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Mamoru KUTAMI

In this paper, we shall study directly finite projective modules over
regular rings of bounded index. In [3], we have shown that a directly
finite regular ring R satisfying the comparability axiom has the property
that the direct sum of two directly finite projective R-modules is directly
finite. We shall call this property (DF). It is natural to ask which kind
of regular rings have (DF). However, we see (Example) that there exists
a commutative regular ring which does not have (DF). Therefore we shall
study the property (DF) for regular rings of bounded index. First, we
give a criterion of the directly finiteness of projective modules over these
rings (Theorem 2), and, using this criterion, we show that any direct sums
of finite copies of directly finite projective modules over these rings are
directly finite (Theorem 4). In main Theorem 8. we characterize the prop-
erty (DF) for regular rings R of bounded index.

Throughout this paper, R is a ring with identity and R-modules are
unitary right R-modules.

§ 1. Preliminaries. For two R-modules P and Q. we use P < Q@
(resp. P <® Q) to mean that P is isomorphic to a submodule of Q (resp.
a direct summand of Q). For a submodule P of an R-module Q, P <& @
means that P is a direct summand of Q. For a cardinal number ¢ and an
R-module P, aP denotes a direct sum of a-copies of P.

Definition. An R-module P is directly finite provided that P is not
isomorphic to a proper direct summand of itself. If P is not directly finite,
then P is said to be directly infinite.

Definition. The index of a nilpotent element x in a ring R is the
least positive integer n such that x® = 0. (In particular, O is nilpotent
of index 1.) The index of a regular ring R is the supremum of the indices
of all nilpotent elements of R. If this supremum is finite. then R is said
to have bounded index.

53



54 M. KUTAMI

Note that a regular ring R is abelian (i.e., all idempotents in R are
central) if and only if it has index 1.

We shall recall the following basic properties, which we need for § 2.

(1) If P is a projective module over a regular ring, then all finitely
generated submodules of P are direct summands of P ([1, Theorem 1. 11]).

(2) Every projective modules over regular rings have the exchange
property (see [3] and [4]).

(3) If R is a regular ring of bounded index, then it is unit-regular,
and so all finitely generated projective R-modules have the cancellation
property ([1, Theorem 4.14 and Corollary 7.11]).

(4) Let R be a regular ring, and let n be a positive integer. Then
R has index at most n if and only if R contains no direct sums of n+1
nonzero pairwise isomorphic right ideals ([1, Theorem 7. 2]).

(5) Let R be a regular ring of bounded index, and let P be a finitely
generated projective R-module. Then Endi(P) has bounded index ([1, Cor-
ollary 7.13]).

§ 2. Directly finite projective modules.

Lemma 1. Let R be a regular ring of bounded index at most n for
some positive integer m, and let B, A,,..., Ay be projective R-modules such
that each A; is cyclic. Lei

Ay DD Ay,
= A, DD Ay ® B,

= Askl @‘“69 Askk @ Bsx
<A ©-® A BB,

and let

B, ® - ® By, <® B and
A“' DD Asxt <$ Ai fOT 1= 1,...,k,

where s, =1+nand sy =14ns,_, for k > 1. Then A,, ®--- D A, <@
B, ®---® Bs, <& B.

Proof. Set @ = A,, ®---® A,x. First we consider the case £k = 1.
Let

Q—_—An
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and let

Au ®---D As;] <® A; and
B, ®---® B;, <® B.

Then there exist direct summands A, of A;, and B} of B, for j = 3,...,5,
such that A_,, = A’ @ Bj, where A;, = A,,. Note that {411, A, ..., A5
is an independent family of submodules of A, and A5,y = < Ay < A =
Q. Since A, < R and R has index at most n, we have that Ay, = 0, and
so that Q =4, = A4, ® B, == B, ®---® B, <® B, ®---® B;, <&
B. Next, let £ > 1 and assume that the lemma holds for £k—1. Let

Q = Au DD Alk
= Au DD AZk ® Bz
= Askl b---D Askk ® Bsk
<A 60 A DB

and let

B, ®--® Bs, <® B and
A]i @"'@ ASki <® A,; for i - 1,...,k.

Then there exist decompositions
Aj=A4,0-0 Aj; and B; = B; @@ B?
for j =2,...,sx and i = 1,...,k such that

A= AL @@ Al & BS.

Note that { A%,,...,AL, Bil,; is an independent family of submodules of A,
@@ A, ® B. We devide the set {2,....s:| into {2,..., n+1l: nt+2,...,
o9n+1;:...:8,—n+1,...,s+|. Applying the case k = 1 for each part, we have

direct summands Chn of A% sniom @ ® Ab_vnern and Db of Bl pn.s
@ ® Biy_yper for p=2,....,54..,+1 and m = 2,...,k such that

A;=Ch ®---® Ci,® D;
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= Cgk—wl.z @“‘@ Cék—l-#l.k @ D-isx—wl'

By the induction hypothesis, we have that Ci @.--® CL < DL ®... B
D%, ... As a result,

Q = An DD Alk
=D:®---®Ds_ ., & Di®---® D% _.,))
<& B, &--® B;, <@ B.

Thus the induction works and the lemma is proved.

Theorem 2. Let R be a regular ring of bounded index. For a pro-
Jective R-module P with a cyclic decomposition P = @ac4 P, the following
conditions (a) —(d) are equivalent:

(a) P is directly infinite.

(b) There exists a nonzero cyclic projective R-module X such that
KX < P.

(¢) There exists a nonzero cyclic projective R-module X such thai
X < @ica-nn-amPa for all finite subsets | A, ..., Ax| of A.

(d) There exists a nonzero cyclic projective R-module X such that
R X <@ P.

Therefore, for a projective R-module P with a cyclic decomposition as
above, the following conditions (e)—(h) are equivalent:

(e) P is directly finite.

(f) P contains no infinite direct sums of nonzero pairwise isomorphic
submodules.

(g) Every submodule of P is directly finite.

(h) For each nonzero cyclic projective R-module X, there exists a

finite subset | A,...., An} of A such that X $®,\e,,_m,'“.,\n,P;\.

Proof. It is obvious that (a) = (b) and (c¢) = (d) — (a) hold. (b) —
(¢). Assume that (b), i.e., there exists a nonzero cyclic projective R-
module X such that R, X < P. Let { A,,..., Al be a subset of A, and set
A= A—|A,...,Ax}. Since X < P = PrecaPa, there exists decompositions
P, = P} @ PY’ for each A € A such that X = P}, ®---@® P), ® (Drc +P3).
Note that 2X < P = @ <P and X has the cancellation property. Then
there exists decompositions P{’ = P} @ P% for each A € A such that X
=P, @@ P%, ® (Drcr Pi). We continue this procedure. For each
m=1,2,..., there exist decompositions PP = P2*' @ PP*" for each A

€ A such that X = P?"' @...® P3' @ (@ arc» PR"). Applying Lemma
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1, we have a positive integer m, such that X < (@ac, Pi) & @ (Paca
1) <@ (DacaPa). Thus the condition (c¢) holds. The equivalences of

(e)—(h) follows from above results.

Using the basic property (4), we obtain the following.

Lemma 3. Let R be a regular ring of index at most n, and let I,
I,,... be a sequence of cyclic right ideals of R such that I, = 21,,, for i =
1,2..... Then we have that I, = 0 for all positive integers k satisfying
281 = n41.

Theorem 4. Let R be a regular ring which has bounded index, and
let k be a positive integer. If P is a directly finite projective R-module,
then so is kP.

Proof. 1t is sufficient to show that if P is a directly finite projective
R-module then so is 2P. Let P = @ c4Pa be a cyclic direct sum decom-
position of P ([2]), and assume that 2P is directly infinite. We claim
that P is directly infinite. Using Theorem 2, we have a nonzero cyclic
projective R-module X such that X < @Paes_,.-an2Pa for all finite subsets
[ A1+eoes Anl of A. Hence there exist a finite subset | k,....1,| of A—{A,,...,
A} and direct summands P? of P, for j = 1,2 and i = k,,...,t, such that
X=(P,, ®P%) .. (P, ® P}). SetX;= P} N P} fori=ky...1,
and let Y? be a direct summand of P? such that P? = X! @ Y% Then P}‘
e P=(PladY)® X: P,® Y?< P,and 2X? < X. Thus we have that

X = ((P}ﬁ @ ’il) QX?N) @"'@ ((Plh @ Y%x) @ X%l)!
Py ®Y.) @@ (P, ®Y,) SPy,®&P, and
2X§SXfOI‘ izk),...,tl.

Again using Theorem 2, we have a finite subset {k, = kP, ..., t% ;.. 3kb, ...,
th =t,] of A—{ A .... Ankys.on, t;} and direct summands P7J of P; for i =
ky,....t, and j = 1,2 such that

% = (P ® Pip) @@ (Pin ® Pin),
--------- and
%1 ~ (P};{x @ Pi:f‘) DD (P}ll] <] P%f-).

Set X3=Pi N P:fori=k,,...1t, and let Y} be a direct summand of P?
such that P2 = X? @ Y. Then we have that
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@B XL =(P® Yin) & X)) @@ (P @
Yie) ® Xix) @@ (Pkt @ Yin) & X3p) ©-® (Pl @
Yin) @ Xin),

(Pin ® Yis) @@ (Pl ® Yin) < Py, @@ Py, and
22X, ... 2X i < X5 02X0n, . 2X 0 < X3

We continue this procedure. Noting that X < R, from Lemma 3, we have
a positive integer m such that X7 =0 for i = kp_1,...,tm-1. and so X <
(Ph DD Pt;) D---D (Pkm_, DD Ptm-:) <®®,\e,s—u\l.--~.z\mp,\- Therefore
P is directly infinite from Theorem 2.

For regular rings R of bounded index, it does not hold that the direct
sum of two directly finite projective R-modules is directly finite in general,
as later Example shows. Therefore we shall investigate the condition for
a regular ring R of bounded index that the direct sum of two directly finite
projective R-modules is directly finite.

Let R be a regular ring. For a given nonzero finitely generated pro-
jective R-module P, we consider the following condition:

(#) For each nonzero finitely generated submodule @ of P and each
family {A,,B,,4,,B,....| of submodules of @ with decompositions

Q = Ax & Bx-
A, =4,,® B, and
Bt = A2i+1 & BZH-I for i=1,2,...,

there exists a nonzero projective R-module X such that X < @7, A; or
X < @7 aB: for each positive integer m.

Remark. 1) We can take above X as a finitely generated submodule
of Q. 2) If P is a nonzero finitely generated projective R-module which
satisfies the condition ( #) then any nonzero direct summand of P satisfies

(#).

Definition. Let P be a finitely generated projective module over a
regular ring R. We use L(P) to denote the lattice of all finitely generated
submodules of P, partially ordered by inclusion.

Lemma 5 (cf. [1, Proposition 2.4]). Let P be a finitely generated
projective module over a regular ring R, and set T = Endy(P).
(a) There is a lattice isomorphism ¢: L(T;) = L(P), given by the
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rule ¢(J) = JP. For A € L(P), we have ¢ (A) ={fe T|fP <AL
(b) For J,K € L(T;), we have J = K if and only if ¢(J) = ¢(K).
(¢) For J,K € L(T;), we have J < K if and only if ¢(J) < #(K).
(d) For J,K € L(T;) such that J ® K € L(T;), we have that ¢(J
®K)=¢(J) ® ¢(K). For A, B€ L(P) such that A ® B € L(P), we
have that $'(A @ B) = ¢"(A) & ¢ '(B).

The following is immediate from above Lemma 5.

Lemma 6. Let P be a nonzero finitely generated projective module
over a regular ring R. and set T = Endg(P). Then the following are
equivalent :

(a) P satisfies the condition (#).

(b) T satisfies the condition (#) as T-module.

Lemma 7. Let R be a regular ring. Then the following are equiva-
lent :

(a) R satisfies the condition ( #) as R-module.

(b) All nonzero finitely generaled projective R-modules satisfy the
condition ( #).

(c¢) For any positive integer k, kR satisfies the condition ( #).

(d) There exists a positive integer k such that kR satisfies the con-
dition (#).

Proof. 1t is obvious that (¢) = (b) = (d) — (a) holds. (a) = (¢). As-
sume that (a), and we shall prove (c¢) by the induction on k. let £ >1
and assume that (c) holds for any positive integer smaller than k. Let Q
be a nonzero finitely generated submodule of kR = (k—1)R @ R and |A,,
B,.A,,B,,...}| a family of submodules of @ with decompositions @ = 4, &
B,, A;=A,,® B,; and B; = Ay, ® By, for i =1,2,---. Then there
exist families |Q,, A}, B},...| of submodules of (k—1)R and | Q,,A?%, B?,...}
of submodules of R with decompositions

QJ = A{ D B{, A{ = A%i &b Bgt and B{ = A;H-l @ B§i+1
for i=1,2,... and j =1, 2 such that
Q=Q, ®Q,, A,=A] ® A% and B, = B} @ Bl

Since Q is nonzero, either @, or @, is nonzero. Now assume that Q; is
nonzero for j = 1 or 2. Then, from the induction hypothesis, we have a
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nonzero projective R-module X such that X < @7 ,47 <@ Prnd; or X
S @nB]l <& @ nuB; for each positive integer m. As a result, kR sat-
isfies the condition ( #), and so the proof of the lemma is complete.

For a given regular ring R, we consider the following property :
(DF) The direct sum of two directly finite projective R-modules is
directly finite.

Theorem 8. Let R be a regular ring of bounded index. Then the
Jollowing are equivalent :

(a) R has the property (DF).

(b) R satisfies the condition (#) as R-module.

(¢) For any nonzero finitely generated projeciive R-module P,
Endi(P) has the property (DF).

(d) For any positive integer k, M,(R) has the property (DF).

(e) There exists a positive integer k such that M,(R) satisfies the
property (DF).

Proof. (a) = (b). Assume (a) and that the R-module R does not satisfy
(#). We have a nonzero finitely generated submodule Q of R and a family
|A,,By,A;,B,,...| of submodules of @ with decompositions @ = A, @ B,,
A;=A;;® B,;and B; = A3y @ By, for i = 1,2.... such that, for each
nonzero projective R-module X, there exists a positive integer m such that
XE£PrnA; and X £ D7 nB;. Then it follows that P5,4; and D7, B,
are directly finite from Theorem 2, but (D5 ,4,) & (@r.B:) (= R.Q)
is directly infinite, a contradiction. (b) — (a). We assume (b) and that
(a) does not hold, i.e., there exist directly finite projective R-modules P
and Q such that P @ Q is directly infinite. According to Theorem 2, we
have a nonzero cyclic right ideal X of R such that P & Q = X,X. Since
R is unit-regular, we can assume, without loss of generality, that P and
@ are countably generated, non-finitely generated, projective R-modules.
Let P= @7 \P; and & = B7,Q; be cyclic decompositions of P and Q.
From the proof of Theorem 2, there exists a positive integer m, such that
~n(P. ® Q;) = X, consequently, there exist a positive integer s, (> m,)
and a decomposition X = A, & B, such that

A] S@ @f;mlpt and Bl S@ @f;m:Qb

Since A, < P, (P, ® Q,), there exist positive integers m, and s, sat-
isfying s, < m, < s, and a decomposition A, = A, & B, such that
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A, <& @fimzpi and B, =& @fiszi-

Next, we note that B, < @7 s,+1(P: ® Q;). Then there exist positive in-
tegers m; and s, satisfying s, < m; < s; and a decomposition B, = 4; &
B, such that

A, <o @?imapi and Ba =0 @fim:Qi-

Continuing this procedure, we have a family |A,.B,,A,,B,....} of cyclic
submodules of X with decompositions

X=A,@B.A =4, Bzi and Bt = A2i+l &® B2i+l
for i =1, 2,... such that
@714 <@ P and ®L.B, <& Q.

Since P and @ are directly finite projective R-modules, so are @7.4;
and @%.,B;. Hence Theorem 2 says that, for each nonzero cyclic projective
R-module Y, there exists a positive integer m such that Y £ @7..A; and
Y < @7 »B:, which contradicts (b). Therefore (b) — (a) is proved. The

remainder implications follow from (a) © (b), Lemmas 6 and 7.

Corollary 9. The property (DF) for regular rings of bounded index
is Morita invarient.

Corollary 10. If R is a regular ring of bounded index with the nonzero
essential socle of R, then R has the property (DF).

Example. There exists a regular ring of bounded index which does
not have the property (DF).

Proof. Choose a field F, and set R,n = @2, F;, where F; = F for
each i. Map each R;n-i = R,n, given by the rule x = (x, x), and set R =
]ii)n R,». For each x € R,s, let X be the class of x in R. Then R is a
non-artinian regular ring which has index 1 with the zero socle. Set a; =
(1,0) € R,, b, =(0,1) € R, and define |a; b;l5, inductively as the fol-

lowing :
Ay = (a,;, 0) (S Rznﬂ. bz;‘ = (0, a,;) S R2n~x for a; © Rzn
and

daipy — (b[, 0) (S Rle—l. b2;+1 = (O.b;) (S Rznu fOl' bi (= Rzﬂ



62 M. KUTAMI

Set A; = a,R and B, = b,R. Then {4, B,l7., is a family of submodules
of R with decompositions

R=A® B\, A;=A4,,® B;; and B, = Ay, @ Byyis

for i=1, 2,.... Noting that R is abelian, we have that, for each nonzero
cyclic projective R-module X, X £ @7 ,A; and X £ @7 .B; for some
positive integers m. Consequently, R does not satisfy the condition ( #),
and so R does not have the property (DF) from Theorem 8.
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