Whitehead [9], Chapter
X, so that cat(X) = 0 if and only if X is contractible, and cat(X) < 1 if
and only if X is a co-Hopf space. Then Theorem 9 of Fox [5] reads

cat(X x Y) < cat(X) + cat(¥).

Theorem 2.9, Let T be a co-grouplike space. If X and Y are

co-Hopf spaces, then
(l) [a'i'ﬁ,'ﬂl" = [av"l/]l'"i‘[ﬁ"ﬂf fOT any «, ﬁ € [FX$ Z] and'}' € [FY, Z]

(i) [, B+YIr = [, Blr+[a,¥]r for any a € [T X, Z] and B, v € [I'Y, Z].
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Proof. (i) Since X and Y are co-Hopf spaces, we have cat(X) <1
and cat(Y’) < 1. It follows then that cat(X x Y') < cat(X) + cat(¥) < 2.
Then any 3-fold commutators vanish in [[{X x Y),Z] = [X x Y,I'*Z],
namely [[¥,8],& = 0. Consider the following exact sequence of (2.1).

0 — [L(X AY), 2] Y25 p(x x V), 2] Y25 n(x vY), 2] — 0.

We remark that [I'(X AY),Z] is an abelian group, since X (or Y) is a
co-Hopf space. Then we have

(Cg)*([a + 8,4]r) = [ ¥ 8,7] = [+ B,7]
= (8,7 + (7. 8], a] + [&,7]
=891+ [a,7]
= [@,7] + [8,7]
= (Cg)*([er,¥Ir + [8,7]r)-

Hence we have [a + 8,7]r = [, ]r + [8,7]r-
(ii) is proved similarly.

As a special case of Theorem 2.9, we have the following result.

Corollary 2.10. Let X = T'hZWU and Y = IV for some spaces U
and V and a co-Hopf space I'1. Let T" be a co-grouplike space. Then we
have
() [e+8,7r = [@,7lc +[8,7r  forany a, 8 €[TX, Z] andy € [T'Y, Z).
(i) [e,B8+9]r = [, Br+[auY]r forany a € [[X,Z] and B, v € [T'Y, Z].

Now, we consider 3-fold I'-Whitehead product of type [[e, a2]r, a3]r
and an action of an element 7 on it, namely, [[a, o:z]p,ag];.

Let X;, X2, X3 and Z be any spaces. Let a; € [['X;, Z] fori =1,2,3.
Since [051,&'2]1“ € [F(Xl A XQ),Z], we have [[al,ag]p,ag]r € [F(Xl ANXs A
X3), Z]. We put

,31‘ =Ct’1‘0].—‘pi1 P(Xl XX2 XX3) —)PXZ — 7

which is the composite of a; and the I'-suspension of the projection p;: X; x
X2 x X3 — X;. We remark that the natural identification map g¢: X; x
Xo X X3 = X A Xy A X3 implies a monomorphism

(Tq)*: [T(X1 A X2 A X3), Z) = [D(X1 x X3 x X3), 2],
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since it factors through following two monomorphisms

[T(X1 A X2 A X3), Z)
](FQIZ’ Alxs)*
[T{(X1 x X2) A X3}, Z]
|(Caiz.a)”
(X1 x X2 x X3), Z].

We remark that

(Tg)*([[or, ce2lr, es]r) = [[61, Ba], Bs],

since, by the above factorization of (I'q)* and Proposition 2.2 (ii), we have

(Tq)*([[a1, a2]r, az]r) = (Tq123)"(Tgq12 A 1x3)*([[1, 22]r, as]r)
= (Pq123)*([[a1, a2]r o T'q12, a3]r)
= ([[a1,22], a3]r) ° Tq12,3
= [[B1, B2, B3],

where a; = ;0 I'p;: (X1 x Xg) » Z fori =1, 2.
Let v € [[' Xy, Z] for some k =1,2,3 and put

5:70Ppk: F(Xl X X9 XX3) —TI'X, — Z.
We define [[a1, az]r, a3]} (the action of v on [[a1, a2]r, as]r) by

(Tg)*([ar, a2]r, a3]k) = 6 + [[B1, B2), Bs] — & = [[B1, Ba), Bs)°-

We have to show that [[a1, a2]r, as]] is an element of [['(X; A X2 A
X3), Z]. To show this, we consider the following diagram.

I'qia,3 Fg12nlx3

F(Xl X Xz X X3) F((.Xl X Xg) A X3)

F(X] AXo A Xg)
Tj12,3 ] [(ji12Alx3)

F((X1 XX2)VX3) P((Xl VX2)/\X3)

The row of the above diagram is the factorization of I'g: I'(X; x X3 x
X3) = (X1 A Xa A X3). Since [[/31,;92],,63]‘s oI'ji23 = 0, there exists
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an element [[81, Ba], B3]} € [[(X1 x Xa) A X3, Z] such that [[81, Ba], B3]} o
Tgi23 = [[B1,B2),85)°. Moreover we see [[B1, ], B3)F o T'(jiz A 1x3) =

[[B1, B2)oT 712, ,63]11’ = 0 by Proposition 2.2 (ii), then there exists an element
[[al,ag]r,a3]'171 € [I'(X1 A X2 A X3), Z] such that

(Pqi2 A 1x3)*([[r, @2]r, as]}) = (B, B, Bs)F
so that
(Tg)*([[o1, a2]r, a3]f) = (a1, o2)r, a3]f o T(g12 A 1x3) o Tgi23
= ([B1, Ba), Bs)°.

This shows that the above definition is well-defined. We see that
[[e1, @2]r, @3] = [[a1, @2]r, as)r and

([[en, e2lr, as]2)® = [[n, oa]r, ag ¥

Theorem 2.11. Let I’ be a co-grouplike space. Let oy € [I' X}, Z],
ay € [ Xy, Z] and a3 € [I' X3, Z] be any elements. Then we have

(24) (TT213)* ([~ o2, aulr, as]p?) + (TTs21)*([[—as, a2)r, 01]F)
+ (TT132)*([[~ o1, a3)r, a2)p!) =0,

where Tijki X1 ANXo AN X3 = X; AXj A Xy is the permutation of factors.
Moreover, if X1, X2 and X3 are co-Hopf spaces, then we have

[[a1, @2]r, as]r + (TT231)*([[a2; as]r. ealr) + (TT312)* ([[es, cu]r, a]r) = 0.

Proof. Let 8; = a; o I'p;: F(Xl X X9 X X3) — I'X; — Z be
the composite of a; and the I'-suspension of the projection p;. Consider a
monomorphism

(Fq)*: [F(Xl AXo A Xg), Z] — [P(Xl x Xo X X3), Z]

induced by the natural identification map g: X; x Xox X3 = X1 A XA X,
as remarked before.

Let gijk: Xi X X; x Xy — X; A Xj A Xy be the natural projections and
Tijk: X1 x X2 x X3 — X;x X;jx Xy be the permutation of factors so that we
have the following commutative diagram, where v;jx = [~ i, o;]r, ax]p'.
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Fq;_,-k Yijk
D(X; A Xj A Xy)

P(Xi XXJ' X Xk)

| AT T ] PTjk

[(X;, x Xa x X3) T(X1 A X2 A X3)

Firstly we remark that
(C@)*{(CTs0)* ([~ s @jlr, ek]t)} = (CTijk) " {(Tgiji) " ([ =4, 5], e ]p?)}
= (CTi)" (65 B, Bil”)
= [[;6“ lg_)]) ﬁk]ﬁir
where 8; = a; o I'pl: T'(X; x X; x Xi) = I'X, = Z, since B5 o I'Tyj, =
as o I'py o T'Tyjx = o, o Ips = Bs. Then we have a relation
(Tg)*{(T'T213)* ([~ a2, e1]r, a3]5?) + (FT321)* ([~ @3, a2]r, 01]32)
+ (TT132)* ([~ 01, as]r, e2]p")}
= [[;:32’ ﬂl]:ﬂﬁl]ﬁz -i_ [[;183’ ﬂ2])ﬂ1]ﬁ3 'i' [[;ﬂ11ﬂ3]7 ﬁ2]ﬁ1 =0

in [['(X; x X3 x X3),Z] by Lemma 2.7(iv).

Then the first relation holds by the definition of I-Whitehead product.
Now suppose that X; is a co-Hopf space and hence cat(X;) < 1 for ¢ =
1,2 and 3. Then we have

cat(X; x X2 x X3) < cat(Xy) + cat(Xz) + cat(X3) < 3.
Then any four-fold commutators vanish in
(X1 x X2 x X3),2Z] = [X; x X2 x X3, Z].
Thus we have
(1. B2). Ba] + [[~B2, B1), Bs)*> = [[B1, Ba), [~ B3, B2 = 0
by Lemma 2.7 (v). It follows that
([~ B2, B, Bs)* = [[B1, B2, Bl

Similarly we have
([~ 83, 8], i) = (B2, Bs], B1]
and

([=81, Bs), B21Pt = [[Bs. B1], Ba)-

Then we have the result.



A GENERALIZATION OF THE WHITEHEAD PRODUCT 125

3. I'*-Whitehead product. Let map*(4,Z) be the space of base
point preserving maps from A to Z. We define I X = map*(T, X) (the
[-loop space) for any co-Hopf space I'. A map f: X — Y induces a -
loop map I f: "X — I'Y. We see [*goI'™*f = I'"*(g o f) for any maps
f: X =Y and g: Y — Z. We define

6% = map*(8,X): map*(I', X) x map*(T, X)
= map*(C' VI, X) = map*(T, X).
If I' is a co-grouplike space, then I'*X is a grouplike space with multipli-

cation 6 for any space X (cf. 6.3.14(b) of Maunder [7]). There is the
following isomorphism as grouplike spaces;

I"'(X xY)=I"X xI"Y.

If Z is a grouplike space with a grouplike structure y: Z x Z = Z,
then we define o+ 3: A = Z by

at+B=polaxp)oly

for any maps o, 8: A = Z, where A4: A - A x A is the diagonal map.
Let X bY be the homotopy fibre of the inclusion map j: XVY —
X x Y. We shall now define the I'*- Whitehead product

[, Br- € [W,T"(X b Y)]

for any elements a € [W,I'*X] and 8 € [W,I*Y]. If T = S, then the
I™*-Whitehead product [e,B]p+ coincides with the dual product in Defi-
nition 6.2 of Arkowitz [1]. (We have to remark that Arkowitz [1] uses the
commutator (z,y) = £~ 'y~ !zy for the definition of the dual product [a, 8].
Then we have [, 8]s1- = [—a, —3].)

Consider a fibration sequence

e (X vY) ZHar (X x Y)
2rxby) Braxvy) ZAr(x x v).

Letp;: XxY = X, p2: X xY — Y be the projections and j;: X —
XVY,j2:Y > X VY the inclusion maps. We define o = I'*(j, o p1) +
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I'*(j2 o p2). Then we have (I'*j) o 0 = 1p-(xxy). Therefore there is a short
exact sequence of groups

(3.1)
0 — w,r (X b )] Eh wr,r(x v Y)) S w,rt (X x V)] — 0
for any space W. We put
a=(j)oa: W THXVY) and g=(["j)0B: W 5T (X VY)
for elements o € [W,I'*X] and 3 € [W,I*Y]. We define
(3:2) @,fl=a+B-a<-Be W, (XVY)).

We see that (I'*).([a, 8]) =0 € [W,T*(X x Y)], for [*(X xY)=T*X x
Y. Since (I'*i),: [W,[*(X bY)] — [W,I*(XVY)] is a monomorphism,
there exists a unique homotopy class [, B|r- € [W,I'*(X b Y)] such that

(T*%)+([ev, Br-) = [a, B]-

We refer to the element [a, B]r- € [W,I*(X b Y)] as the I'*- Whitehead
product of a € [W,I™*X] and 8 € [W,IT*Y].

Ifa € [W,I*X], 8 € [W,T*Y] and v € [W,['*X] (or v € [W,[*Y]),
then 7 acts on the I'*-Whitehead product [, 8]r-, denoted by [, 8]}, by
the formula

(3.3) (C*)([o Bl1) =7+ (@ Bl 7 = [, B

for the monomorphism (I'*7),: (W, T*(X b Y)] —» [W,[*(X VY)] in (3.1).

The element [, 8], does not always have the form [¢/, #']p- for some
element o/ € [W,I*X] and §' € [W,[*Y]. But, actually, any element
v € [W,[*(X VY)] acts on any element a € [W,I'*(X b Y)] by the formula

(T*a(a") =y 4 TYca-y=(T"iea).

Then we have formulas: If [o,B]r+ = 0, then [a,8]L. = 0 for any =;

@B = [, Bl ([, )™ = o, AR
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Proposition 3.1. Leta € [W,I*X], B € [W,["Y] and v € [W,[" X]
(or v € [W,T*Y]) be any elements. Then we have the following results.
(i) [o,8f.cw=[aow,Bouwll’ forany w: W' — W.

(i) T*(6 b €) o [a, B = [(T*8)oa, (T*e) 0 BlY. for any 6: X — X' and
e:Y =Y, wherey = (I™8)ovy if vy € [W,[*X] and v = (T™e) oy
if v € (W, T*Y].

Proof. (i) Consider the following commutative diagram.

[(W,T*(X b Y)] - [W,[*(X VY)]

“’*1 l“’*

(T*i).
0 —— [W,T*X b Y)) [W/, T*(X VY)]

0

We have

(T*)u ([, B]f. ow) = (T*i)u{w"([e, B]7.)} = w™ {(T"49)u ([, BIE.)}
=w(ytat+f-a-B-7)
=(yow)+(aow) +(Bow) - (aow) - (Bow) - (yow)
=yowtaowtfowrgow-fow-yow

= (i) (la 0w, Bow]l).

Then we have [a,f]}. ow =[aow,fo w] 2.

(ii) We prove the case vy € [W,I'*X]. The other case is proved similarly.
Consider the following commutative diagram.
(T~i).

0 —— [W,I*(XbY)

[W,T*(X VY)]

{r=(6 b &)} l l {r" (5 v €)}.
(T*i').

[W,T*(X' v Y")]

[W,D*(X" 5 Y")]

Let ji: X' = X'vY  and jp: Y' = X' VY’ be the inclusion maps. We
write (¢)' = T'*j] o ¢ and (n)’ = ['*j; 0y for any maps ¢: W — I'"X" and
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n: W - I'*Y’. Now we see

(Ci"){T*(8 b €) o [, B]L.} = (T*){(T*(6 b 5))*([a,ﬂ];’1.)}
= (T*(8 Vv e))u{(T"1)s ([ B]7.)}
=(*@ve))y+tat+B-a-B-7)
={I*(dve)oqy} +{T*(dVe)oa} +{I*(6Ve)o S}
—{I*(0Vve)oa} - {I*(dVve)of} - {I"(6Ve)or}
=([*60y) + ([*6oa) +(Tco P)
T (Ldoa) —(T"eof) — (Idoy)
= (T*#"),([T*6 0 o, T*c 0 BJ1.),

since we have the following commutative diagrams for a and § and similar
one for 4:
a I'j
W—s "X —— I*(XVY)

r*é \ I*(6 V)
I‘!tJl

rx’ 1 r“(x'vy’
B I'j2
W—— I*Y —— I*(XVY)

e J (6 Vv ¢€)
I'\‘J,

[y —— X' VY

Proposition 3.2. If W is a co-Hopf space, then [a, B8]E. = 0 for any
elements a € (W, I X], 8 € [W,T*Y] and v € [W,T*X] (ory € [W,*Y])).

Proof. If W is a co-Hopf space, then [W,I*(X VY)] is an abelian
group. It follows that [a, 8] = y+a+B-a—-B—-y=0¢€ [W,[*(XVY)]in
(3.2) or (3.3). Then we have the result by the definition of I'*-Whitehead
product.
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Proposition 3.3. Let I'y be a co-grouplike space and 's a co-Hopf
space. If T%: [W,T'H(X b Y)] - [[3W,I5I5(X b Y)] is the ['y-loop homo-
morphism, then F;([a,ﬂ]i%) =0 for any a € [W,I™X], B € [W,[*Y] and
v € [W,I*X] (or v € [W,T*Y]).

Proof. Consider the following commutative diagram.
(T3r19)-

[C3W, D3T3 (X b V) [C3W, D3T3 (X V Y]
T ] 1 T*
(T1).
LW, T(X b Y)) LW, TH(X VYY)

The map 7*: [4,['3B] — [['24, B] in the above diagram is the adjoint iso-
morphism. Weremark that (I'12),: [[2I3W, T (X bY)] — [[2I5W,Tj(XV
Y)] is a monomorphism and hence

([3T74). : [L3W,T3T1(X b Y)] — [[3W, T3T(X vV Y)]

is a monomorphism.
Now we see I';([a, 8]1) = 0 in [[5W, T3 (X VY], since the group is an
abelian group. Then we have

(C5018)4{T5([o, Bl3y)} = T3T74 0 T3 ([ev, BIE.)

= T3(ITio [o, B7.)
=T3(le, f]2) =0

for the inclusion map i: X b Y — X VY. It follows that I‘;([a,ﬁ]}I) =0.

Theorem 3.4, LetT: X bY = Y b X be a “switching” map of
induced fibres. Let a € [W,I*X], B € [W,I*Y] and v € [W,T*X] (or
vy € [W,I*Y]) be any elements. Then the I'*-Whitehead product [c, 5]}
satisfies

(C*T)u ([ BF-) = (B, o}

Proof. Consider the following commutative diagram.
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(T*4).

[W,T*(X b Y)] (W,T*(X VY)]
.| =
(T=i").

[W,T*(Y b X)] [W,T*(Y V X))

In the above diagram, the maps¢: X bY > X VY andi: Y b X - Y VX
are the inclusion maps and T: X VY — Y V X is a switching map. Then
we have

(C*){(C*T)u([a, B1E)} = (T T {(T*)u (o, BIE-)}
= Thiztet+tB8-a-B-7)

where o/ =T*jioa: W - I*X 5 T*(YVX)and § =T*jloB: W —
I'*Y - I™*(Y VX) and v is defined similarly. Since (I'*i’), is a monomor-
phism, we have the result.

Theorem 3.5. (i) Let a,f € [W,[*X] and v € [W,I"*Y] be any
elements. Then we have

[a + B,7]r- = [B:7]R- + [ 7]r-

(ii) Let a € [W,I'*X] and B,v € [W,I*Y] be any elements. Then we have
[aaﬁ + ’Y]r" = [01 ﬁ]l" _,’_ [av 7]?" .

Proof. These are obtained by Lemma 2.7 and the definition of the
I'*-Whitehead product.

‘We need further study on the theory of cocategory and flat product to
prove biadditivity and to consider suitable formulation for Jacobi identity
for I™-Whitehead product, namely dual results of Theorems 2.9 and 2.11.

4. Samelson product and dual Samelson product. Let G be
a grouplike space. Then there exists a short exact sequence of groups

0 —[XAY,G L5 [XxY,G] Lo [XVY,G] — 0
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induced by a cofibration sequence
xvy Lxxy L xay Lexvy) 2L X xY).

(cf. 1.3.5 Lemma of Zabrodsky [10].) For any elements o € [X,G] and
B € [Y, G], we define a = aop, and 8 = Jop, for projections p;: X xY — X
and pz: X xY — Y. Then we define the commutator

[@B)=a+B-a-Be[XxY,G)

We see j*([a, 5]) = 0 and hence there exists a unique element (a,3) €
[X AY,G] such that ¢*((a, 8)) = [a,8]. The element {a, 3) is called the
generalized Samelson product (cf. Section 5 of Chapter 10 of Whitehead
[9]). This is the commutator product of Arkowitz [2].

Ify € [X,G] or ¥ € [Y, G], then v acts on the Samelson product {a, 3)
by

q*(<aa ﬁ)"/) = 7 + [a, /6] o ﬁ = [a’ﬂ]‘Y'
Now consider the adjoint isomorphism
7: [CA, Z] = [A,T*Z].

If [ is a co-grouplike space, then I'*Z = map*(I', Z) is a grouplike space.
Then putting G = I'*Z in the definition of the Samelson product, we
can define {t(a),7(8)) € [X AY,I'*Z] for any elements a € [['X, Z] and
B € [T'Y, Z]. The following result is a generalization of a result of Arkowitz

[2]-
Proposition 4.1. For any elements a € [['X,Z], B € [I'Y,Z] and
v €[lX,Z] (or v € [T'Y, Z]), we have

([e, B]) = (r(a), 7(B))™™

Proof. Consider the following commutative diagram.

(Cg) (T3
0 —[[(XAY),Z] — (X xY),Z] — (X VY),Z] — 0

.| 4
q J
0— [XAY,I*Z] — [X xY,I*Z] — [XVY,[*Z] — 0
Vertical arrows 7’s are group isomorphisms. We remark that 7(a) = r(a o

Ip1) = 7(a) o p1, etc. Then we have the result by definitions of the I'-
Whitehead product and the Samelson product.
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Now we consider the dual Samelson product. Let C be a co-grouplike
space. Then there exists a short exact sequence of groups

0—[C,XbY] 5 [C,XVY]I5[C, X xY]—0
induced by a fibration sequence
e oxvY) axxy) - Lxry Hxvy Lxxy

For any elements o € [C,X] and B € [C,Y], we define @ = jioa: C —
X > XvYand g=jy08:C Y = X VY for the inclusion maps
j1: X > X VY and jo: Y —» X VY. We define the commutator

[@.8]=a+B8-a-B€[C,XVY].

We see j.([e, 8]) = 0 and hence there exists a unique element

(o, B)s € [C, X b Y] such that
({0, B)s) = [, 8]

The element (a, 3). is the dual Samelson product. This is the flat product
of Arkowitz [3].
If vy € [C,X] or v € [C,Y], then v acts on the dual Samelson product

(@, B)« by } .
i*(<a> ﬂ)Z) =q+ [g’ g] e

Now consider the adjoint isomorphism
" [A,T*Z] = [TA4,Z].

If I is a co-grouplike space, then I' A is a co-grouplike space. Then we can
define (7*(a),7*(8))s € [TW, X b Y] for any elements o € [W,I'*X] and
B € [W,I*Y].

We have the following result.

Proposition 4.2. Ifa € [W,I'*X], 8 € [W,['*Y] and v € [W,[*X]
(or v € [W,T*Y]), then

([o, A1) = (r*(a), 7 (B)) .
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Proof. Consider the following commutative diagram.

(r*). (r*3)

0 —[W,[*(X b ¥)]—= [W,T*(X VY)]—=[W,T*(X x V)] — 0

T* 7_* T*l

i

* e
0— [W,XbY] — [TW,XVY] — [TW,X xY] — 0

The vertical arrows 7*’s are adjoint isomorphisms. We remark that 7*(¢q) =

7*(I™j1 0 @) = j1 o 7*(a), etc. Then the result follows from the definitions
of the I'*-Whitehead product and the dual Samelson product.
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