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ON HARADA RINGS III

Dedicated to Professor Teruo Kanzaki on his 60th birthday
Kryoicur OSHIRO

In [2], we showed that left Harada (abbreviated H-) rings can be
represented as suitable generalized matrix rings. In the present paper,
using this result, we shall further show that all left H-rings can be con-
structed by suitable extension rings of QF-rings and their factors. As
a result, we see that left H-rings are {left and) right artinian.

Preliminaries. Throughout this paper, rings R considered are asso-
ciative rings with identity and all R-modules are unitary. The notation M,
(resp. xM) is used to stress that M is a right (resp. left) R-module. For
an R-module M., J(M) and S(M) denote its Jacobson radical and socle,
respectively, and iJ,-(.M)I and | S;(M){ denote its descending Loewy chain
and ascending Loewy chain, respectively.

For R-modules M and N, for the sake of convenience, we put (M, N)
= Homg(M, N) and in particular. put (e. f) = (eR, fR) = Homg(eR. fR).

Now. in what follows, we assume that R is a basic left H-ring and E
a complete set of orthogonal primitive idempotents of R, Namely, R is
a basic left artinian ring and E is arranged as

E = !e“. eees Clrilis oees Cmye wens emmnp{

for which

1) each e, Ry is injective,

2) there exists an isomorphism from e, Ry to e;x_1 J(R )y = J (e p_ Ry)
forl<is<mand 2 <k < n(i).

we represent R as

(en, en) (emmmn en)

(err. emnm) *+* (Emnmis ennm:)

( enRe,, -+ e Rennn. )

emnlm‘Rell emn‘mbRemmm:
The following properties hold on R ([2]):
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a) Each S(e;;Rg)r is simple,

S(eaRy)p = -« = S(ewmuR ),
S{eyRi)x # SlenR ) if 1 # k.

b) For each e;. there exists a unique g; € E such that (e Ry ; Rg:)

is an injective pair. i.e., g.Rpx/J(g:Rz)x = S(enRy)z and Re;/J(zRey)
=~ «S(xRg;). Then zRg; is injective, and

Se(vRg:) = S(enRg)+---+ S(eiRz)

forl1 £ is<m 1 =<k =<n(i). So, Si(Rg;) is a two-sided ideal. In parti-

cular. S(xRg;) = S(esR;) is a simple ideal. In the matrix representation,

0

0
X,
Si(eRg:) = 0 . 0
Xk
0

0
where X; = S(¢, re,,€sR8) = S(ey;Rgigpe,) for 1 < j < k.
Here we define two mappings :

g:il,....,m} =11, ....m|
o: 11, ...oml = 1{1, ....oa()IUY -~ UL, ..., n(m)|
by the rule o(i) = k and p(i) = t if g = ey, ; namely (e, Ry ; Reginn) is
an injective pair. We note that {o(1), ..., o{m)| C |1. ..., m| and p(i) <
n(a(i)).
Definition.

We say that R is a left H-ring of type (%) if {4(1)}, ...,
o(n)| is a permutation of {1, ..., n} and p(i) = n(o(i)) for i=1, ..., n
We define R;; by putting

(es1, en) - (esnn. €n) ‘

R, =

(esn, €nn) - (€in, Ciniy)
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‘ ey Re; .- eilRejnfis)
eniRe;y e Rejn)
Then
Rll i le A
R =
le Rmm .
Notation. For the sake of convenience, we put e; = e;,. A;; = e;Re;
(i#j)and @ =eRe;for 1 <i<m and 1 < j <.
Now, we define P, corresponding to e;;Re;; as follows:
Ay (i#])

Qi (i=j,k£t)
JQ) (i=j. k>t)

Pik..lt=

and put

" Pasi o+ Pagng
P )

Pin.‘il.jl Pimi.-.jnu';

Namely, when i =+ j,

Ay Au)
and when i = j,

We put

Pll te lev
P(R) =

Py <o Pyn

Then P = P(R) becomes a ring by usual matrix operations. Let p;; be the
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element of P such that its (ij. ij) position is the unity of Py, and all other
positions are zero. Then |pii. ..., Prnwse «eev Pmis ovvs Pmnomsl is @ complete
set of orthogonal primitive idempotents of P; P=p P ® - ® pina P &
e D pmP OB 'pmmmlp-

We put
Kile Kil..in:ji
Ko=| )
Kiﬂ'ikjl b Kinli:.}n.’]?
where
0 j = oli)
Kith: 0 j= U(i), t§,0(i)
S(Puc..it) j= U(i)~ t > P(i)-
Namely
0..-0
K;; = - | {J# ali))
0.0
0.---0S....8
Kij = J (] = U(i)« S = S(Pn,mm)).
0.-0S8...8

The following holds ([2]).

Theorem 1. There is a ring epimorphism v of P to R such that

K., - Kin
Kert = So, R = P/Ker .
.Kml M Kmm
Remark. In

Pil.o:in st Pil.d'ilnla'(i"

Pm:r:x - (
Pintiv,a!iu M Pin:il.a{immin

we replace Pij.oior by P oux = Pij.mi.'k/S(Pi.i.miik) for 1 < j<n(i). p(i)+1
< k < n(g(7)). and denote it by PX.;.

Pu le
In P(R) =

Pml"' Pmm
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we replace Py by Pl (i =1,....,m) and denote it by R*. Then R*
canonically becomes a ring and isomorphic to R; so R* is a representative
matrix ring of R, We identify R with R* or R/Ker 7.

We can easily show the following by using injective pairs.

Proposition 1. If R is a left H-ring of type ( *). then the ring

Ql Alz """ Alm \

Aml i Am.m—l Qm

is a QF-ring. So. R is a suitable extension of this QF-ring.

Theorem 2. If R is not of type (*), then there are basic left H-rings
T.. T,. .... T, and ring epimorphisms ¢,: T\ > T,. ¢s: T, > Ts. ... ¢n: Ty
— R such that T, is of type (*) and each Ker ¢; is a simple ideal of T;.

Proof. We prove by induction on n. When m = 1, R is represented

as
Q----QQ----Q
A
L@l
R= JQ----Q
o
J....JJ..J0
where Q = e, Re,,, J = J(Q) and Q = Q/S(Q). We put
Q---QQ----Q
Joooo
: QT
T, = JQ----Q
cJ
JoenJJ. 74

Then T, is a basic left H-ring of type (*). We can easily see that
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Q---..... QQ Q. unnn-. QQ

Q Q

" ) Q

T, = . ., T, = :
J . : J .

Q Q

Q--vvv.. QA Q. vvvn-- QA

Q ‘ Q

Q Q

T, = Ql - Ts= :

J . J
Q
s =n(l)+1

Qv QQ Q---QQ---QQ
QQ | q
‘. Q Q Q

Toir = - c e Ty = Q :
J . . J _ .
QL J -1
Q J Q

u=n(1)(n(1)—j).

Moreover, we can. see that these T; are basic left H-rings and there are
canonical ring epimorphisms: Ty, » T, > Ty - -.- - T, - R whose kernels
are simple ideals.

Now, we assume that the proposition is true on m = k—1, and let
m = k. First, we consider the case {g(1), ..., o(n)} & |1, ..., n}. Then
we can assume that there exists j € |2. ..., k| such that ¢(1) = 0¢(2) = ---
= o(j) #+ o(t) for j < t <k, and p(1) < p(2) < p(g) for all 3 =2 < j
if j = 3. We shall consider the following cases:

1) o(1)=+1,2

2) o(l)=1.



3) of1) = 2.
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When the case 1), R can be represented as

Avi AA cieenininn, A
Aci AA o, A
) > BB.--B
) ST BB...B

where A = e, Regun, B = e;Regun, Z = A/S(A)

by (

A A
By replacing [ .- [ in
A...4
Avi AA e, A
* eee  esssssssseae
A AA A
R = Boveereeaanns BEB..B
¥ | cesececcenns
Bovoroannnn, BB.. B
R R R
A A
and we denote it by T
A... A
A, AA... A
K | seeecernnvne oo
A vreernnniens AA... A
T = ) 2 BB...B
K | eescscsscans ses
Boiriinenn, BE...B
- e
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and B = B/S(B).

Let f;; be the element of T such that (ij. {j) position is the unity of Q; and

all other positions are zero.

Then ifn ---‘fcn:n-fzh -~-‘j;n-:2».

Janm] is a complete set of orthogonal primitive idempotents.

that T is a basic left artinian ring such that

a) J(_)‘;JTT)y :_ﬂ.j+|T1‘ for i = 1. e, m, j = 1. vees m(i)—l

fml‘ soey

We can see
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b) fuTr is injective for i # 2.
As T is basic and S/, Tr)r = -+ = S(fina To)r = S(fu Ty)r = ++- =
S(fona: Tr)r, we see that J(fina. Tr)r 2 fu Tr. It is easy to see that both
J(fin Tr) and £, T canonically become right R-modules (note that o(1) <
0(2) < p(f) for 3 < P=<jif j=3). Since J(fina,T )r is indecomposable
and f Tk is injective, we have that J(finu. Tr)r = fouu Tr. Thus T is a basic
left H-ring.

We see that

P .Sy E
L I
0 0 0
B o fo

is a two sided ideal of T. So, as in the proof of the case n = 1, together
with the induction hypothesis. we can obtain desired basic left H-rings and
epimorphisms.

In view of the proof above. the same proof works for 2) and 3), and
also for the case | o(1), ..., o{n)| =11, .... nl.

As an immediate corollary of the theorem above, we obtain

Corollary. Left H-rings are (left and) right artinian rings.

By Proposition 1 and Theorems 1, 2, we see that left H-rings can be
constructed by suitable extensions of QF-rings and their factors.
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