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Let R be a ring with identity and R-mod the category of unitary left
R-modules. For a left exact radical ¢ of R-mod, generalizing the notion of
Goldman's ¢-supporting module [2], Shigenaga [8] has defined the notion of
generalized t-full modules and studied its basic properties. In this paper,
we shall treat generalized i-full modules for a left exact preradical ¢ and
point out that these modules are closely related to t-weakly divisible mod-
ules. Finally, we determine those left exact preradicals ¢ for which every
module is generalized ¢-full (Theorem 2.5).

Throughout this note R means a ring with identity and modules mean
unitary left R-modules unless otherwise stated. We denote the category of
modules by R-mod and the injective hull of M € R-mod by E(M). As for
terminologies and basic properties concerning torsion theories and prerad-
icals, we refer to [1], [3] and [9].

For each preradical r, we denote the r-torsion (resp. r-torsionfree)
class by T(r) (resp. F(r)). Now for two preradicals r and s, we shall
say that r is larger than s denoted by r > s if r(M) 2 s(M) for all mod-
ules M.

In what follows, ¢ means a left exact preradical for R-mod and %(t)
means the left linear topology corresponding to ¢ unless otherwise specified.

1. Generalized £-full modules.

Definition 1.1. Let r be a preradical for R-mod. We shall call a
module M generalized r-full (in short, g.r-full) if r(M) = r(N) and M/N
is in T(r) for every essential submodule N of M. Also we call a module
A r-cocritical (resp.r-full) (cf. [1]) if A is r-torsionfree and +(A/B) =
A/B for every nonzero submodule (resp. essential submodule) B of A.

A module A is 7-full if and only if A is in F(+) and is g.r-full. If
t > Z (the singular torsion functor), then 4 is a g.t-full module if and only
if t({A) = t(B) for every essential submodule B of A.
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Lemma 1.2. Let M be a module and N its submodule. If (M) =
t(N) and M/N is in T(t), then N is essential in M.

Proof. Let X be a submodule of M such that N @ X is essential in
M. Then t(N® X) =t(N)® t(X)C t(M) = t(N) and hence t(X) =
O(:={0}). Since X=(N&® X)/NCM/Ne T(t), X is in T(¢). Thus
X = 0, which means that N is essential in M.

From this lemma, we have

Corollary 1.3. For a t-iorsionfree module M, the following conditions
are equivalent : :

1) M is uniform and g.t-full.

2) M is uniform and t-full.

3) M is t-cocritical.

Proposition 1.4. If a module M is g.i-full, then so is every submod-
ule of M.

Proof. (cf. [8, Proposition 2])

Proposition 1.5. Let {Malaes be a family of g.t-full modules. Then
T @ Mg is g.i-full.

ae a

Proof. lLet M = X @& M, and let N be an essential submodule of M.

aed
For each o € A, since NN M, is essential in Mgy, t(NN Ma) = t(Mg)
and so {(M) " M,N N=t(M,). Thus, t(M,) € N and hence we have

t(M) = t(N). On the other hand, aZA ® (Mo/(NN Ma)) 5 (a%l <) MU,) /N
= M/N = O is exact, where z((mo+N N Ma)) = 2 mo+N. Hence, M/N
is in T(t) and M is g.t-full.

Proposition 1.6. Let M be a module. Then E(M) is g.t-full if and
only if t{E(N)) = t(N) and E(N)/N is in T(t) for every submodule N of
E(M).

Proof. (cf. [8, Proposition 5])

Definition 1.7. Let r be a preradical for R-mod. We shall call a
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module H weakly r-divisible (resp. r-divisible) if the functor Homx(—, H)
preserves the exactness for every exact sequence 0 - A - B—> C = O of

modules with B € T(r) (resp. C € T(r)).

Proposition 1.8. [4.Lemma 2.2.] Let r be a preradical and let M
be a module and N ils submodule. Then

(1) If M is weakly r-divisible and r(M) C N. then N is also weakly
r-divisible.

(2) If r is idempotent. N is essential in M and is weakly r-divisible,
then r(M) C N.

In this paper, weakly divisible (resp. divisible) modules mean weakly
t-divisible (resp. t-divisible) modules. By Proposition 1.8, a module M is
weakly divisible if and only if :{E(M)) = t(M).

Corollary 1.9. Let E be an injective module. If E is g.t-full, then
every essential submodule N of E is weakly divisible.

Proposition 1.10. In case t is a radical, for a module M and iis sub-
module N, if M is a g.t-full module and N C t(M), then M/N is g.t-full.

Proof. let L/N be an essential submodule of M/N. Then L is es-
sential in M. By assumption, t(L) = {(M) and M/L is in T(t). Since
N C (M), it follows that t(M/N) = t(M)/N = t(L)/NC t(L/N) and
hence t(M/N) = t(L/N). Thus, M/N is g.t-full.

Proposition 1.11. If a module M is semisimple, then M is g.t-full.
Converse holds if M is i-torsion.

Corollary 1.12. Let M be a g.t-full module and N iis essential sub-
module. If M/N is g.t-full, then it is semisimple.

Theorem 1.13. In case t is a radical, for any module M, E(M) is
g.t-full if and only if M is g.t-full and weakly divisible and E(M)/M is
in T(t).

Proof. It is suflicient to prove the “if” part. Let N be an essential
submodule of E(M). Since M is weakly divisible, {(M) = t(E(M)) D
t(N). On the other hand. since N N M is essential in M and M is g.¢-full,
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t(M) =t(NN M) C t(N). Thus, we have t(N) = t(E(M)). We now
show that E(M)/N is in T(t). Consider the following diagram

EM)/M
|l canonical
0- (M+N)/N- EMM)/N - EM)/(M+N) = 0O
= !
M/(M N N) 0

where E(M)/M and M/(M N N) are in T(t). Since T(t) is closed under
extensions, it follows that E(M)/N is in T(t).

2. Left exact preradicals ¢ for which every module is g.£-full.

Proposition 2.1. The following conditions are equivalent :
1) Every t-torsion module is semisimple.

2) Every cyclic t-torsion module is semisimple.

3) Every module is weakly divisible.

4) Every t-torsion module is weakly divisible.

5) Soc = 1t.

Proof. 1) =>2) is clear. 2) = 1). Let M be a -torsion module. We
put M = %v Rm. Since M is in T(t), each Rm is in T(t). Hence by as-

sumption, Soc{Rm) = Rm. Thus, M is semisimple. 1) =>3). Let M be a
module. Since ; is left exact, (M) is essential in t(E(M)). By assump-
tion, t(E(M)) is semisimple and hence t(M) = t(E(M)). Thus, M is
weakly divisible. 3) = 4) is trivial. 4) = 5). Let M be a ¢-torsion module
and N its submodule. Then N is in T(:) and is weakly divisible by assump-
tion. Therefore N is a direct summand of M. Thus, M is semisimple,
which means that t < Soc. 5) & 1). Let M be in T(t). Then we have
M = (M) C Soc(M). Hence, M is semisimple.

Remark. In case t is a radical, each condition of the preceding propo-
sition is also equivalent to
6) Every t-torsion module is divisible.

Proof. 1) =>6). Let M be in T(t). Since ¢ is a radical, t(E(M)/
HEM))) = 0, t(E(M)) is divisible by [5, Proposition 2.3]. Also since t
is left exact, M = t(M) is essential in {(E(M)). By assumption, (E(M))



ON THE GENERALIZED -FULL MODULES 11 143

is semisimple and so M = t(E(M)). Hence M is divisible. 6) = 1). Let
M be in T(t) and N its essential submodule. Then N is in T(z) and is
divisible. Hence it is a direct summand of M. Thus, N= M and M is semi-
simple.

It is to be noted that in the above remark we can not remove the as-
sumption that ¢ is a radical, since if every t-torsion module is divisible
then ¢t must be a radical (cf. [6, Lemma 1.6]),

Propoesition 2.2. If a module M is g.t-full, then Soc(M) D t(M).
Moreover, R is g.t-full if and only if t(R) is semisimple and t > Z.

Proof. Let M be a g.t-full module and N its essential submodule.
Then t(M) = t(N) € N. Since Soc(M)= N 1{xNC M |N is essential in
M|, t(M) C Soc(M). Next assume R is g.t-full and let I be an essential
left ideal of R, then :(R/I) = R/I. Thus I is in L(#) and so t = Z. Con-
versely, if Soc(R) contains {(R) and t = Z, for each essential left ideal
I of R. I contains t(R)and so t(R) =IN t(R) = t(R). Therefore we
see R is g.t-full.

We shall call a preradical r cohereditary if r(M/N) = (+(M)+N)/N
for every module M and its submodule N. As is well-known, this is a radical
and F(r) is closed under factor modules. An idempotent cohereditary pre-
radical will be called a cotorsion radical.

Proposition 2.3. Let 7 be a preradical. Then R is a semisimple ring
if and only if R is g.r-full and r is cohereditary.

Proof. It is sufficient to prove the “if” part. Let M be a module and
let x € Z(M). Then the left annihilator (O : x) of x in R is essential in
R. Hence, v((O:x)) = r(R) and r(R/(O:x)) = R/(O:x). Since r is
cohereditary, it follows that R = r(R) + (O:x). Thus, we have x = O,
from which we conclude that R has no proper essential left ideal, namely,
R is semisimple.

Corollary 2.4. Ift is a cotorsion radical, then R is a semisimple ring
if and only if R is a g.t-full module.

A preradical s is said to be of simple type if s = i, for some class
% of simple modules, where i, means the smallest one of those preradicals
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r for which »(S) = S for all S € .2.

Theorem 2.5. The following conditions are equivalent:
1) Every module is g.t-full.

2) Every injective module is g.t-full.

3) Every module is weakly divisible and t = Z.

4) 't is of simple type and t = Z.

5) Z=t=>= Soc.

Proof. 1) = 2)is clear. 2) = 3) is a direct consequence of Corol-
lary 1.8 and [6. Lemma 1.10]. 3) =>4) follows from [7, Theorem 2.2].
4) = 5) is clear. 5) = 1). Let M be a module and L its essential submo-
dule. By assumption, t > Z. Hence, we have t(M/L) = M/L. Since
Soc(M) = Soc(L), t(Soc(M)) = t(Soc(L)) and so (M) N Soc(M) =
t(L) N Soc(L). Therefore, :(M) = t(L) by the fact that t < Soc. Thus,
M is g.t-full.

In general, Soc is not larger than Z(for example R = Z).

Example 2.6. Let R be the ring of 2X2 upper triangular matrices
over a field K. Then #(Z) = | R. Soc(R)} and #(Soc) = |R~ (g g)
(8 ﬁ)‘ (8 g)]' Hence, Soc ; Z, and by Theorem 2.5, every module
is g.Z(Soc)-full.
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