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NOTE ON THE GENERALIZED EULER CONSTANTS
Takasul TASAKA

1. Introduction. In this paper, we consider the zeta functions of
Hurwitz type and the related constants which may be called the generalized
Euler constants. That is, for a real number a (0 < @ < 1), we put

o0

)] ((s,0)=)_(n+a)".

n=0

This function of complex variable s is analytic for Res > 1, and if a = 1,
then ((s,1) = ((s) is the usual Riemann zeta function. Now we define a
constant C, as

£
. . 1
(2) Co = g@;{g — log £}

whose existence can be proved in similar way as in the case of the usual
Euler constant C = C,. Specifically we are interested in the generalized
Euler constants C, for rational number ¢ = m/q (1 < m < g).

From the following calculation

= 2 “41 o9
Cijz+ G = zliTo{T; 2 + 1 _l°g£+n§% ~log ¢}

_ 1im{.2(ﬂ2;2 % —log 2€) — 2log £ + 2log 2¢ }

=2C + 2log2

it follows that C'yj; = C' +2log2 = 1.9634---.

In the similar way, we have

q

m=1

for a natural number g¢.
The function .

(4) fa(s) = ((s,a) - T
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is extended to an entire function of s, and

(5) ful1) = Ca, hng—m

Indeed, by Euler’s summation formula [1, I, p.76], we have

4

1
:L:‘k (n+a)
_ ! 1 1 t dz ' B()
- 2((k+a)s * (f+a)5) +fk (z +a)® S-/k (z + a)*¥! 4z
with
(6) B(z)=2z —[z] - %

If we put s =1 and & = 0, then we have

. :
1 1,1 1 ¢ B(z)
Logaletra=5 (g rag) e | oy
letting £ to the infinity, it follows
1 > B(z)
Ca—%—loga— s (@ +a) dz.

Now we put s > 1, £ =0 and £ = co. Then

1 1 1 *  B(z)

((8,0) = —7 = — (@~ =D+ 55—

s [ ————dz.
s—1 s—1 o (z+ a)t? *

The function of right hand side can be proved that it extends to an entire
function of s (For example see [2, p.139)).
In (3, p.267], for v > 0, v € Z, it is shown that

_ ¢L+2(‘1)
((=r,a) = (v+ 1)(v+2)

where ¢,(z) are the n-th Bernoulli polynomial. Thus

v+2-¢,,(a)
(v+1)(r+2)

Especially f,(0) = 3/2 — a, because ¢»(z) = z? — 2 + 1/6.

fa(=v) =
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Also in [3, p.271], it is shown that

((0,a) = % —a, ¢'(0,a) = logT'(a) — é—log(?n‘)

and that

. [ 1 I'(a
lim (g(s,a) - ) = - I‘((a)) .

Thus we have

Proposition 1.

(7) Co = F,(a)

" T(a)’

2. Dirichlet’s L-functions. Let ¢ be a natural number, we consider
the set of Dirichlet characters mod ¢ (primitive or non-primitive). We
denote by xo the trivial character mod g.

For a character x mod ¢, the Dirichlet L-function L(s, x) is defined by

o

(8) L(s,x)=Y_ x(n)n™*.

n=1
This can be written

q

o0 q ‘
L(s,x) = D x(m) Y _(qn+m)™° = ¢7° > x(m){(s,m/q)
n=1 m=1

m=1

using the zeta function of Hurwitz type. For a non-trivial character y, as

Y x(m) =0, so

q
(9) L(s,x) = ¢7° Y x(m)fmsg(s)
m=1
is an entire function. Letting s =1, 0 or —v, we have
g
(10) L(lw X) = q—l Z X(m)cm/qa
m=1

(11) L(0,x) = Zx(m)(% —m/g) = —q' Y x(m)m,
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v

(12 L) = Ty 2 as(m/).

Also we have
(13) L(2,x) = ¢ > x(m)((2,m/q).

For the trivial character yomod g,

L(s,x0) = ¢7* Y xo(m){(s,m[q) = ¢~° > ((s,m/q)

(m,gq)=1

from the definition, and also
L(s,x0) = Qq(s){(s)

with Qq(s) = [1,4(1 = p7°) and ((s) is the Riemann zeta function.
The value L(1,x) is well-known for a primitive character x. That is,

q o
L(lsX)_ WZT(X) ql ~ ) B
- > x(m)m x(=1)=-1
m=1

(1, II, p.140], where ¥ denotes the conjugate of y or the inverse of x, and
g 2mim
T(x)= Y x(m)e s

m=1

is the character sum for x. If x is the derived character of the primitive
character ¥mod f, then

L(1=X) = Qx(l)L(le"fb)
(1, II, p.110], where

Qx(s) =TI = ¥(p)p™®) and Q\(1)=T[1(1—%(p)p~").
rle rle

We denote by P = P, the character table of the multiplicative group
(Z/qZ)*. If we consider P the square matrix of size ¢(q), then the or-
thogonal relation of the characters are written as

'P-P=o(q)E, ¢(q)=|(Z/q2)]
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If we put C = the column vector ¥(Cy,/,: (T, g) = 1), then the components
of ¢"1PC are L(1,x) by the formula (10) except for the trivial character
Xo, to which corresponds the value

z(1=X0) = q_l Z Cm/q

(m,q)=1

This value can be derived from (3) inductively. Thus

Proposition 2.

(14) @(q)g~'C =*P(L(1,x0)---» L(1,X),---)

and Cp/q, (1 £ m < q) are calculated concretely.

Example. For ¢ = 3, L(1,x0) = 2C/3 + log3, L(1,x3) = 7/3v3

and
3 T
Cij3=CH+ —log3+
1/3 9 g 2\/§
3 T
Coi3=C+ —log3 — ——

For g = 4, L(1,x0) = (C + 3log2)/2, L(1,x4) = /4 and

T

T
C3/4 —C+310g2— 5
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