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THE STEENROD ALGEBRA AND BRAID GROUPS
Mizuao HIKIDA

1. Introduction. Let g # 0 be an element of Z/(p) for a prime p.
In this paper, we define a map ¢q: By — Z/(p) from the braid group B; to
Z/(p) related to a cohomology of the Steenrod algebra with

(1.1) bq(07) = o(1) + (—0)/"gg(0),

where |7| = Y, ¢; for 7 = 0{} 072 - - - o;" (0; are generators of By). This map

emerged from computation of the stable homotopy groups of spheres. In
this paper, we argue the relation between this map and a cohomology of
the Steenrod algebra. In the forthcoming paper, we shall argue the stable
homotopy groups of spheres by using this map.

The braid group B; of degree t is generated by o; (1 <i <t—1) and
relations

(Rl) Oi0iy10; = O'i+10i0'i+1(1 < <t-— 2)
(R2) 0i0j = 0;0; (|t — 3] > 2).

Hence B; has a presentation F;/(R1, R2) for a free group F; = (o1, -,
o¢—1). We notice that the symmetric group S; has a presentation
Fi/{(R1,R2,6? = €) = B;/{c? = e) (e is a unit). We denote & € S;
for o € F;. For example, &; is a transposition (¢,Z + 1). Then we denote
oN = (n&-l(l),--- ,n(—,—1(t)).

Definition 1.1. Inductively we define ¢, : F, — Z/(p) by taking
ng(e) =0, {1-5,1(05,) =1, ﬁgq(gi_l) =¢”! and

Fo(0i0) = Bg(0) + (—0)°, Bylo710) = y(0) — (~g)I1.

Then ¢,(yo) = Pg(0) = Pglo7) for v € (R1,R2). ¢, : By — Z/(p) is
induced from ¢,.

At Proposition 5.2, we show (1.1) and that ¢4 is well defined.
89
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Let A, be the dual of Steenrod algebra for a prime p. Then
. fi =2
(1.2) A, = Z/(Z)[glv@a ] or p 3 '
E(10, 71, ) ®z/(p) Z/(P)[£1, &2, -] for odd prime p.

where E(79,71,---) is the exterior algebra, degé; = 2° — 1 for p = 2,
= 2(pi —1) for an odd prime p, and deg 7; = 2p* — 1. We have a subalgebra

7./(2)[€2,€2, - f =2
(1_3) P, = /( )[§1:€2’ ] or p , -
Z/(p)é1,8&, -] for odd prime p.
Let ¢: A, — A, be a conjugation. In this paper, we use elements
i forp=2 2y forp=2
(1.4) m = c(éi+1) forp and ¢t = c(&f) forp .
c(73) forp>2 c(&) forp>2
For a coproduct A : A, = A, ®z/(;) 4+,

(1.5)
Ar, =1, ®1+ fo:_,- ®7 and Af, = Zfﬁi—i ®& (& =1)
i=0 i=0
Hence,

n R n .
(16) Ann=1@7m+ > n®th_; and Ata=Y» @ _; (to=1).
i=0 =0

Let C = {C% 6 : Ct — C*!'} be a cochain complex defined by
C'= A, ®z/() P = A 82/() - ®z/(p) A« ®z/(nP»  and

t times

13z ®-- ®22@71@mM) = 7 Q0 @207 ® Am
t
+) ()@@ ®AL® QT ®m
=1

()" ®ne- @z ®@m,
in whichz; € A, , me P,and A: N - A, ® N for N = A, or P,. This

cochain complex has the cohomology
HY(C*;8) = ExtYy (Z/(p), P.)

(18) 1
=Z/(p)las,a1, -] (a; € Ext’) (see (2.1-2)).
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At Definition 2.2, we define X (V) € C" representing ay = ap, - - ap,
for any sequence N = (n,---,n;) of integers n; > 0 (see Proposition
2.3 iii)). Then, for any o € F, we define Y,(N) € C*~! in Definition 3.1
such that

(1.9) 0Y,(N)=X(N)— X(oN) (see Proposition 3.3 1)) and
(1.10) Y,+(N) =Y (N)+ Y,(TN) (see Proposition 3.4 i)).

Moreover we define R,(N) € C*~2 for v € (R1, R2) in Definition 4.1 such
that

(1.11) SR, (N) =Y,(N) (see Proposition 4.2 i)).
Definition 1.2. (1) We define submodules of C*, C*~! and C!~2 by

taking
CY = (X(N)), CLYN)=(Y,(rN)|o,T € F),

CL?(N) = (R,(N)|y € (R1, R2)),
CHl = UnNCEY(N) and Ch 2 =UNCHE(N)
(2) We define a map ¢, n : Ft = Ci '(N) by taking

ﬁz’q,N(e) =0, QEq,N(Ui) = Yo‘;(]v)» Q_Sq,N(Ui_l) = q_IYcri(N) and

‘Z’q,N(U;HC’) = J’q,N(G) + qlalq_sq,aN(U;tl)'

At Proposition 5.3, we see that q_Sq,N is well defined and

(1.12) g (0T) = g n(T) + B rn (o).

The definitions of ¢, éq, ~ and the following theorem are the main purposes
in this paper.

Theorem 1.3.
i) C%/6Cy = HY(C*;6) = Exty (Z/(p), P.) = Z/(p)[as,01,---]-

ii) ¢ n(0) = Yo(N), and so ¢1 n((R1, R2)) = 6CL2(N).

iti) ¢qn({(RL, R2)) is a submodule of Cy H(N).
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iv) We assume that n; # nj for anyi # j. Ift > 5 and > # 1 (p) then
Cy ' (N)/¢qN((R1,R2)) = Z/(p) and
bq.n induces
¢q : Bt = F,/(R1,R2) = Cy '(N)/dqn({RL, R2)) = Z/(p)

in Definition 1.1.

The cochain complex C and its cohomology are useful in the field
of the stable homotopy theory. Let HZ/(p) be the Eilenberg-MacLane
spectrum and MU, a ring spectrum representing the complex cobordism
theory. Then the Brown-Peterson spectrum BP is a minimal wedge sum-
mand of MU localized at a prime p. Now HZ/(p),(BP) = P, and the
Adams spectral sequence Ey = Ext;’f(Z /(p), P.) = m«(BP) collapses and
converges (see [9]). The Adams spectral sequence { E(HZ/(p)):", af2/e )}
with

B(HZ/ ()" = Exti{ (2/(),2/(7)

and the Novikov-Adams spectral sequence { E(BP):",dBF} with
E(BP)3* = Ext}y pp(BP., BP.)

are used to calculate the stable homotopy groups of the spheres. For these
E>-terms, we have the Mahowald and May spectral sequences

E(Mah)®t,dMh}  and  {E(May)3t,dM®} with
u,ry T u,r %r

B(Mah)s = Ext'(Z/(p), Bxt(y) (2/(p), P.)) = E(HZ/();"*  and

E(May)}} = Ext3*(Z/(p), Ext}y (Z/(p), P.)) = E(BP);" ™.

By [4, 6], we can calculate d7%/?) and dBP from dM* and d®h, respec-
tively. Moreover d¥2! is calculated by using 6 of (1.7), X(N), Y,(N) and
R,(N) by [4]. We shall use the argument in this paper to calculate d?¥
for p = 2 in the forthcoming paper.

This paper is organized as follows. We define X(N), ¥(N) and
R,(N) in §2, §3 and §4, respectively. The maps ¢4 and ¢q n are argued
in §5.
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2. Definition of X(N). In this section, we define an element
X(N) € Ct. Then we argue the properties of this element.

Let C4 = {C4;64 : CY, — C{"'} be a cochain complex defined by

Cf’l = Ai ®Z/(p) A* and
t .
2@ @12 071 020) = Y (-1)i5,® - @Az ®--- ® 0
1=0

=4 (—1)t+11 VI V-V xy (:lti € A*).

Then we notice that
(2.1) CiDC, §4C =34,
(2.2)
HY(Cy;64) = Bxty (Z/(p), A.) = {‘; o) o
(2.3)
z®y) = r@y+r®Ay for z€ Al = Cilye Al
Hence we have the following lemma.

Lemma 2.1. Forz € C! (t > 0), = = 0 if and only if there exists
an element y* € Cﬁ(l such that §4yd = ¢

Let B, = A,//P, be a quotient algebra, pr : A, — B, a projection
and Ap : B. = B, ®z/(y) B« an induced coproduct. We have a cochain
complex

Cp={Chs =B . Cc5 -y}
defined by

Blry®- - ®r1)= 7® Q11 ®1

t
+) ()@@ Apz; ® - By
i=1

+ (-1 en e ® 1, (z; € B.).

Now pr induces a cochain homomorphism pr, : C = A! @4 /o) P« = Cp =
B} ®z,(y) Z/(p) and an isomorphism

(2.4)
pr. : Extly (Z/(p), P.) = H'(C*) —— Exth (Z/(p),Z/(p)) = H{CE)



94 M. HIKIDA

by the change-of-ring theorem. Then

(2.5) Exty, (Z/(p),Z/(p)) = Z/(p)lao, a1, -]

and a; € Exty (Z/(p),Z/(p)) is represented by pr(n,) € B, = C}, where
Mn € A, is the one of (1.4). Consider elements z(n) = 1, € CY =

n .
A, and X(n) = §4z(n) = Zni ®tﬁx_¢ € C'. X(n) represents a, since
=0
pre(X(n)) = nn € By = Cg. Let N = (ny,ng,--- ,m) be a sequence of
integers with n; > 0. We shall define an element z(N) € C§! = A? so that
64z(N) is included in C* and represents a monomial ay = an,an, - - - an,
as follows:

Definition 2.2. Inductively we define z(N) € Cﬁ(l by taking
z(n1) = nn, and

N
I
:B(N, nH—l) = IL'(TL], te ant,nt—i—l) = Zm(I) & t?\f_ﬂlm“,

where
I'=(iy,i9,--+ ,i1),
N ny  n2 ne
D=2y
I=0 i1=012=0 i =0
and
tIJ)V 1= tful zltﬁ: is n: i

Moreover we define

and so
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We shall prove that §4z(N) = X (V). For this purpose, we notice
the following:

(2.6)

(a®z)(b®y) = (—1)%8"%85b @ zy (see [11, Theorem 17.8]),

N

27 Al =t ,ef ; and
J=1
I N I
(28) AR _m =) 0t J’7n + Z ZtJ m® t ths
J=1 J=1i=0

by (1.6). For any expression f(I),

N N N J
2.9) ZZ“I)@#}-I@’%—J:ZZf(I)®t ®tN 7
I=0J=I J=01=0
N I
=SS et ek,
I=0J=0

Proposition 2.3. For the above X(N), we have the following.
i) 64z(N) = X(N).
ZX(I ® 1% _; € C'® P., in which A,: Ct = Ct @z,
P, s the one mduced by A: Po = P ®z/p) P C Ax Qz/(p) Ps-

iii) X(N) represents a monomial ay.

Proof. 1) We shall use induction on t. For the case of t = 1, (1.6)
implies this part. By (2.3), (2.8), (2.9) and induction,

N
sAz(Nyn) = 843 " 2(1) & & _mn
I=0
N . N I
= — Z 64.’E(I) ® tI]Jv_IUn + Z CL‘(I) ® Atljjv—lnﬂ
I=0 I=0

]\T
==Y Xk IT;,,+ZZ:1:(J & @
I=0

I=0J=0



96 M. HIKIDA

N I n

+ S wn el et

I=0J=0:=0

By definition,

XN =Y z(J) e,

J=0
and
I
2(Li) =Y 2(J) @& mi
J=0
Hence

N n .
§4z(N,n) = Z Zx([,i) ® tf\;_l-tf:_i = X (N,n).

I=0 1=0
ii) By the definition, (2.7) and (2.9),

N N N
AXN =Y e & 08 =3 S enet et
I=0 J=I I=0J=0
N
— ZX(I)@t’,’\, !
I=0

iii) Let pro = pr® ---® pr: Cf(l = Al = C% = B! be a homomorphism.
By induction, we see that pr.z(N,n) = praz(N) @ = n, ® -+, 7 -
This implies this proposition.

3. Definition of Y,(N). In this section, we define an element
Y,(N) € C'~! for o € F;. Then we argue the properties of this element.

Definition 3.1. (1) For t > 0, we define y;41(N,n,m) € CY for
N = (n3,--- ,n) by taking

yi(n,m) = —nnim and
N I
Y1 (N, n,m) = =X (N)npnm = _Z z(I) ® t?\'_["]nnm-
=0
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Inductively we define y;(N,n) € C{! for 1 <i <t — 1 by taking
N I
yi(N,n) = = w(I) @ th_ .

I=0

(2) Next we denote ye(N) =0, yo, (V) = y:(N) and y_-1(N) = 3:(N)
for generators a; € F; and define y, inductively by y_s1_(N) = y-(N) +

N
yi(oN) for o € F; . Now we take Yg(V) = Zyﬂ(I) ®t11)\;—1 e Ct! for
1=0

a=10rao.

Remark 3.2. In the above definition, we notice that 7,7m = —mMn,
and so

(3.1) yi(oilN) = —yi(N)
by induction on ¢ for a fixed ¢. Then
Yortao(NV) = Yo(N) +yi(oN) + Yi(oioN) = ys(N).

Hence y,(N) for any o € F; is well-defined.

By (1.6), (2.6) and (2.7), we see that

n m
i i
Antin = (1@ + > 1 ®_)1®@m + Y 0 @85, )
i=0 j=0

n .o
(32) =1®nalm + Z 7 ® tz_inm
=0

m . n m i .
- Z N ® T?ntﬁ_j + Z Z"h‘"?j ® tf:—itgjl—j’
j=0 i=0 j=0
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and
(3.3)
. N n
Atp —MNm = zt JTIn"Im"‘ Z tJ 1"71 n ,T)m

J=I J=11=0
N m .
ZZ 15 ® e Tt -j
J=I j=0
N n m . .
Z Z Z -1 ® Jtﬁ_itf’,,_j.
J=TI i=0 ]=0

Proposition 3.3. For the above elements, we have the following.
i) [(1.9)] 8Y5(N) = X(N) — X(oN).

i) AY,(N) = ZY (Heth_;.

Proof. 1) In the first place, we prove that
(3.4) §4y:(N) = —2(N) + z(0:N) + Yi(N).
For example, by (2.3), (2.9) and (3.3),

A’
!
5Ayt+1(Na n,m) = E 64-77(I) ® [77n77m - E () ® At?v_]nn"]m
I=0 I=0

I
X(I) @t _Malim

z(])@ ®tN [Mnim

~
Il
)

M= I1M= [ °
M~

J I 1
2(J) ® th_ymi @ thy_sth_inm

]~

J 7 n
z(J) @t7_m; ® tzz)v—Jnntfri—J

+

M= 1
M- T
s 115

-
I}
o
~
Il
=)

o
1l
=}

3

m ;
Y e)e & ynin; ® t,\, 1th- ztzr)nj-] .
7=0

Mz
M»-.

S~
Il

o
<~
I

=)
=)

=
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By the definitions of X (I), X(1,%), X(I,7) and y¢+1(L, 1, 7),

. I i
64411 (Nynym) = — z(1,1) @ thy_ it _im

s ,
z(1,j) ® ® th _]nntf;—j

NERTNgE

.
||
[=]

-+

_+.
m I [\/]z :M>‘ EMZ

m . .
zyt+l (1,4,5) @ thy Itfz—itﬁi—j

0 t=0 j=0
N,n,m)+ z(N,m,n) + Ye1(N,n,m) .

Then (3.4) for any 7 is proved by induction on ¢. In fact, by (2.3), (2.8)
and (2.9),

6‘4yi(N1n)= 254%(1 Iﬂn Zy; I)®Atp IT]n
I=0

N

= S {2 +2(o:]) + Yi(1)} ® oy
I1=0
N J J 1

DNl 0t m

I=0J=0
N I n ; .
=D > ) et me @ty i,
I=0J=0a=0

= —z(N,n) + z(o;N,n) + Yi(N,n).

Next, by (2.3), (2.9) and (3.4),

N N
=SB+ > w() @ AR
I=0 =0

N
== {~z(]) + 2(o:]) + Yi(D)} ® 14

=0

N I
+3S Y wed e,

I=0J=0
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= X(N) — X(o:N).

In the last place, we assume that i) of this proposition holds for o € Fi,
then

5, 21,(N) = 6 {V,(N) + Y, 1(oW) }
= X(N) - X(oN) + X(oN) — X (oi'0N)
= X(N) — X(ct'oN).

By induction, we see i) of this proposition.
ii) This is proved by the same manner as ii) of Proposition 2.3.

Next we prepare the following proposition.

Proposition 3.4.
l) y(TT(N) = y‘r(‘N) + ycr(TN)y Yo‘f(N) = YT(N) + YU(TJV);
yi(oiN) = —yi(N) and Yi(o:N) = -Y;(N).

ii) Yo(N)+ Y,-1(6N) =0 and Y,-1(N) = —Y, (07! N).
iii) If T7oN = oN then Y,-1,,(N) =Y (aN).
iv) Yor(N) = (EG5Y5(N).
Proof. i) This is trivial by induction on a length of the word o.

11) By 1) YJ(N) + Y, (GN) = Ya'_lcr(N) = Y-e(N) =0.
iii) By i), ii) and the assumption,

Ya‘lra(N) = K'U(N) + YJ—I(TUN)
=Y,(N)+ Y (¢eN)+Y,-1(oN)
= YT(O'.N-).

iv) By i) and induction,

Yaf‘+1(N) = Yai(f\’) + Yo—? (G’i]V)

ZK(N)+(1—__(2ﬂ)Y;(UiN)

= -
_(_1\n+1

S G e

2
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Definition 3.5. We define elements v;,7; ; € F; (|i — j| > 2) by

1

1 -1 -1 11
0;410; 0Oi+10i0i41 and Yij = 0; 05 0idj,

Yi =0;
and normal subgroups
(R1) = (i), (R2)= (v ;) and (R1,R2)= (v,

generated by v;, v j for i +1 < j.

Remark 3.6. We notice that 'yl’ jl = Yji-

Consider Y,(N) for these elements v € (R1,R2). The following
lemma is shown by the definitions and Proposition 3.4.

Lemma 3.7. For the above elements, we have the following.

i) YN = N for vy €< R1,R2 >, and s0 Y,y (N) = Yo (N) = Y, (N) +
Y, (N) foryy' € (R1,R2) and Y;-1,,(N) = Yy (oN) fory € (R1, R2)
and o € F;.

i) ¥y, (V) = yit1(N) — g1 (0iN) +yi41(0:0:41N) —4:(N) +yi (o341 N) —
Yi(oi410iN) and Yy, (N) = Yi11(N) = Yip1(oiN) + Yiq1(0i0i41N) —
Yy(N) + Yi(0i11N) — Yi(0iy10:N). :

i) gy, (V) = y;(N) — 4i(N) + yj(0:N) + yi(0; N) and
Yy (N) = Y;(N) - Yi(N) + ¥;(:N) + ¥i(o; V).

4. Definition of R,(N). In this section, we define R,(N) € C'~2
for v € (R1, R2) and prove (1.11).

Definition 4.1. For n,m,[ >0, N = (ny,---,ny) and i (1 <1 <
t — 1), we define elements 744 (N,n,m,1) € CY and r;;41(N,n,m) € Cy*
as follows:

‘T‘]_(n, m, l) = Tn"tm s Tt—%-l(*r\[vana m, l) = X(N)nnnmnl and

T'i,t+1(1va n,m) = Yi(N)nnm-



102 ‘ M. HIKIDA

Then we define r;(N) € Cf4_3 for1 <i<t-2andrjN)e Cfa_g' for
1<i<j—2<t- 3 by taking inductively

N
~(Nn)-zn(1)® M for 1<i<t—2 and
I=0
N
rig(Non) =S rii (D@ B _ymm for 1<i<j—2<t-3.
I=0

Next we take

ry(N) = 7N, 71 (V) = —1(N), ro,(N) = 735(N)  and

T7i_,_1'1 (N) = —T,;,j(.N).

Then we define 7,-1,21,(N) = r a1 (oN) for v = v;, ¥;, v:,; and ¥; ;. Now

any element p € (R1, R2) is given by p = p1 -+ pg - - - pn € (R1, R2) where
n

px = 0~ lyo for some o and vy = 'yfl,'yfjl. We define r,(N) = eri(N).

Moreover we take

N
I
N)=> r(D)®th_,

I=0
where r, = r;, 7;; and r, for p € (R1, R2).

We notice that

(41)
n . m .
AN = 1@ matintt + Y 1 @ th_ifimm — > 0j @ Nathy_imy
1=0 7=0
+Z"]k @nnnmt[ k+zz7h7’b ®tp tm ;M
1=0 j=0

n | . m |
- szﬂk@’tﬁz—ﬁmt‘?ﬁk‘FZZ MMk ® Mt th k
i=0 k=0

:l]:

n m

I

ke

+ > " mim;me ®t” itk
1=0 =0 k=0
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by (1.6), (2.6) and (3.2). Hence, by (2.6) and (2.7),

N
I I J
(4'2) At’])\(_[nnnmnl = Z tﬁ_[ ® tljlv__]nnnmnl

J=I
+Zzt1 mi® n J)m")l
J=Ii=0
N m '
"Zztﬁ-ﬂb‘@t _snth, _Jm
J=I j=0

N
I J k
DD i ® _ manmt]

J=Ik=0
N n m s ;
p P
Y DD i @t _th_th
J=I1=0 =0
N n ! . ; ) .
P 1
- Z th_mink ® thy_sth_imt]
J=Ii=0 k=0
N m 1 . ; . .
. r’
+ S e ® By _ymat i
J=I j=0 k=0
N n

m 1
i j k
> D D e ® sttt

Now we have (1.11) as follows:

Proposition 4.2.
i) [(1.11)] 6R,(N) = Y, (N) for v € (R1, R2).

N
i) A Ry(N) =S R,(I)®8_, for v € (R1,R2).

iii) Ry-1,4(N) = R,(0N)

Ryy(N) = Ry (N) = Ry(N) + Ry(N) for v,v € (R1,R2) and
[l S Ft.
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Proof. i) By using Proposition 2.3 i), Lemma 3.7 ii), (2.3), (2.9) and
(4.2), we see that

I
64741 (N,n,m, 1) ZJAw(I)®tN Innnmm-l-z (DALY, _ Mnnmm

. I i

I
EMZ |
iM-

. I j
z(1,j) ® t‘;v_jnntzi_j"?l

- L[

T k
(B(I, k) ® tljjv_[nnnmtf_k

Eod
Il
[S)

.+.

. I i
yi1(1,4,5) ® t?v_ltﬁ_itfn]_jnl

NE
.MS

[~=]

. I i ke
yi+1(L,4, k) ® t?v_[iﬁ_iﬂmt?_k

(=]

{

+

M= IM= 1= I1M= IM= 1=
M: 1M
o L%

o
Il
o
x>
Il
=

. 1 j 3
yt+1(‘[7]3 k) ® t?\]_[nntz_jt?_k

!

Zrt+l(I1iajak)®tN Itp 1#:1 ]tl k
k=0

INNgE
Ms

N

—~
Il

0

<

=0 j=

= —yrp2(N,n,m, 1) + yry2(N,m, n,1)
- yz+2(N,l,n, m) + yt+1(N7 nam’l)
—yr1(Nyn, l,m) + yep1(N,m, L, n)
+ Ry (N, n,m,l)

= _y'n+1(]v! n,m,l) + Rep1(N,n,m,l).

Then, by induction, we can prove that
(4.3) 54ri(N) = —yp. (N) + Ri(N).
In fact, by (2.3), (2.8) and (2.9),

. I
()‘ATZ(IV, 'n) Z JAT'Z(I I\r IT]n -I_ Z Tl ® At?v_[nn
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=—Z{ yy.(I) + Ri(1)} ® 177n

I=0

N
+ SR @ y_gin

I=0

N n
+ 3 nla) ety

I=0a=0
= Yy (N, n) + sz(Nv n)
Now,

N
§R(N) = ZJAT,(I ®tp_I+Zrz (D) ® AL,

I=0

= -—Z{—y%.(l) +R(D}®thy_,

N I .
—I—ZZT, (et ;% _;

I=0J=0

Yo (N

Next, by Lemma 3.7, (2.3), (2.9), (3.3) and (3.4),

N N
1 1
(5A7°i,t+1 (N,n,m) = — Z ‘5Ayi(1) ® tﬁ;_mnnm + Z yi(I) ® Atlz)v_["?n"]m
I=0 I=0

I
:—Z{ z(I) + z(o: ) + Yi(I)} @ 5 11ntm

I
+ Z Yz(I) ®t%r_]77n77m
I1=0

+Zzyt-[a)® I anm

I1=0a=0

N> I b
- Z Z yi(Iz b) ® t?v‘_[nntfn_b

I=0 b=0
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N n m I a b
+ Z Z Z rig+1(1,0,0) @ thy_ th_ 8,

I=0 a=0 b=0
= —yi+1(N,n,m) + yp41(0: N, n, m)
+ yi(N,n,m) — yi(N,m,n) + R; ;11(N,n, m)
= ~Yyi o (Vyn,m) + R; 441 (N, n,m).
Then, by induction, we can prove that
(4.4) 8473 j(N) = —yn,,(N) + R; j(N).
In fact, by (2.3), (2.8) and (2.9),

AT
5 er N n) Z(SAT,‘](I Inn+ZT1](I)®AtN Inn
I=0
I
= - Z {~95; (D +Rij(D)} @R _mn

I 0

+ Z R’t,} (I [7)71

+ Z Z r,-,j(I,a) ® t?\,{_]tfz':a

I=0a=0
= —yy,;(N,n) + R; j(N,n).
Now we see that

N
SRi;( Zé"‘r;,,(f)@ eI Y- YN
=0
= _Z{_y"r;,j(l)‘}'&,j(lr)}@t?\l I
I=0
N 1
+ZZ7'1] J)® N I
I=0J=0
=Y, (N).

By the definition of R,(IN) and the above results, Lemma 3.7 implies this
proposition i).

i) This is proved by the same manner as ii) of Proposition 2.3.

iii) By the definition, this is trivial.
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5. ¢q and q_éq: ~- In this section, we argue the properties of ¢, and
¢4~ and prove Theorem 1.3.

In the first place, we prepare the following lemma.

Lemma 5.1.

i) 6o(07'010) = dg(0) = dy(0i0; '0).
it) @g(07) = ¢g(7) + (—9)1 by (o).
iii) Gg((07)8) = Bg(0(76)) = bg(8) + (=) Gy (7) + (—Q)"T‘”fﬁq(g)-
iv) @g(07!) = —(—q)71Igq(0).
V) Gg(0710) = (—)71g(7) + @g(0) — (=) Gy(0).
vi) @g(v) =0 and @4(y:;) = 0.
vii) Fory € (R1,R2), ¢q(7) = 0 and ¢y(70) = ¢¢(0) = ¢¢(0)
Proof. i) By definition,

Q—hq(o}'_lo'io') = d—’q(aia) + (_Q)IUI-H‘]_]
= ¢g(0) + ()1 + (—q)l*1g7 = @4 (o).

As the same way, we see ¢,(0i0; 10) = ¢g(0).

ii) We assume @q(07) = ¢4(7) + (—¢)"1@4(c). Then, by definition,

Bq(0i07) = Go(oT) + (—g)17"
= $o(7) + ()" 3g(0) + ()1 = B4(7) + (= 9)/"I§y (0:0).
As the same way, ¢4(0; toT) = @g(7) + (- q)lTlgbq (07 'o). By induction on
the word o, we see ii).
iii) By ii), this is trivial.
iv) By ii), qu(o' D+ (=) |“|¢q( )= ‘70'_1) = ¢q(e) =0.
v) This is easy by iii) and iv).
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vi) By ii),

¢q(')’z) = ¢q(01+1) Q¢q(0'1 )+4q ¢q(0'z+1)
—q ¢q(¢7i ) +q ‘Ibq( i+1 - qq;q(ai)
=1l-g+¢—g*+g-1=0

By the same way, we see the another equation.

vii) is seen by ii), v), vi) and |y| = 0.
This lemma i) implies that q_Sq is well defined. By vii), gﬁq induces
¢q : Bi = F/(R1,R2) — Z/(p).
Hence we have the following.

Proposition 5.2.
i) ¢q is well defined.

i) @g(a7) = 6q(7) + (=) (o).
i) ¢g(0™") = —(—a)7°Igy(0).
iv) ¢g(0710) = (=@)7gg(7) + dg(0) — (=@)gy(0).
Next consider the map ¢q n : F; & CL7H(IN) of Definition 1.2 (2).

Proposition 5.3.
i) ¢on(07t0i0) = ¢y n(0) = Pyn(0i0] 0). Hence g n is well defined.

ii) ‘?_BQ,N(UT) = ‘z’q,N(T) + qlTléq,TN(U)-
iii) ¢q,n((97)8) = Gqn(0(76)) = b, (8) + g5 (7) + ¢ 1dy ron (o).
i\’) q;q,N(a_l) = _q_lalq—sq,a_ll\’(a)'

V) 6q,h’(a—17’0) = qlglggq.o'N('Y) + QZQ,N(O') - thg)q,a'_l'yaN(a)'
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Proof. 1) By definition and Proposition 3.4 i),
$q.n (07 '0i0) = $gn(0) + 47 yon () + 4 Gy pian(07)
= ¢gn(0) + g°IYi(oN) + g1+~ 'Y;(0:0N)
= ¢g.v(0)

The another equation is seen by the same way.
ii) By induction on word o and

q—sq,N(UiilaT) = {‘f.’q,N(T) + qITlfiq,TN(U)} + q|0|+|ﬂ€$q,wN(Uﬁil)
= q—sq,N(T) + qlrld_’q,TN(giila-)>

we see ii).

iii) is given by ii).

iv) is given by ii) and ¢, n(0io7!) = ¢g.n(€) = 0.
v) is given by iii) and iv).

Now we argue qz_Sq,N((Rl,R2)). The following lemma is proved by
Proposition 5.3.

Lemma 5.4. For v,v' € (R1,R2) and o € F;, we have the follow-
ng. B
i) gn(07170) = 4 dgon (7).

i) g N(¥Y') = g n (V) + g N (7). Hence @Q’N((Rl, R2)) is a submodule
of CL7H(N).
iii)
QT’q,N(G'Y) = &q,N(U) + ‘l_sq,N('Y) and
bq.N(70) = ¢gn(0(07170)) = g.n(0) + G n (07 y0).
Hence g?)q,N induces a map
¢q,n : By = F/(R1,R2) — Cy ' (N)/¢g n((R1, R2)).
iv)
g (%) = Yir1(N) = Yi(N) — ¢{Y¥i1(0iN) = Yi(0311N)}
+ ¢ {Yiy1(0i0i11N) = Yi(oi10:N)}  and
bq.n(71,5) = Yi(N) = Yi(N) — ¢{Yj(0iN) — Yi(o;N)}.
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Next we define elements Z; ,(N) = Yi(N) — (-1)l°lY;(¢N) and a
module C; ' (N) = (Z; ,(N)).

Lemma 5.5.

i) If p =2 then CYH{(N)/CS5Y(N) = Z/(2). Ifp > 2 and n; # nj for
any i # j then Cy "(N)/C5 Y (N)=2Z/(p). If p> 2 and n; = nj for
some i # j then Cff_l(N)/C’tZ_l(N) =0. :

ii) ¢q.N((RL,R2)) C C5H(N).
iii) If > #1 (p) and t > 5 then ¢y N((R1, R2)) = CL 1 (N).

Proof. i) {Yi(cN)|o € F;} is a basis of C5"1(IV), and so is {¥;(IV)}U

{Zis(N)|lo € F;}. Hence C51(N)/CL ' (N) has a generator Yi(N). If
p = 2 then Y;(cN) # 0. Therefore C5"1(N)/CL 1 (N) = Z/(2).
We assume p > 3. If n; # n;j for any i # j then Y;(oN) # 0 for any ¢ and
o € Fy, and so C;‘l(N)/CtZ_I(N) = Z/(p). If n; = n; for some i # j then
there exists an element o € F; so that nz-14) = Ng-1(2), 1.€., 0ioN = oN,
and so Yi(oN) = Yi(010N) = —Y1(cN). Hence Y1(cN) = 0 by p > 2 and
Yi(N) = Z,4(N) € C5H(N). Thus C5Y(N)/C5H(N) = 0.

ii) By definition, if |o| = |r| then Yi(oN) — ¥;(rN) = (~1)l¥1{Z; ,(N) —
Zis(N)}. We see ii) by Lemma 5.4.

iii) By Lemma 5.4,
b (07 %, 50) = gHY;(0N) — Yi(oN)}
—d"MH{Y(0ioN) - Yi(ojoN)}
and

$q.n((0i0j0) i joiaj0) = 9" {Yj(0i0j0N) — Yi(0iojoN)}
— ql”|+3{Yj(aiaiojcrN) —Yi(ojoi0;0N)}
= ¢ ¥;(oN) - Yi(oN)}
- q|”|+2{Yj(aiaN) = Yi(ojoN)}.

Therefore

Pen (07 v150) — g7 by n((0ioj0) 5 joi050)
= (1 - ¢")g°l{Yj(cN) - Y;(aN)},
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and so Y;(oN) = Y;(6N) mod @g n((R1,R2)) for |i —j| >2ifg*> £ 1 (p).
Hence Y;(ocN) =Y (ocN) fori > 3. Byt > 5,Y3(oN) = Yy(6N) = Yi1(oN).
Thus

(5.1) Y;(oN) =Y1(eN) mod ¢ n((RL,R2)) for any i.
By this equation,
Yi(oF'oN) = Yi(of'oN) = Yj(07'0oN) = ~Y;(0cN) = -Y;(oN).
By induction, Y;(oN) = (=1)°Y1(N) mod ¢, n({(R1, R2)). Thus
Zis(N) € ¢on((R1, R2)).

Now we can prove Theorem 1.3.

Proof of Theorem 1.8. i-ii) are trivial by the definitions, (1.8) and
Proposition 3.3.
iii) is Lemma 5.4 ii).
iv) We define a map % : C& '(N) — Z/(p) by taking ¢(Y;(cN)) = (=1)l°l.
If n; # n; for any ¢ # j then 1 is well defined. By Definition 1.1 and 1.2,
bq = Ydg,n. Now Keryp = CtZ_I(N) = ¢y n({R1, R2)) by Lemma 5.5, and
S0 ¢hg, v induces ¢,.
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