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ON HARADA RINGS. II

Dedicated to Professor Hiroyuki Tachikawa on his 60th birthday

Kryoict OSHIRO

Let R be a left artinian ring and E a complete set of orthogonal
primitive idempotents. R is said to be a left Harada (H-) ring if E is
arranged as

E = Iell ----- €1niry €211000s €ama)yeeey Emygene, emn\'m)’

for which

1) each e, R is an injective right R-module,

2) e, R=e;Ror ey J=e;R for 1 <i<m 1< j<n(i)
where J is the Jacobson radical of R.

In [4] (cf. [3]), we showed that, for a left artinian ring R, the fol-
lowing conditions are equivalent :

1) R is a left Harada ring.

2) The family of all injective left R-modules is closed under taking
small covers,

3) The family of all projective right R-modules is closed under taking
essential extensions.

In the present paper, we shall show that left H-rings can be represented
as suitable generalized matrix rings. As left H-rings are Morita invariant,
we may restrict our attention to basic left H-rings.

Notation. Throughout this paper, rings R considered are associative
rings with identity and all R-modules are unitary. The notation M, (resp.
M,;) is used to stress that M is a right (resp. left) R-module. For an R-
module M, J(M ) and S(M ) denote its Jacobson radical and socle, respec-
tively, and {J,(M)} and | S, (M)} denote its descending Loewy chain and
ascending Loewy chain, respectively.

For R-modules M and N, for the sake of convenience, we put

(M. N) = Hom,(M, N)
and in particular, put
(e. f) = (eR, fR) = Homg(eR. fR)
Now, henceforth, we assume that R is a basic H-ring and E a com-
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plete set of orthogonal primitive idempotents of R. So, E is arranged as
E = l €11y ee0y Clnilisromy Emlsrcees emmm)}

for which

1) each e, Ry is injective,

2) there exists an isomorphism 6%_, from e Rq to e x1J(R )z
J(ei,k—!RR)~

We put

#i, = the identity map of e, Rp

51‘:,1 = 02‘,1"'6}:—1,;\:—2 0}2}:—1

We represent R as

(en. en) i (emm‘mls en)
R =

(eu, emmmx) (emnam)a emn;:m))

enReq; -+ e Remnm )

emmmeen emmm‘;Remn(ml

The following properties hold on R ([4]) :

a) Each S(e;Rgz)r is simple,

S(eilRR)R == S(etm'i‘)R )Ih
S(el'JRR)R fﬁ S(esz )R if 7 +*+ k,

b) For each e;,, there exists unique g; € E such that (e, Rs ; 1Rg:) is
an injective pair, i.e., g;Ra/J(giRz)s = S(eRy)s and zRe;,/J(zRe;) =
:S(xRg;). Then yRg; is injective, and

Si(aRg;) = S(en Rz)+---+ Sle;xRz)

forl<i<m 1 <k<n(i) So, SiRg) is a two-sided ideal. In par-
ticular, S(zRg;) = S(e; R;) is a simple ideal. In the matrix representa-
tion,

Sx( RRgz) = 0 . 0
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where X; = S(., re e Rg:) = S(eyRgiene) for 1 < j < k.
Here we define two mappings :

o: |1,....,m} > 11,....m|

o:11,....,ml 11, o)l yU---Uil,... n(m)}

by the rule o(i) = k and p(i) =t if g, = ex,; namely (e, Rz ; sReqiow) is
an injective pair. We note that {¢(1),...,0(m)| C|1,..., m] and p(i) <

n(a(i)).
We define R, by putting

(ejls en) - (ejnu'!a en)

(ejlv einu‘:) (ejnLilv ein(il)

(enRen "'enRejn-’Jl )

ey Rejy - emmRej ny)

Rn le
R =
le Rmm

We define P, ;, corresponding to e;.Re;, as follows :

Then

eilRejl = (311» en) (i +* ])

-Pik.jt = eilRej] = (ejl, en) (l = j, E< t)
JleyRe;)) = JHejn,en)) (i=j k> t)
and put
lPil,jl })L'l.jnt'jl
P, =
P::n-jii-.jl Pin(i:'.jn'.iz
Namely, when i # j,
eilReil -+ eqRey
P, =
e Re; -+ en Rey,

and when [ = j,
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ey Re;, -+ ey Rey,
P,=P,= e
J(enRen) - enRey
We put
Py - Py
P=
Pml i Pmm

Then P becomes a ring by usual matrix operations. Let p,; be the element
of P such that its (ij, ij) position is the unity of P, , and all other posi-
tions are zero. Then {pi,,.... Pinays-ees Pmiseees Pnnml 1S a complete set
of orthogonal primitive idempotents of P; P=py, P ®---® pinty P B---®

PmP & ® pnnm P.
For each (ik, jt), we define a mapping

Tinse: Pinge = eixRey:
Nl [
(ejlv eil) (ejh eik)
by the rule: a —» (6L,) 'a#,. Of course, the mapping is well defined. In
fact, let o € (ejlv en). If i+j, ImaC Jn(n(ele) C Jx-1(enR) = Im 65,
(Note that R is a basic ring). If i = jand k < t, then, Ime8}, C J,_,(esR)
C Ji(eaR) =Im@i,. If i=jand k> ¢, then as a € J(e, Rey), a is
non unit, so Ima C JyylenR) C Jy_i(enaR) = ImBL,. Thus 7., is well
defined. Note that 7,,;, is a group homomorphism,

We need the following proposition

Proposition 1. Each 7. is an epimorphism and Tix;1Tinee = Tikoa
Jor each (ik, jt) and (jt, pq).

Proof. Let B€ (e,,, eix). When i % j, consider the following diagram :

6},
0 - eR—> J_i(eR) C e R
¥}
exR
16,
Jk—l(eilR)
Nl
eanR
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Since e;, R; is injective, there exists @ € (e;,, e;,) such that a8}, = 6L,8.
Noting i + j, we see Ima C Jyy(enR) ; so Imabf, C Ji (e R) and hence
we see 8 = (OL,) 'all, = T la).
When i = j and k£ < ¢, consider the following
o,
0-exR—> Jl—l(eilR) C enR
g
exR
16k,
']k—l(eilR)
Nl
eaR

Then there exists a € (e;,, e,) satisfying aff, = 6L,8. Since k < t,
Imaati.l c Jt—l(eilR) c Jk-l(enR)o Hence g8 = (H}t;,l)_‘aeti,l = Tik.iz(a)-
Next, when { = j and k > I, again consider the diagram
0 - eyR —i)Jl—l(eilR) CenR
e
exxR
165,
Jk-:(enR)
Nl
eaR
We take o € (e;;. e,y) satisfying aff, = 6;,8. If « is an isomorphism, we
see from k > t that Imaf}, = J,_,(euR) 2 Jx_.(ey R) 2 ImGi,8, which
contracts a6, = 8%,8. Hence o must be non-unit, so a € J((e,. en)).
Since Ime C Joy(en8). Imabi, C Ji_\(eyR). Hence B = (6L,) 'eb}, =
Tii(@). Thus we see that 7., is an epimorphism.

For e € Pjt,pq and /3 (S5 Pu:.,m Tik.jl(ﬁ) Tjt.pq(ﬂ’) = (( 911;.1)_[:80{,1)(( 0{.1)-1'

3 -1 P . « —_
ab%,) = (6k,)"'Babf, ; whence 4k Tipe = Tikpa
By Proposition 1, we see that
T, = Tinumam)

Tmnimy11**° Tmam,mnim

gives a ring epimorphism from P to R with z(p;x) = ey for all ik.
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Proposition 2. 1) If j =+ o(i), then t;x;, is an isomorphism.
2) Ifj= o(i) and t < p(i), then ty;, is also an isomorphism.
3) If j=o(i) and t > p(i), then ty,, is not an isomorphism. In

Jact,
Ker 7,5 g = ka S Pik,auul Kera = Jp-:z»(emt.uR)} uo

= S( euReueilRemin)
= S( I‘u;.;k-Pik.aii:t)
= S(euReminemmReam)

= S( Pik. a'-Ii)thuz.mr!)

So, in this case, Ker ;. is a simple module as a left P~ and a
right P,,;-module.

Proof. We can take an epimorphism 8 of e puuRe to S(e; R ).

1) Assume j =+ o(i). If there exists a non-zero a € p;;, such that
0 = rin,{a) =(6L,) 'ab.,, then a8}, = 0 ; so Kera D J,_,(e;1R). Con-
sider the diagram

em’i»mif-R
LB
S(enR)
. N
ey R— Ime -0

Since egu0uRr is projective, there exists ¥ such that ay = £. Since j +
o(i) and R is basic, ¥ is not an epimorphism ; whence Imy C J,;(e;;R)
C Ji_,(es,R) € Kere and hence § = ay = 0, a contradiction. Thus,
Ker 7;,, = 0 and hence 7, is an isomorphism (cf. Proposition 1).

2) Assume j = o(i) and ¢t < p(i). If there exists @ € P, such that
0 = tinounla) = (8L,) 'abf®, then b8 = 0; so Kera D J,_.(esumR).
Consider the diagram :

eo:iwii)R
18
S(en R )
« N

eqmR — Ima - 0

Since eyuonRx is projective, there exists ¥ € (esumi. €sun) such that ay
=g If p(i) =1, then t = 1 since p(i) = t; which implies Kera D
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Jo(ezmR) = equn R : so @ = 0, a contradiction. Hence p(i) + 1. As 7is
not an epimorphism (R is basic), Imy C Joy_1(egmR). Since t < p(i).
Joi—1(eqmR) C J{esum R) C Kera; whence 8 = ay = 0, a contradiction.
Therefore Ker 7,5 450: = 0 and so 7y, is an isomorphism.

3) Assume j = o(i) and ¢ > p(i). We put X =|a € Py gl Kera =
JoileamR) U O and we first show that Ker 7;500. = X. Let 0 = ¢ €
Ker Tik,olinte Then since 0 = T!k.m‘i)z(a) = (0}:,1)_10193?'- Kere D Jt—l(ea'li}lR)
(Note that ¢ = 2 since t > p(i)). Hence Kera = J;_,(es;mR) for some
s < t. We claim that s—1 = p(i). To see this. let @ be the restriction
of @ to Js_,(eguR). Then Kera = Kera and Ima = J,_,(esm R)/Kera =
Js-2legmR)/Js_1(eqinR) ; so Im@ = S(e,R). Therefore af2® , is an
epimorphism of ey pns 1R to S(esR). Hence s—1 = p(i) and therefore
Kera = JyyleqmR). Thus @ € X; whence Ker 75000 C X.

Conversely, let 0 #+ a € X. Since Ker a = Jy;{eqmR) and p(i) < t—
1, Im6%¥ = J,_(eqinR) C JounleqmR) = Ker @1 whence 0 = (8},) b2
= tiourl@) and a € Ker 7;50up. Thus X C Ker 7,54 and hence X =
Ker Tik,olirt-

Next, we show that Ker 7,5 5 # 0. Consider the diagram :

ot
0 = eguo:R - = Jow-i{eanR) C eginR
L8
S(enR)
N
enR

Since e, Ry is injective, there exists non-zero @ € P oy, such that B
= af2f,. We claim a € Ker t;x0u, 1.€., Kera = JyylequmR). If x €
Jos(esm R), then we see from (43%) '(x) € JemuwR) = Ker 8 that
BUOZE ) x) = 28380 058) (x) = alx) = 0: so x € Kera. Hence
JoolesinR) C Kera. If Kera D JesmR) for some f < p(i). then
BlesmR) = 858 (esmR) = e(Jps-1(eoun R) = 0 and hence # = 0, a con-
tradiction. Thus we see Ker a C Jui(eounR) and Ker @ = J,(equn R).
To show the remainder, we put ¥*= 7,y oo : SO ¥ is an isomorphism
of e, Regy to enRegion by the rule '30(0) = (Hf.l)_lagg(i€31 = aﬂz’:‘iﬁfl, and
put Y =1|ea € (esupe. en)|Ima C S(e R)|. We see from [4] that 0 + Y
= SlenResioienimrenion) = Senrenen Reowon). We show Y{X) =Y. Let
0+ae X If Kerab2¥, = esuonR, then ¥{a) = 2858, = 0. so a = 0.
a contradiction. Therefore Ker a83% C J(eguonR). On the other hand, for
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any x € J(ear.imdi)R ), 9&?}31(1) € J(Jp(ijl—!(ea(i‘nR)) = o!il(ea(mR> = Kera;
so 2839, (x) = 0 and hence x € Ker a83%,. Thus J(esuonR) C Ker af3¥
and hence J(egponR) = Ker af2¥, from which we see that Imaf3s, =
S(esRp) and Y{a) € Y; as a result, Y{X) C Y. Conversely, for any
non-zero a € Y, we can take 8 € e;, Reyuy such that Y{8) = a, since ¥ is
an isomorphism. If Ker 8D J(egum R ) for some t < p(i), then a = ¥{(f) =
B8 = B(Jyy-1(eq:R)) = 0, a contradiction. Hence Ker 8 C Joy(esumn R ).
On the other hand, for any x € J,s(eqmR), we see from (43%,) x) €
JegmonR ) that a((822,)"x)) = 0. Since 8= af3y,, it follows that 8(x)
= 0; whence x € Ker 8. Thus Ker 8 = J,:(exn R) and hence 8 € X and
we obtain Y C ¥(X).

To show Y(X) C Y, we put 2 = 7,001,010, 1-€.. # is the mapping of
esin Regun 10 espon Requnan given by ,u(a) = (53((531)_100&(531- As we saw
above, u is an group isomorphism. Moreover, this map is a ring iso-
morphism. By this isomorphism, e;;Regi0; becomes a right egun Reoun-
module. For a € e ;Reyy and x € epiun Regun, Ylax) = ax8y, = (a838,) -
((82%,)'x032,) = Y(a)ulx) = ¥(a)x. Hence y»is an isomorphism between
right ez Regyi-modules, Since Y = S(e; Resuinemio: keauan)» 1t follows
that X = S(e; Regunepmrenn) = S(Pikowtramen) Finally, we see from Y
= S(ei,ne“enRemiaw;) and enReueilReil = euReueilReo(i:l that Ker ;x50 =
S( Pik,ikljik.ﬂiill)'

We replace Py g in

Rl,o‘{i)l P::l.aii‘lmmi))
Pia(i: =

Bn(i).a(i‘»l Bn(i).mi)mmt:vi

by Pik,a(t)z/S(Pm,mt;r) for k=1,....n(i) and j = p(i)+1,..., n(o(i)), and
denote it by P, And we put

*
-Pll“'R.a'(i'»—lRa(llR.miHl"'Rm

Pml"‘Pm.ar(my—l ﬂTo‘.Mle.mmJ—rl"'Pmn
Then by Propositions 1 and 2, we obtain

Theorem 1. R* canonically becomes a ring such that R* = P/Ker r
=~ R. Therefore R* is a representative matrix ring of R.

We shall illustrate this theorem for two cases :
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1) The case: m=1. Then

o(1)
Q:--- Q
J ..

2l
-]

* oo Q\ﬂ@ .o
..Lﬂlbl.‘ ..

Jeoeo J T JQ
where Q = e,,Re,,. J = J(Q), @ = Q/S(Q). (In this case, Q is a local

QF-ring, since both ,S(,Q) and S(Qg), are simple (cf. [5])).
2) The case: m =2, o(1) = 2 and 0(2) = 1. Then

[0 QA-- AA.. A
J QA-- A A

R~R*=|B.-BB-- BT-vvuevn-. T
B.-. BB.-- B K T
o(2)

where Q = e,,Re,;, T = e Rey, A= e Rey, A= A/S(A), B= e, Re,,,

B= B/S(B), J = JQ) and K = J(T). (Then T = (g ‘}) is a QF-ring,

since (eTr; +Tf) and (fTr; ;Te) are injective pairs, where e = ((1) 8)

wis=(§ O
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