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MULTIPICATIVE ELEMENTS IN MORAVA
K-THEORY OF BZ/p

K. KORDZAYA

—— %

We denote the p-adic Morava K-theory by K(n) ( ) so that the ring

of coefficients is K(n), = Zp[vn,v;']. Let R be a flat extension of Z,. We
consider the ring

Rlve, vt t,t7Y/(vn — 87" 1) = R[t,t 7Y,

where ¢ is a variable of degree 2. This ring is flat over Zy[v,,v;!] and we
define a complex oriented cohomology theory

m;( ) = I?(\n) *( ) ®Zp[ﬂn:v;l] R[”n)’l);l,t,t_l]/('un _ tP"—l).

Let z be an orientation class of m};( ) with degz = 2. Thentz is a
degree zero class. As an abuse of the notation we shell write z instead of tz.
A formal group law associated with K—(v_z—)-;( ) is defined over the periodic
graded ring R[t,t™!] of period 2, but we may regard it as a non-graded
formal group law F(z,y) defined over R.

It is known that

K(n)(BZ/p) = R[[z]) /(plz).

Here [p]Jz =z +Fz+F---+Fz (p times) is the p-series of the formal group
law F(z,y). Since F(z,y) is obtained by the ring extension of the formal
group law of Morava K-theory we have that it is a Lubin-Tate formal group
law. Thus we can choose such an orientation z, that

[p]z = pr — 27"

It is clear that K (n) g(BZ/p) is a Hopf algebra over R. We denote it
by An,

A = K(n)p(BZ/p) = R[]} /([ple).

Since A, is a rank p" free R-module we can think of its algebraic dual
QR(n)’ A

Qg(n) = hbompg_modute(An, R).

In this paper using the calculation of an algebraic group of the Hopf
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algebra Qg(n), for certain ramified extension R of Z,, we get that the group
of homotopy classes of ring spectra maps

BZ/p: — K(n)y
is isomorphic to (Z/p)™. Here BZ/p, is the suspension spectrum of BZ/p
and K (n)p is the ring spectrum of cohomology theory K(n) ;( ). Group
operation among such classes f and g is defined by the following composi-
tion

BZ/p+ -5 BZ/py ABZ/ps 4 K AK(m) g 2 K()p.

I would like to thank professor G.Nishida for help and valuable advice
on this work.

Let f be a spectra map of degree 0

f :BZ/p, — K.
We can consider f as an element of cohomology ring

—0
f=f(z) € K(n)gr(BZ/p) = An
and thus we can consider f as a homomorphism
f:Qgr(n) — R.

Lemma 1. The following conditions are equivalent:

a‘) fe homR—algebra(QR(n)aR);
b) f is a ring spectra map BZ/py — K(n)p;

c) f(F(z,y)) = f(z)f(v).

Proof. The condition a) means that the following diagram is commu-
tative

Considering the dual diagram we get

A, ®p Ay —— A,

Tf*@f‘ Tf*

R®RR prd R,
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where f*(1) = f(z) and ¥(z) = F(1® z,z ® 1). Thus commutativity of
this diagram implies that a) <= c).
The condition b) means that we have a commutative diagram

A
BZ/p+ ABZ/py L1 R(n)p AR5

I »
BZ/ps —1> K@)y

We can consider that fom, po (fA f) € K(n)g(BZ/p x BZ/p) and by

definition

fom=m*(f(z)) = f(F(z,y)),
po(fAf)=flz)f(y)-

So b) &= ¢).
Now to find the above ring spectra maps we shall look for the structure
of algebra Qr(n). Recall that K(n) Ig(CP‘”) = R[[z]] is a formal Hopf

algebra and A™ = R[[z]] /([p]z) is its factor Hopf algebra. We introduce
the notation

R [[CL‘]]* = homR—madule (R [[3:]] y R)
For f € R[[z]]" we have
{f € Qr(n)} <= {f(a) = 0,Va € ([p]z)}.

Let §; € R[[z]]" be dual to z* so that < §;, &’ >=6&. For f =Y a:B3; €
R|[[z]]* we have

{f(e) =0,Va € (|p]z)} <=
{<Y aifs, Fpz—1P")>=0, k>1} <>
{par = akspr_1, k>1}

Thus if pay = akqpn_1, k > 1, then f = > a;8; € Qr(n). Therefore
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the following elements are in Qg(n):
1,
B =B1+ DBy + P Bopror + -+,
B2 = B + pfpn 11 + P*Bopn +

Bp"—l = ﬁp"—l +pﬂ2p"—2 +p2ﬂ3p“—3 +-e

The rank of Qg(n) is p*. Elements 1, 3,,... ,Bpn_l are linearly independent
in R{[z]]* and so are in Qg(n). Hence they can be taken as an additive
bases of Qg(n).

Now we consider the product in Qg(n). Since [p]Jz = pz —2P", by easy
calculations we get

pr—1

Flz,y)=z+y+a Z z'(p" 'yp i +Z Z aijz'y’

i+l 9=2 i+j=q(pm~-1)+1
(1)

where a = 1/(p — p*").
Let L be a submodule of R[[z]]* generated by the elements B,n,

ﬁp"+1’ R
Lemma 2. Leti+j=q(p" — 1) +k, 0 <k <p", then
a) BifB; = afjﬁk + I, where afj €Zpandl €L
b) BiBj = vij Bk, where v;; € Zp and ;5 = afj mod p.

Proof.
a) It is well-known that

8.8 =3 alB: (2)
r=1

where aj; € Zy are defined from the following equation

,y))r = Z a’ljm y

1,721

The spearness of the formal group law (1) implies the spearness of
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(F(z,y))":

oo

(F(z,y))" = Z Z al;zyl.

9=0  i+j=q(pn—1)+r
Soaf; =0ifr # i+ j mod (p" —1).
b) By the definition
BiBi =Y p°YB, B,
e.q>0

where t = g(p" — 1) + j and = e(p™ — 1) + i. Now from a) we have
ﬁiﬁj = Z Pe+q(afj % + le,q)a

e,q>0

where le,g € L. Taking i = 3, ;50 05p°71 € Zy and | = 0P Ueg €
L we get that v;; = af- mod p and

j
BiB; = 7Bk + L.

This relation gives b) in Qg(n).
Lemma 3. a) Fori<p®—1landp [ i+1

BrBi = +(i+ 1)Bi1;
b)fori<p—1and0<k<n-1
Bp" ~ip’° = *B(’H-l]p";
c)for0<k<n-—1
By Bp-1ypt = *pBpes;
d)
Bpn-1Bp-1)pn-1 = *B1,

where x means a multiplication by some p-adic unit of the form 1 + pv,
v E Lp.

Proof. 'The proofs of a) and b) are easy and here we give only the
proofs of ¢) and d).
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¢) From (1) and (2)
pk+1!
Bo-Bo-130t = T )phyi et T PP

By Lemma 2 we have

ﬁp’“ B(P—l)P" = Tok (p-1)p* Bp’““'
Thus we need to prove that yp (, 1)+ =p mod p? and so it is sufficient
to show the existens of such an ! € L that
Byt Bp-1yp = PBpp+1 +1 mod p?, (3)
By the definition

Bp"B(p—l)p’“ = BprBip—1)p+ + P(BpkBpr_14(p—1)p* + Bpn —14p+B(p—1)pt) mod p?
= pBprsr + P(Bpk Bpn_14(p—1)p* + Bpn 149+ B(p—1)p+) mod p°.

Now Lemma 2.a) shows that for some [ € L we have

Bpk B(p__]_)pk = Bpe+r + pla) + az)ﬂpk-}-l +1{ mod pz,
k+1
Dok, [pr—1+(p—1)p*]
coefficients of the summands z?*y?"~1+(P-1P* and gp"-14p"y(-1" i
(F (:c,y))pk+1. The degrees of this summands are not the powers of p,
so their coefficients have to be divisible by p. Thus we get (3).
d) From (1) and (2) we get that for some ! € L

k41

where a = and af = a[’;n_l oM [(p-1)pt] 2T the

ap™!
Bpn-1Bp-1)pn-1 = 1 ((p— 1)pn—1)!'61 +i

Since a = 1/(p — p?"), it is easy to check that
ap™!
pr 1 ((p— L)pn1)!

=1+py,

for some v € Zy,.
Theorem 4. a) Qr(1) = R[b1)/(¥} — b1);
b) Let n > 2 and let I, be an ideal generated by

B —a(k)byers, k=1,...,n—2
and

bgn - a(n, 1)bp:
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where a(k) = pP* PP APHL gnd g(n, k) = pP" T P R T L
Then

Qr(n) = Rlbp, by, ..., bpn_1]/In.
Proof. From Lemma 3.a) and b) follows that 1, 3, B,,, ces ,ﬁpn_l can

be taken as a multiplicative generators of Qg(n). Lemma 3.d) shows that
B can be omitted and Lemma 3.b), ¢), d) together imply that

B;’,c =*pok+1, k=1,...,n—2;

) ~
i:n—l = *pﬁp-
Now it is easy to get the following equations
Bp{’k :*a(k)[i’pk“, k=1,...,n—-2; (4)
Bgn = xa(n, 1)5,. (5)

Let K be the quotient field of R. It is clear that K ®pg Qg(n) is
multiplicatively generated by B,. Therefore from the degree reason we
have

K ®r Qr(n) = K[[B]l/ (B8 — *a(n,1)B,). (6)

Hence all relations in Qg(n) can be reduced to the relations of
ﬁp,,@p yees ,ﬁpn 1 to ﬂp, that is (4) and (5).
From (5) we can write Bp = pa(n, 1),8,,, where W€ Zp, =1 mod p.

For such y there exists i € Z, satisfying g?" ~! = p. Taking b, = pﬂp, we
get bp = a(n,1)b,. Thus multiplying by the appropriate elements of Z,
we can change the generators ﬁ # by byx, K =1,...,n — 1, in such a way,
that the new generators will satisfy the following relations:
B = a(k)by, k=1,...,n -2 (7)
bﬁn = a(n, 1)by.

Thus Theorem 4 is proved.

Corollary 5. Let O, be a degree n unramified extension of p-adic in-
tegers Zy. Then Op-algebra homomorphism f : Qo (n) — Oy, is trivial if
n > 1.
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Proof. by is a root of the following equation in Qg (n)

vy = a(n,1)yp. (8)

Thus f(b,) has to be a root of the same equation in @,. But in O, there
is only trivial root of (8). So f(by) = 0 and therefore f(b,x) = 0 for
1<k<n-1.

Now let R be a flat extension of O, containing the (p™ — 1)-th roots of
a(n,k), k=1,...,n — 1. For example such rings are:

1. R = QOc, is the ring of integers of Cp, where C, is the completion
field of the algebraic closure of p-adic numbers Qp;

2. R = Oy[z]/(z"~! — p) is rumified extension of @, containing the
(p™ — 1)-th roots of p.

Proposition 6. For R as above, there ezist ezactly p* R-algebra ho-
momorphisms Qr(n) — R.

Proof. Using f — 1x ® f we define the following injection
¢ : homp_aigebra(Q2R(1), R) — hompg _gigetra (K @ Qr(n), K).
Let us re-wright (6) in such a way
K ®r Qr(n) = K([b]]/(8 — a(n,1)by).

It is clear that the number of K-algebra homomorphisms K ® g Qr(n) —
K is equal to the number of different roots of (8) in K. Thus there are p"
such homomorphisms.

Now it is sufficient to prove that ¢ is surjection. Considering the in-
clusion

i:Qr(n) — K Qg Qr(n)

we need to show that foi(2r(n)) C Rif f € homg _qigetra(K®rQR(N), K).
;From (7) we have that

i .
foi(by) =f (&L(k)_) = ﬁj[f(bp)]p -
where f(by) is a root of (8). Thus
flbp) = foi(bp) = foi(bye)="-+-=foi(bp-1)=0
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or

£(bp) = 5 _1a(n, 1)/P" 7L

where §iL_1 is some (p™ — 1)-th root of the unity and under p'/™ we mean
the real positive m-th root of p. In this case

foi(by) =E&h_ja(n, k)7

and hence
[f 0 i(bs)JP" ™ = a(n, k).

Now by the condition of Proposition 6 f oi(bx) € R, k=1,...,n— 1.
Theorem 7. The group of homotopy classes of ring spectra maps

BZ/[py — K(n)pg
is isomorphic to (Z/p)™. A

Proof. Let f be such a ring spectra map. Considering the following
commutative diagram

p

d p Af P
BZ/p+ — ABZ/py —— K(n)pA
[ [»

f
BZ/py — K(n)g

P
we have that fP = po (Af)od= fomod. But mod is induced from the
trivial composition

Zy — ©Ly — Zp.
P

Thus f? =0 and Theorem 7 follows from Proposition 6.
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