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THE PROPERTY SPECIAL (DF)
FOR UNIT-REGULAR RINGS

Mamoru KUTAMI

In this paper, we shall consider about the property special (DF) for

unit-regular rings. A unit-regular ring R is said to have the property special
(DF) provided that nP is directly finite for every directly finite projective
R-module P and each positive integer n. It is unknown that the property
special (DF) holds or not for unit-regular rings.
In §1, we shall give the sufficient condition about the property special (DF)
for unit-regular rings (Theorem 1.5), and using this resulut, we show that
all factor rings of the following unit-regular rings have the property special
(DF):

(1) regular rings whose primitive factor rings are artinian

(2) unit-regular rings satisfying general comparability

(3) Ro-continuous regular rings

(4) simple directly finite regular rings satisfying weak comparability
(Corollary 1.8)

(5) unit-regular rings satisfying s-comparability (Corollary 1.11).

In §2, we shall give the characterization of the property special (DF) for
unit-regular rings (Theorem 2.2).

Throughout this paper, R is a ring with identity and R-modules are
unitary right R-modules.

§1. Preliminaries and the property special (DF).

Notation. For two R-modules P and Q, we use P S @ (resp. P < Q)
to mean that P is isomorphic to a submodule of Q (resp. a direct summand
of Q). For a submodule P of an R-module @, P <g Q means that P is a
direct summand of Q. For a cardinal number k£ and an R-module P, kP
denotes a direct sum of k-copies of P.

Definition. An R-module P is directly finite provided that P is not
isomorphic to a proper direct summand of itself. If P is not directly finite,
then P is said to be directly infinite. A ring R is said to be unit-reqular
ring if, for each x € R, there exists a unit element (i.e. invertible element)



2 M. KUTAMI

u of R such that zux = z.

All basic results concerning regular rings can be found in a K.R. Good-
earl’s book [3].

Lemma 1.1 ([1, Lemma 3.3]). Let R be a regular ring, and let A and
B be finitely generated projective R-modules with A < nB for some positive
integer n. Then there ezists a decomposition A=A, ® A2 ... D A, such
that B2 A1 2 A2 ... 2 A,

Lemma 1.2 ([5,Lemma 1]). Let R be a unit-regular ring, and P be
a projective R-module with a cyclic decomposition P = ®;c1P;. Then the
following conditions (a) ~ (c) are equivalent: -

(a) P is directly infinite.

(b) There exists a nonzero principal right ideal X of R such that X <
ON\{i1,... in} T for all finite subsets {i1,... ,in} of I.

(c) There exists a nonzero principal right ideal X of R such that
RoX & P

Definition. A regular ring R is said to have the property special
(DF) provided that nP is directly finite for every directly finite projective
R-module P and each positive integer n.

Note that a regular ring R has the property special (DF) if and only if
2P is directly finite for every directly finite projective R-module P.

Lemma 1.3 ([3,Proposition 2.18]). Let I be a two-sided ideal in a
regular ring R, and let fi, fo,... be a finite or countably infinite sequence
of orthogonal idempotents in R/I. Then there exist orthogonal idempotents
€1,€,... € R such that &, = f, for all n. Moreover, if fi+...+ fr =1 for
some positive integer k, then the e, can be chosen so thate; +...+ e, = 1.

Lemma 1.4 ([3,Proposition 2.19]). Let I be a two-sided ideal in a reg-
ular ring R, and let Ay,... , A, be finitely generated projective R-modules
such that the modules A;/A;I are pairwise isomorphic. Then there exist de-
compositions A; = B; ® C; for each © such that the modules B; are pairwise
isomorphic and each C; = C;I.
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Theorem 1.5. Let R be a unit-regular ring. Assume that there ezists
a positive integer n such that for all z,y € R
(2n)(zR) £ 2(yR) implies zR S yR
Then R/I has the property special (DF) for all two-sided ideals I of R.
Proof. We can take a positive integer m such that n < 2™~1,

(Claim I). Assume that there exists a nonzero principal right ideal X of R
such that

X S 2Ql, (1)

X S 2Q2) (2)
and

X £2Qm+1 (m+1)

,where the Q); is a finitey generated projective R-module. Then we claim
that X SQ1 9 Q2@ ... D Qm+1. From Lemma 1.1 and (1), there exists
a decomposition X = X; @ X7 with @1 & X1 & X7, and so 2X} < X.
By (2), we see that X; < X < 2Q2. Using Lemma 1.1, there exists
a decomposition X7 = Xo ® X5 with Q2 R X2 R X3, and so 4X} <
2X}? < X. Continuing this procedure to (m), there exists a decomposition
X =X18X20...0Xn®X,, such that 2" X} < X and X;0X0®...0X,, <
QPQ2D... & Qm. We have that X < 2Qn4+1 by (m + 1), and so there
exists a decomposition X = Xy @ X with Qi1 & X1 R X1
Hence (2n) X, <2™X} < X £ 2Xp+1. By the assumption, we have that
X 8 Xmt1 S Qme+1and X = X18..8Xn® X, S Q19...0Qm®Qm+1
as desired.

(Claim II). Set R = R/I, and so R is a unit-regular ring. We claim that
R has the property special (DF). Let P be a projective R-module with a
cyclic decomposition P = @;¢P;, and assume that 2P is directly infinite.
From Lemma 1.2, there exists a nonzero principal right ideal X of R such
that

X S 2Q17
X 526—223
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X 52Qm41 and
Ql@QQ@...@Qm-H < P,

where the Q; is a finite direct sum of P/s. Now we put Q; = P} ®...® P}
fori=1,...,m+1. Then X $2(P!®...®P}), and so using [3 Theorem
28], X = (PLOP,)®...0 (P, o P,;Q) for some submodules P}; and P},
of P; f9r i=1,...,k Puttmg C" P’ n P2, we have decomposmons
Py =Y} C’ and P’2 = EBCz such that P1 +P’ Y‘ GBC" < P"
Hence there exlsts a decomposmon X = GB;“_I(X I GBX o GBD GBD ) such
that

1 ~

i
_71 - ]15
o
J2 = ]2 and

lN 1
DJl_ 72 = Vg

Putting X7 = X} @ X L@ D’1 ® D]-Q, we have a decomposition Xj =
X @ X @D’l GBD;2 (< R) from Lemma 1.3. Note that D}, = 12
Usmg Lemma 1.4 and [3 Proposition 2.17], we have decomposmons DJl =
E1 @ F1 and DJ2 = E' o @ F‘2 such that

;1 = ;2,

Fﬂ = F I and F ﬂI

Hence there exists a principal right ideal X; of R such that X; = GB’LIX i S
o 2(X} 0X,L,oF  0F,®F!)and X; = X fori = 1,... ,m+1. Noting
that X = X; = ... = X;u41(# 0), there exist decompositions X; = B; & C;
such that the B ’s are pairwise isomorphic and each C; = C;I by Lemma
1.4. Then we see that B; £ I. Putting B; = eR for some idempotent e in
R, we have that éR = X; = X, and we have decompositions

eR S &% 2(X], @ X}, © F}, © F}, ® E};),
eRS 52X} @ XL 0 FA 0 FL® EY),...
and
eR S @] 12(Xm+1 X$+1 @FJUI?.+1 D FJ’(;H—I eBE;T]L-{-l .
Using (Claim I), we have that
eR S &1 @, (X5 © X}, ® F}, @ F)y ® Ejy),
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and so
(0#)X =eR < (@F! 9;?:1 (X_;l @ X}z @ E;’l))
S(@tl el (YheYhel))
S (@i":il @;'::1 P;)
SQ®...0Qm41.
There exists a decomposition P = Q1®...®Qm41® P’ for some submodule
P’ of P, and we can apply above discussion to P’ by Lemma 1.2. Continuing

this procedure, we see that NoX S P and so P is directly infinite as
desired. This theorem is complete.

Corollary 1.6. Let R be a unit-regular ring with the property that for
all finitely generated projective R-modules A and B

nA < nB for some positive integer n implies A S B.
Then R/I has the property special (DF) for all two-sided ideals I of R.

Note. It is OPEN PROBREM 27(3] that the assumption of Corollary
1.6 holds or not for unit-regular rings R. We see that unit-regular rings R
have the property special (DF') if this open problem holds.

From Corollary 1.6 and [3, OPEN PROBLEM 27(p.347)], we see that
all factor rings of the following rings (1) ~ (3) have the property special
(DF):

(1) regular rings whose primitive factor rings are artinian.

(2) unit-regular rings satisfying general comparability.

(3) Rg-continuous regular rings.

Now we shall show that simple directly finite regular rings satisfying
weak comparability have the property special (DF).

The following definition was given by K.C. O’Meara[6].

Definition. A regular ring R satisfies weak comparability if each
nonzero y € R, there exists a positive integer n such that for all z € R

n(zR) < R mplies zR < yR.
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Notation. Given finitely generated projective R-modules P and @
we write P < @ to mean that P is isomorphic to a proper submodule of Q.

Lemma 1.7 ([2, Corollary 4.4]). Let R be a stably finite simple regular
ring. Then the following conditions are equivalent:

(a) R satisfies weak N*-comparability.

(b) R satisfies the doubling condition.

(c¢) R satisfies weak comparability.

(d) The class of finitely generated projective R-modules is strictly un-
perforated.

(e) For any z,y € R and a positive integer n, if n(zR) < n(yR), then
TR < yR.

Corollary 1.8. Let R be a simple directly finite regular ring satisfying
weak comparability. Then R has the property special (DF).

Proof. 1t is well-known from [6, Theorem 1] that R is a unit-regular
ring. Assume that (2 x 2)(zR) < 2(yR), and let x # 0. Then we have
that 2(zR) < 2(yR) from the directly finiteness of R, and so zR < yR by
Lemma 1.7. Thus zR < yR. This corollary holds from Theorem 1.5.

Definition. Let R be a regular ring, and let s be a positive integer.
Then R is said to satisfy s-comparability provided that for any z,y € R,
either zR < s(yR) or yR < s(zR) holds.

Lemma 1.9. Let R be a unit-regular ring, and let z,y € R. If
(2n)(zR) < 2(yR) for some positive integer n, then we have a decom-
position TR =x21R® ... ® xon R such that n(z;R) S yR fori=1,...,2"

Proof. Noting that zR < (2n)(zR) < 2(yR), there exists a decompo-
sition R = a; R ® a) R for some right ideals a; R and @} R of yR. Putting
c1R = aiRNa{ R(< yR), there exist decompositions a1 R = byR® ¢; R and
a)R =bR®c1R, and so ayR+a R = by R® bV R®c1 R(< yR). Hence there
exists a direct summand y; R of yR such that yR = (a1 R + a|R) ® 1 R.
Noting again that (2n)(zR) < 2(yR), we see that

2(n—1)(zR)® 2RV R®c1R® 1 R)
= 2(n—1)(zR) ®2(zR) < 2(yR)
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=2(LR® V| R® 1 R) ®2(n1R).

Using the cancellation property (3, Theorem 4.14], we have that zR <
2(n—1)(zR) < 2(y1R). Continuing this procedure, we have decompositions

1R

TR = a;R®d\R

a2R® R

IR

~ g, R®a,R

such that
yiR = (aiy1R + i R) ® yin R,
2(n—t—1)(zR) £ 2(yi+1R) for i=1,...,n—1 and
alR®...®a,R < yR,

where afR equals a;R or a}R for each i. Thus, from [3,Theorem 2.8], we

have a decomposition zR = 21 R® ... ® z2» R such that n(z;R) < yR for
i=1,...,2",

Theorem 1.10. Let R be a wunit-regular ring satisfying s-
comparability. Then for all z,y € R,

2(s+ 1)(zR) < 2(yR) implies R S yR.
Proof. Putting D = (2s)(zR), we have 2(zR)® D < 2(yR). Note that
zR < 2(yR), and using Lemma 1.1, there exists a decomposition zR =
z}R @ z1* R such that yR & 2] R 2 z1*R. Hence we have a decomposition
yR = yiR ® y7* R such that y] R = z}R, and so
2(ziR)® 2(z1*R)® D =2(zR)® D
S 2(yR) = 2( R) © 2(y1" R).
Using the cancellation property [3, Theorem 4.14], we have
2(z1*R)® D S 2(y;*R) and
2(z7*R) SR ziR = zR.

Noting that 2(z1*R) & D < 2(y{*R), we can use above discussion to this
equation. We put z*R,z** R, y*R and y**R as following:

R =zIR®...® xR
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™R =2z;'R,
YR =y]R®...®y,R and
¥R =y, R.

Then, we have decompositions R = z*R® z**R and yR = y*R® y**R
such that

z*R = y*R,

2"(z**R) S zR and

D = (25)(zR) S 2(y*™*R) for n=1,2,....
From Lemma 1.9, we have a decomposition zR = z; R® ... ® z2s R such
that s(z;R) < y*™*R for i = 1,...,2°%. We may assume that z**R # 0.
Then there exists a positive integer i(1 < ¢ < 2%) such that z**R < s(z; R).
Otherwise z**R £ s(x;R) for 1 = 1,...,2°, we have that ;R < s(z**R)
from s-comparability. Taking a positive integer n such that (s x 28) < 2771,
we have that

tR=z1R®...®z3:R < (s x 2°)(z**R)
< 2" Yz**R) < 2"(z**R) < zR,

which contradicts the directly finiteness of zR. Thus we see that zR =
T*ROz*R S z*R® s(z;R) Sy"R®y*™* R = yR as desired.

Combining Theorems 1.5 and 1.10, we have the following.

Corollary 1.11. Let R be a wunit-regular ting satisfying s-
comparability. Then R/I has the property special (DF) for all two-sided
ideals I of R.

§2. The criterion of the property special (DF).

In this section, we shall give the criterion of the property special (DF)
for a unit-regular ring.

Let R be a regular ring. For a nonzero finitely generated projective
R-module P, we consider the following condition:
(**) For each nonzero finitely generated submodule X of P, and each de-
compositions

X =A1 GBBI,
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A; = Ay ®By; and
B; = Agit1 @ Baiq
with
A; & B; foreach i =1,2,...,

there exists a nonzero finitely generated submodule Y of P such that Y <
@2, A; for all positive integers n.

Note 1. We can take above Y as a nonzero right ideal of R.

Note 2. Let P be a nonzero finitely generated projective R-module
over a regular ring R satisfying the condition (**), and let ) be a nonzero
direct summand of P. Then Q satisfies the condition (**).

Notation. Let P be a ﬁnitely- generated projective R-module over a
regular ring R. We put L(P) to denote the lattice of all finitely generated
submodules of P, partially ordered by inclusion.

Lemma 2.1([3, Proposition 2.4] and [4, Lemma 5]). Let P be a finitely
generated projective R-module over a regular ring R, and set T = Endg(P).
Then

(a) There exists a lattice isomorphism F : L(Tr) — L(P), given by
the rule F(J) = JP. For A € L(P), we have F~Y(A) = {f € T | fP < A}.

(b) For J,K € L(Tr), we have J = K if and only if F(J) = F(K).

(¢) For J,K € L(Tr), we have J < K if and only if F(J) < F(K).

(d) For J,K € L(Tr) such that J® K € L(Tr), we have that F(J &
K)=F(J)y® F(K). For A,B € L(P) such that A® B € L(P), we have
F-Y(A® B) = F~}{A)® F~(B).

Theorem 2.2. Let P be a finitely generated projective R-module over
a unit-regular ring R, and set T = Endgr(P). Then the following conditions
(a) ~ (c) are equivalent:

(a) T has the property special (DF).

(b) Tr satisfies the condition (**).

(c) P satisfies the condition (**).

Proof. (b) & (c) follows from Lemma 2.1. (a) = (b). We assume that
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(a) holds and T does not satisfy the condition (**). Then there exist a
nonzero principal right ideal X of T and decompositions

X =A,© B,
A; = A9 ® By; and
B; = A2iy1 © Bajt

with
A; 2 B; for i=1,2,...

such that there exists a positive integer n with Y £ &2 A; for each
nonzero right ideal Y of T'. Hence we have that 2(®$2, A;) 632 (®2,4;:) @
(@2, B;) = RoX, and so 2(®2, A;) is directly. infinite, which contradicts
the directly finiteness of @52, A; by Lemma 1.2. (b) = (a). Assume that (b)
holds and T+ does not satisfy the property special (DF), i.e., there exists a
directly finite projective T-module @ such that 2@ is directly infinite. Let
Q = ®ic1Q; be a cyclic decomposition of Q). We see that I is an infinite set
by [3,Proposition 5.2 and Corollary 4.7]. Noting that 2@ is directly infinite,
there exists a nonzero principal right ideal X of 7' such that X < 2(692(:12 i)
for some positive integer n(1), and so we have a decomposition X = 4@ B;
such that EB““ Qi 2 A1 2 B; by Lemma 1.1. Likewise, noting that there
exist posmve integers n(2) and n(3) with n(1l) < n(2) < n(3) such that
A S 2(& n2) Q;) and B; < 2(®; —(n)(2) +1@i), we have decompositions

i=n(1)+1
Ay = Ay @ By and B, = A3 & Bs such that

Q?(?(1)+1Qi < A9 & By and
(3)
:l n(2)+1Q1 443 Z B3.

Continuing this procedure, we have that ®{2, 4; & Q. From the directly
finiteness of @, we see that &2, A; is directly finite, and so there exists a
positive integer m such that ¥ € &2  A; for each nonzero principal right
ideal Y of T' by Lemma 1.2, which contradicts the condition (**). Thus
this theorem is complete.
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