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DEGREE EQUATIONS FOR p-BLOCKS
OF FINITE GROUPS, II

Kazuok! IKEDA

1. Introduction. M. Osima’s Theorem [6] is famous and available as a
sufficient condition for a set of irreducible ordinary characters to be a block. For
a prime number p, let B be a p-block of a finite group G with the irreducible
ordinary characters xi, ***, xs. In the previous paper [5], we introduced a
residue set {&:} associated to B and proved that 7z = 2%, &:x: vanishes on G°,
where G° denotes the set of p-regular elements of G (see Section 2). Moreover,
for a subset J of the index set {1, «++, £}, we put {3;} = {x;| 7 € J)} and making
use of Osima’s Theorem, we verified that if 3;e; &;x; vanishes on G°® for every
residue set {&:} associated to B, then {x;} = B or ¢. Replacing the hypothesis
with weaker one, we stated the following ;

Conjecture A. Let B be a p-blcok with the irreducible ordinary characters
2, * . xe. For J {1, -, &}, assume that ;s €;2:(1) = 0 for every residue
set {e:} associated to B. Then {3} = B or ¢.

We also showed that Conjecture A is equivalent to K. Harada's Conjecture.
Similarly, replacing the hypothesis with another one, we now state the following
new conjecture ;

Conjecture B. Let B be a p-block with the irreducible ordinary characters
21, -+, x= and {&:} be a residue set associated to B. For J S {1, -+, &}, assume
that X)je; €;x; vanishes on G°. Then {y;} = B or ¢.

In this paper, we prove the next results.

Theorem 1. If a p-block B has cyclic defect groups, then Conjecture B holds.

Theorem 2. If G = PSL(2, ¢”) such that q is a prime and f is a positive
integer, then Conmjecture B holds.

2. Preliminaries. Let the order of G be p% such that (p, g) = 1. We
denote the rational integer ring by Z as usual. Then the following is proved.

Theorem 3. Let B be a p-block of G with defect d which contains the
irreducible ordinary characters x\, <+ -, xx and the principal indecomposable char-
acters Ov, +++, Os. Let D denote the decomposition matrix of B. Then the
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Jollowing assertions hold,

() There exist mi€ Z (i=1,+++ k) which satisfy (mi+++ mu)D =
(wn, +++, we), where Os(1) = pPuws (s =1+, ) with GCD{D:(1)} =
plu.

(i) If we set x(1) = pPum;+p* ue: (i =1, «++ k), then all €; are integers
which satisfy (&1 +++ €x)D = (0+++0) and 78 = X%\ €:x: vanishes on G°.
In particular, we have a degree equation 7s(1) = 2=y €:x:(1) = 0.

Proof. See [5] Theorem 1.

We call this {&:} a residue set with {s2:} associated to B or simply a residue
set.

Now we suppose that the condition of Conjecture B holds, i.e. 2je; €55
vanishes on G° for J € {1, -+, k}. Then by the linear independence of the
irreducible Brauer characters, we have XZjes €idis = 0 for all s=1,+-+, ¢,
where D = (dis). Since x,(1) = p®um;+ p* “ue;, we obtain

Sies 2{1)dss =0 (mod p*) forall s=1,---, 2. L
Since 75 = 2% &:x: vanishes on G°, for J' = {1, **+, £} —J, similarly we have
ey 2:(1)dss = 0 (mod p?) foralls=1,--, £ 2

Therefore the next is proved.

Lemma 4. If (1) o7 (2) does not occur for a non-empty proper subset J, then
Conjectre B holds.

Lemma 5. If k= ¢+1, then Cowjecture B holds.

Proof If a non-empty proper subset J of {1, -+, k} satisfies 2};e; &;dss =
0 for all s, then J' = {1, -+, £} —J also satisfies 2};e;- €;d;s = 0 for all s. Hence
the rank of D is less than £#—1 = #. This is a contradiction and the proof is
complete by Lemma 4.

3. Proof of Theorem 1. Without loss, we may assume d > 0. We use
Dade’s Theorem on block structure with cyclic defect groups (see [2] or [3] for
detail). The principal indecomposable character @s of B has the form @ = x:
+ e (l<i<Odor Os=xi+x1<i+j<¥). Since @s(1) = 0 (mod
$) and x:(1) = 0 (mod $%), we have v(x(1)) = (Diea xa(1)) foralli =1, -,
¢, where v denotes the p-adic exponential valuation with v(p) = 1. Since
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Stiea 24(1) = |Alxa(1) and |A| = (p*—1)/¢, we have v(x:(1)) = v(x(1)) =
a—d foralli=1 - fand A€ A

If @s = x:+y;, then either ¢,/ € J or 7,7 € J'. Next assume @s = y;
+iea xa. We claim that {{}UA S Jor {{}UA S J'. If i & ], then

W(Zier x:(Vdss) = v(|J N Alxa(1)) < v(I7NAD+v(2:(1))
<d+4+a—d = a.

Hence JNA = ¢ by Lemma 4 and so {/}UA S J'. Consequently we obtain
either {{}UA € J or {{}UA < J’ as desired. By the definition of blocks, it is
impossible to arrange rows and columns of D so that

(D; 0 )
0 D,
Therefore we have {x;} = B or ¢. This completes the proof of Theorem 1.

4. Proof of Theorem 2. In the following cases the defect groups of each
block are all cyclic.

G=PSL(2,¢°) 2=plg—1 or 2= plg+1

Then Conjecture B holds for these cases by Theorem 1. Thus it suffices to show
the following four cases.

D G=PSL2,¢') p=2 gq=+2 ¢’ =1 (mod4),

(Il G=PSL(2,¢") p=2 q+2 g’ =—1(mod4),

() G =PSL2,2) p=2,

(IVy G=PSL(2,p) p=+2.
The decomposition matrices which we use in this proof are determined by R.
Burkhardt in [1].

D G=PSL(2,¢)p=2qg+2q" =1(mod4). In this case the irreduc-
ible characters of G are l,a.n, 7 & (1<i<(g"-3)/4), 6 A<i<
(g"—1)/4). Eachdegreeis a(1) = ¢’ ri(1) = (1) = (¢ +1)/2, &:(1) = ¢” +1,
8:(1) = ¢ —1. Let Px C be a cyclic subgroup of order (¢”—1)/2, where P is
a subgroup of order 2°7! and C is a subgroup of order ¢, 2/ ¢. Thus there are
only one block of maximal defect and (¢ —1)/2 blocks of defect a—1 and the
other blocks are all of defect 0.

The decomposition matrix of the principal block is
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1 [0 P2 degree
1 1 0 0 1
@ 1 1 1 2%c+1
7 1 1 0 297 lc+1
72 1 0 1 2% le+1
{ ¢ 2 1 1 2%c+2
207214 ¢ : : : :
¢ 2 1 1 2% +2

Hence by Lemma 4, we have {x;} = B or ¢.
The decomposition matrix of the block of defect a—1 is

t 1 degree
{ ¢ 1 2%c+2
9a-1] : :

4 1 2%c+2

Thus clearly {;} = B or ¢.

() G=PSL(2,¢")p=2¢g+2q = —1(mod4). Inthiscase there are
irreducible characters 1,2, 7, 7. & (1<i<(g’—-3)/4), & (l<i<
(¢’ —3)/4) of G. Each degree is a(1) = ¢/, n(1) = 7(1) = (¢’ =1)/2, {L(1) =
a”+1, 8:1) = ¢ —1. Let Px C be a cyclic subgroup of order (¢”+1)/2, where
P is a subgroup of order 2°7! and C is a subgroup of order ¢, 2/ ¢. There are
only one block of maximal defect and (¢ —1)/2 blocks of defect a—1. The other
blocks are all of defect 0.

The decomposition matrix of the principal block is

1 N @2 degree
1 1 0 0 1
a 1 1 1 2%c—1
7 0 1 0 2% lc—1
72 0 0 1 2% 'c—1
6 0 1 1 2%c—2
207214 : : : :
) 0 1 1 2% -2
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The same argument as in (I) yields the result.
The decomposition matrix of the block of defect a—1 is

l 1 degree
) 1 2% —2

2074 % : :
é 1 2% —2

Thus the result is clear.

(II) G = PSL(2,2") p = 2. The irreducible charactersarel, o, & (1 < ¢
<27'-1), y: (1 <7< 27") and their degrees are a(1) = 2/, &(1) = 27 +1,
7:(1) = 2 —1. Thus {a} is a block of defect 0 and only principal block is a block
of positive defect. So we consider the principal block B. The number £ of the
irreducible ordinary characters of B is 1+(2/7'—1)+2/7! = 2/, It is known that
there is a one-to-one correspondence between the irreducible Brauer characters
of B and the proper subsets of {1, *++, f}. Thus the number £ of the irreducible
Brauer characters of B is 27 —1. Hence £ = #+1 and by Lemma 5 the result
follows.

(IV) G=PSLZ, ) p+2 Ifp =1 (mod4), then the irreducible char-
acters are 1, & (1 < i < (p'—5)/4). 8: (1 < i <(p'—1)/4), 71, 7. and their
degrees are {{1) = p'+1, 6{1) = p'—1, n(1) = 7(1) = (¢’ +1)/2. There is
onlyoneblock B. Set F={I = (i1 i) | 1< i < p—1 241 ir =0 (mod
2)} — {(p—1-++ p—1)}. Then it is known that there is a one-to-one correspon-
dence between the irreducible Brauer characters ¢; of B and the elements I of
F. In particular, the principal Brauer character corresponds to (0 +++ 0). Thus
the number Z is equal to |F| = (p” —1)/2. Since # = (p” +3)/2, we have b = ¢
+2. A residue set {&:} with {m.} associated to B is arranged as follows.

1(1) = pumo+ ueo

L) = pumitue: (1<i<h)
8:(1) = pumi+ue: (1 <i<h+1)
yi(1) = pumi+uei (1<i<2)

3

where & = (" —5)/4. The rows and the columns of the decomposition matrix
D of B are arranged as follows. The first row is 1, the second is &, *+-, the (%
+1)-st is &, the (A+2)-nd is &4, « -+, the (22+2)-nd is du+1, the (242+3)-rd is 7
and the last is 7.. The first column is (0 +++ 0), from the second 7 = (71 +** is)
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%+ (0 +++ 0) such that no i/, = p—1, the next is I = {#, -+~ is} such that exactly
one 7r = p—1,++ and the last is 7 = (i *+* is) such that exactly (f—1) ir =
p—1. Now we define for 7 = (4, *++ is),

2D = {FZeo-1-idp | & e (1 -1},

If & = 21er dug: is the decomposition of &; into the irreducible Brauer charac-
ters, then

da=1 for {i,5{(¢' ~1)=NTU) + ¢
=0 otherwise.
If 0: = 2ier dups, then
di =1 for {i, %(1)’4—1)—2'}02(1) *+ ¢
=0 otherwise.
If 712 = Zier digs, then
di=1 for %(13’—1) SH))
= (0 otherwise.
If 7=1(0++-0), then
(&) du = 1}|+1 =|{8:] du = 1)| =27,
If 7 = (41 -+ i) such that exactly ¢ i = p—1 and (p"—1)/4 & 2(I), then
(&:] du =1 =|{8:] du = 1}| =274,
If 7 = (41 ++ is) such that exactly ¢ i = p—1 and (" —1)/4 € 3(I), then
(6] die = | +1 =|{(8:| da = 1)| = 274,

Then the degrees of the principal indecomposable characters @; are /(27 —1),
P e PV e 72 coe. Hence (socwycer)= (/=12 02 1enn
2+++)and u = 1 where @,(1) = puw.

Next we consider the linear homogeneous equation

(xo0x1 *** xnxi +** Xhsrx1x5)D = (0 +++ 0). (4)

Now
(11+++1—-1%+« —101) and (0 +-- 01 —1)
S—— S——

S———

h h+1 2h+2
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are linearly independent solutions of (4). Furthermore
(-10---02---200)

h h+1
is a solution of the equation

(momy »«+ mami ++* Mpmimi)D = (= wy = ++) ©)

Since the rank of D is £ and # = £+42, (=10+++02+++200)+z(11--+1
—1ee+ =101)+2(0+++01 —1) (21,22 € Z) are all of the solutions of (5).
Hence m: =z (1 < i < &) and mi =2—2 (1 < i < h+1). Therefore by (3)
wehave &; = p(1—z2)+1 (1<i<h)and ;= p(z—-1)-1 (1 <i< h+1)
By Lemma 4, we may assume that 1, 7, 72 & {x}. We claim that {3,} = ¢.
Suppose that #:&’s and #268.’s are contained in {¥;}. Then by X;e; €5x:(1) = 0,

m{p/ 1—2)+ 1} + D+ n{p (2—1)-1}p —1) = 0,
0<m<h 0<n<htl

Hence 7 +#n: =0 (mod ), 0 < mi+#n: < 2h+1 = (p"—3)/2 and so n, = #n:
= 0. We obtain {;} = ¢ as required.

If ¥ = —1 (mod4), then the same argument implies the result. This
completes the proof of Theorem 2.
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