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ON H-SEPARABLE POLYNOMIALS
OF DEGREE 2

Hiroakt OKAMOTO and Suiicur IKEHATA

Throughout the present paper. B will represent a ring with 1, and D
a derivation of B. Let B[X; D] be the skew polynomial ring in which the
multiplication is given by 8X = Xb+D(b) (b € B). A monic polynomial f
in B[X: D] with fB[X: D] = B[X; D]f is called a separable (resp.
H-separable) polynomial if BiX; D]/fB[X: D] is a separable (resp. H-
separable) extension of B. (By the way. it is well known that every H-sep-
arable extension is separable.)

In [1], one of the present authors has studied H-separable polynomials
in skew polynomial rings. If the coeflicient ring B is commutative, the
existence of H-separable polynomials in B[X; D] have been characterized
in terms of Azumaya algebras and purely inseparable extensions ([1, Theo-
rems 3.1 and 3.3]). However, in case B is not commutative, we know few.
In the present paper, we study on H-separable polynomials of degree 2 in
B[X; D] together with separable polynomials of degree 2 whose discrimi-
nants are contained in the Jacobson radical J(B) of B.

We shall use the following conventions :

Z = the center of B.

u(resp. u,) = the right (resp. left) multiplication in B effected by

v e B.
I, = u,—u, = the inner derivation of B effected by u € B.
B[X: D],.. = the set of all monic polynomials g of degree 2 in B[X: D]
with gB{X: D] = B[X; D]g.
B? ={a € B|D(a) =0}, Z’ =ja e Z|D(a) = 0}.
D*:. B[X: D] - B[X: D] be the inner derivation of B[X; D] effected
by X, namely D*(>]; X'd;) = >, X‘D(d,;).

First, we state the next lemma without proof.

Lemma 1 ([3. p.82,(3.1)]). Let f= X*—Xa—b be in B[X; D].
Then f is in B[X; D]y if and only if

(i) 2D = I,
(ii) D*—a,D =1, and
(iii) a, b e B
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Lemma 2. Suppose that B[X; D], contains an H-separable polynomial
f. Let b,, b, € Band u € B®.
(1) If (b)), D+(by), = 1I,, then b, = b, =0 and u € Z.
(2) If (b):D+(by))y =1, then b = b, =0 and u € Z.

Proof. (1) As is easily seen, (D(6,)).D+(D(b:)),+1(b:),D+(b.),}D
= (bl)1D2+(D(bl))1D+(62>1D+(D(b2))l = Dl(bl)lD+(b2)ll = DIu = IuD-
whence (D(b,)),D+(D(b,)), = 0 follows: an easy induction shows that
(D¥(5,)),D+(D*b,)),=0(t=1). Then for any h =2 5., X*d, € B[X; D],
we see that

b D*(R)+boh = b3 X’”D(dk)-f—b,ki::oX"d,c

k=0

_+ i‘,X’(I;)D""(bl)D(dk)

+5 225w
= 5 508 o)D) + D))
= 3 XMbDdW) +bidi) = 3 X¥L(dy) = L),

Since f is H-separable, [1, Lemma 1.5] shows that there exist y;, z; €
B[X; D] with degy; <1, degz; <1 such that ay; = y:a, az; = z;a for
all e« € B and 2;D*(y)z; = 1. >iviz; = 0 (mod fB[X:; D]). Hence,
b 2 DX(y) 2+ 0. 20 yize = 250 (b D*(3) + boyi) 2. = 22, Li(y:) 2 = 0. whence

we obtain

b, = b,ZD*(yi)zi+b2$)'[zi = 0 (mod fB[X; D]).

This implies that b, = 0, and (4,); = I} (in B[X; D]). Since (4,),D* =
IiD* = D*I¥, we have b, = sziD*(yi)Zz = Zisz*(yi)zs = ZliD*I:ik(yi)zi
= 0 (mod fB[X; D]), whence b, = 0 follows. Since I} = 0. we get even-
tually « € Z. Similarly, we can prove (2).

Corollary 3. If B[X; D] contains an H-separable polynomial f = X*—
Xa—b, then 2 = 0, that is, B is an algebra over GF(2).

Progf. By Lemma 1, 2D = I, and a € B*”. Hence, by Lemma 2, we
have 2 = 0.
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Next we shall prove
Lemma 4. If B[X; D] contains an H-separable polynomial f = X*—

Xa—b, then there exists a finite system |u;, v;, ¢;, d;} of elements in B such
that

( iV) R C;, U; € Z.,

(v) (c)rD = —Ia. () D = =1,
(vi) . (D(c)vi+D(d;)u;) = 0,
(vii) > D) = 1.

(Vlll) Z(Ciﬂi+diui) = 0, and
(ix) Yuvd;, = 0.

i

Conversely, if there exists such a system |u;, v;, c;. d;}. then each polynomial

in B[X: D], is H-separable.

Proof. Choose !y;, z;} as in [1, Lemma 1.5]. and write y; = Xc;+d,,
z; = Xu;+v; (¢;, dy. uy, v; € B). Then, since ay; = y;0, az; = z;¢ for all
@ € B, we readily obtain (iv) and ( v). Since 23;D*(y)z; =1 and 2;y;:2:
= 0 (mod fB[X: D]), we obtain

(a) Zi‘,(aD(c,-)ui+D’(c,-)ui+D(c,-)vi+D(di)ui) =0,
(b) 2.(bD(e;)ui+ D*(d)ui+ D(di)ve) = 1,

(c) ;(aciu;—l-D(C‘-)ui-{- c;v+diu;) =0,

(d) Zi:(bc,-u,-+D(d,-)ui+d,-v,-) = 0.

By (ii), (iv)and ( v ). D(e)u, = —I,,(c;) = 0, D*(c;)u; = D{c;)au,+
Ib((-'i)ui = D(Ci)uia = 0, D(di)vi = Ivi(D(di))"'UtD(di) = —Dz(di)ui+
’l)ltD(d,:) al’ld D(d,-)'u;—kd;'vi = —Ivl.(di)""divg = ’L’idi. Hence, by (a), (b). (C)
and (d)., we obtain ( vi ), (vii) and

(e) Z(aciui+ civi+diu;) = 0,

(f) Z(bciu‘i+vidi) = 0.

By (iv), { v ), {( vi) and (vii), we see that

Zh‘clcu‘k = Zil’a‘D(di)chkuk = Zi.k v D(d;) crus
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= _'Z:i.k U;'Idk(dt)uk = Zi.h: vildi(dk)uk

= _Zi.kl’iD(dk)ciuk = — 2006 255 D(dy) ux
= 2w 20 D{ek) vk = 2lunvic: D{cy) vy

= _Zi.k viId,-(ck>vk = 0.

Hence, (e) and (f) imply (viii) and ( ix ).

Conversely, suppose that there exist elements ¢;, d;, u;, v; in B satis-
fying (iv)-(ix). Put y, = Xc;+d; and z; = Xu;+v;,. Then, the above
computation and [1, Lemma 1.5] enable us to see that every polynomial in
B[X; D], is H-separable.

As an immediate consequence of Lemma 4 (putting u; = ¢; = 0), we
have the following

Corollary 5. If there exists a system |d;, v;| of elemenis in Z such that
(viii) Zi:viD(di) =1, and
( iv) Z‘Uidiz 0.

then each polynomial in B[X; D], is H-separable.
Corollary 6. If the ideal of Z generated by D(Z) coincides with Z,
then each polynomial in B[X; D], is H-separable.

Proof. By assumption, there exists a system | v;, d;}|7~, of elements in

Z such that 2%, ¢, D(d;,) = 1. We set here v,., = —2.i~, v;d; and dny,
= 1. Then, we have 2,7 v,D(d;) = 2%, v;D(d;) + vps1 D{(dn,1) = 1, and
Mlod; = 2. v:d;+vpe1dner = 0. Thus the assertion follows from

Corollary 5.

Corollary 7. If D(Z) contains an invertible element, then each polyno-
mial in B[X; D], is H-separable.

Now, we consider the following conditions :
(C,) B is a commutative ring.
(C;) The ideal of Z generated by D(Z) contains a non zero divisor.
(Cs) Z is a semiprime ring.
We shall prove the following theorem. which is the first main results
of this paper.
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Theorem 8. Assume that there holds one of the conditions (C,)-(Cs).

Then the following are equivalent:

(a) B[X; D] contains an H-separable polynomial f of degree 2.

(b) B[X; D], is non-empty, Z is a projective Z°-module of rank 2 and
Homzx(Z, Z) = Z[D| Z), that is, Z/Z" is a purely inseparable Galois
extension of exponent 1 in the sense of S. Yuan [6].

(¢c) B[X: D], is non-empty, and there exist v;, d; € Z such that 3, v;D(d;)
=1 and X, v,d; = 0.

When this is the case. every polynomial in B{X: D], is H-separable,

and f—g € Z° for each f, g € B[X: D],

Proof. Careful scrutiny of the proof of [1. Theorem 3.3] shows that
(b) and (c¢) are equivalent without assuming (C,)-(C;), and (c) = (a) by
Corollary 5. It remains therefore to prove (a) = (c). In virtue of [1,
Theorem 3.3], the case of (C,) is obvious. Let {u;. v;, ¢;, d;} be a finite
system of elements of B as in Lemma 4. In case (C,) holds, ( v ) shows
that ¢; = u; = 0, and therefore {d,, ;| is a system of elements of Z, and
(¢) is satisfied. Now, suppose (Cs;). By { v ) and (vii), we have

ck = ‘YT: v, D(d;)ci = —Zi: vildk(di)ck = Z;"' 'UiId,-(dk)Ck

= _E vic;D(dy)ex = Z vici-[dk(dk) =0,

whence ¢, = 0. Similarly, we can show u, = 0. Thus, we obtain (¢).

Now, let f= X?—Xa—b be an H-separable polynomial in B[X; D].
For any g = X*—Xu—v € B[X; D)., we have D’*—u,D = I, and v € B”
(Lemma 1). Since D*—a,D =1, and b € B’, we have (u—a),D =1,_,
and b—» € B®. Then, by Lemma 2, we have u = a and v—b € Z°. The
rest of the assertion is clear by Lemma 4.

Let p be an automorphism of B, and B[X: p] the skew polynomial ring
in which the multiplication is defined by aX = Xp(a) (« € B). We define
a separable (resp. H-separable) polynomial in B[X: p] in the same way as
in the case of B[X: D]. In[4], Nagahara has studied separable polynomials
of degree 2 in B[X: p] whose discriminants are in the Jacobson radical
J(B) of B. Now, we shall prove the following theorem for B[X; D], which
corresponds to the results of Nagahara [4, Theorems 1 and 2].

Theorem 9. Let f= X*—Xa—b € B[X: D].
(1) Then the following are equivalent :
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(a) f is separable in B[X; D] and 8(f) = a®*+4b € J(B).

(b) -f is H-separable in B[X:; D] and a € J(B).

When this is the case, D(Z) contains an invertible element.

(2) If D(Z) contains an invertible element, (a), (b) are equivalent to
(¢) fisin B[X; D], and a € J(B).

Proof. (1) (a) = (b). In virtue of [2, Theorem 1.8] there exists ¥
= Xc+d € B[X; D] such that ay = ya(a € B) and (X—a)(Xc+d)+
(Xc+d)X =1 (modfB[X; D]). By a brief computation, we obtain

{ x) R=A

(xi) ceD = —1,.
(xii) D(d)+42bc—ad =1,
(xiii) D(c)+ac+2d = 0.

Then. we see that

D(d)D(c) = D(D(d)c)—D*(d)c

= —D¥d)c (by (xi))
= —|D(d)a+1I(a)lc (by (ii))
= —D(d)ac = —D(d)ca = 0 (by (iii), { x ), {xi))

Hence

& f)c+dD(c)) = (a*+4b)(c+dD(c))
= a’c+4bc+a*dD(c)+4bdD(c)
= al —D(c)—2d)|+2|1+ad—D(d)|
+a|D(d)+2bc—1{D(c)
(by (). ( x), (xii). (xiii))
—2aD(c)—2D(d)+aD(d)D(c)+2abcD(c)+2
=2 (by ( i) (x) (xi))

Furthermore

8(f)(2¢) = 8(f)(2¢+2dD(c)) = 26(f)(c+dD(c)) = 4.
S(fY1—2bc) = 8(f)—8(f)(2¢)b = a*+4b—4b = o’

Then, noting that &(f) € J(B), we see that 2, ¢* € J(B). By ( i ), Ba
C aB+2B. Hence it follows that (BaeB)* = BaBaB C Ba(aB+2B)B C
Ba’B+2B C J(B). Thus BaBC J(B), and so a € J(B). Then we see
that D(d) = 1 —(2bc—ad) is invertible in B by (xii). Since D(d)c = 0,
we obtain ¢ = 0, and so d € Z. Then f is H-separable by Corollary 7.
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(b) = (a). By Corollary 3. we have 2 = 0. Consequently, §(f) = d°
+4b = a* € J(B).
(2) This is clear by the proof of (1) (and Corollary 7).

In virtue of Theorems 8 and 9. we have the following which contains

[3, Corollary 3.13].

Corollary 10. If B[X: D] contains a separable polynomial f of degree
2 with 8(f) = a*+4b € J(B), then B[X; D], = |f+z2|z€ Z°| =g €
B[X: D]|g is a separable polynomial of degree 2| = g € B[X; D]|g is
an H-separable polynomial of degree 2 |.

Combining Theorem 9 and [1, Theorem 3.1]. we have the following
which corresponds to [5, Theorem 2.1].

Corollary 11. Suppose that B is a commutative ring. Let f = X*—Xa
—b € B[X; D],,.. Then f is a separable polynomial with §(f) = a*+4b €
J(B) if and only if B[X: D]/fB[X; D] is an Azumaya BP’-algebra with
a € J(B).
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