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1. It is a well-known result due to Lambek that the double centralizer
of the injective hull of 3R is isomorphic to the localization R, of R with re-
spect to the Lambek torsion radical 5. Recently, A. Beg [1] has generalized
this result and proved that, for a given left exact radical ¢, the double cen-
tralizer of the t-injective hull of zR is isomorphic to the localization R, of R
with respectto t' =t N 7.

Let ¢t and ¢ be left exact radicals for R-mod such that ¢ < ¢ and t'(R) =
0. In this paper, generalizing the results due to both Lambek and Beg, we
shall give necessary and sufficient conditions for the double centralizer of -
injective hull of xR to be isomorphic to R,. We shall provide an example to
show that it is not necessary to assume that ' =t N 7.

2. Let R be a ring with identity 1; and t a left exact radical for R-mod
with the corresponding left Gabriel topology L(#). The t-injective hull of ;R
is given by

E(R) =lx € E(R)|(R: x) € L(t)},

where E(R) denotes the injective hull of RR. Then E,(R) is i-injective and
E:.(R)/R is t-torsion, while E(R)/E.{R) is t-torsion-free.

Let S = End{(zE,(R)) and Q the double centralizer of zE,(R). Then
E(R) may be seen as a Q-left and S-right bimodule. The canonical mapping
f: R > Q defined by @ = a,, the left multiplication by a, is an injective ring
homomorphism and by this mapping we can regard @ as a left R-module. Also
the canonical mapping S — E,(R) defined by s — 1;s is a surjective S-homo-
morphism. Furthermore, the mapping Q@ = E(R) given by a — a(1;) is an
injective R-homomorphism ([1, Lemma 2.1]) and its image Qlz = {a(1:)]|a
€ Q! is an R-submodule of E:R) containing R. This submodule is also
characterized by

Ql,=lx € E(R)|s € S. 1zs =0=> x5 = 0}
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([1, Proposition 2.2]).

Now let ' be a left exact radical for R-mod with the corresponding left
Gabriel topology L(#'). Assume that ¢’ < {. Then the t-injective hull E,(R)
of xR is also an R-submodule of E,(R) containing R. The following lemma
connects the R-submodule E;(R) with Q1.

Lemma 1. Ift(R) =0 and Qlzx =< E.(R), then Ql; = E.(R).

Proof. Since R < Q1 < E,(R) < Ei(R) and E.(R)/R is t-torsion,
E.(R)/Ql; is also t'-torsion. Therefore, to prove the lemma we may show
that E,(R)/Ql, is t-torsion-free. Let x € E.(R) and assume that (Qlg:
x) € L(#'). Then, for any s € S with 1zs =0, we have (Ql;: x) < lz(xs).
Hence lx{xs) € L(t') and so xs € ' (E{R)) = 0. This shows that x € Q1
and that E,(R)/Ql; is t-torsion-free.

Note that, concerning the assumption of the preceding lemma, the follow-
ing conditions are equivalent :

(1) Ql: < E.(R).

(2) (Re(1z)+R)/R is t'-torsion for all « € Q.

(3) Q1x/R is t'-torsion.

(4) Coker(f) is t'-torsion.
The equivalence of the last two conditions follows from the fact that Coker
(f) is R-isomorphic to Q1:/R via a+f(R) — (1) +R.

Now we prove

Lemma 2. Ift(R) =0, then
(1) Q is t'-torsion-free.
(2) Q is t'-injective.

Proof. (1) is obvious, since @ is isomorphic to Ql: and Qlx =
E(R).

(2) Suppose that A € L(t') and that an R-homomorphismv: 4 — Q is
given. For x € E:(R), the R-homomorphism v;: A = E{R) defined by a —»
v(a)x can be extended uniquely to an R-homomorphism w,: R = E,(R). It
is easily seen that, for x, y € E(R) and s € S, we have wiy = wetwy
and wxs(a) = wx{a)s for all @ € R. Therefore, the mapping a: E,(R) —
E.{R) defined by x = wx(1z) is an S-homomorphism. For each ¢ € A and
x € EfR), v(a)(x) = vi{a) = wela) = a-wx(1x) and hence v(a) = aa.
This shows that v: A » Q has an extension R — @ and thus Q is t'-injective.
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3. For a given left exact radical ¢t for R-mod and any R-module M,
define the localization of M with respect to  to be

Mt = li_)n].»iEL(z)HomR(As M/t(M))

Then by definition, for each A € L(t), there is a Z-homomorphism
us: Homge(A, M/t(M)) - M,

and the canonical mapping
¢M . M e Mt

is given by x — ux(xz) where x; denotes the right multiplication by * = x4+
HM).

It is well-known (cf. [4]) that

(1) both Ker(¢y) and Coker(¢,) are ¢-torsion,

(2) M, is i-torsion-free, and

(3) M. is t-injective.

It is shown that these properties characterize the localization of M.
Here we shall quote from [2] the following

Proposition 3. Let M and X be R-modules and f: M — X an R-homo-
morphism. Suppose that a left exact radical t for R-mod is given and that
both Ker(f) and Coker(f) are t-torsion. Then,

(1)  there exists a unique R-homomorphism h : X - M,
making the diagram

f

t

X

commutative.
(2) Ker(h) = (X).
(3) h is surjective iff X/H(X) is t-injective.

Proof. (1) Since Coker(f) is t-torsion, (f(M) : x) € L(t) for all
x € X. Define the R-homomorphism a: (f(M) : x) » M/#{(M) to be a(a) =
m+tM) for a € (f{M) : x), where ax = f(m) for some m € M. Then the
R-homomorphism k: X — M, given by x = wm.(a) has the desired prop-

erty.
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Suppose that both A, h': X — M, satisfy the condition that hf = ¢y =
h'f. Then the R-homomorphism Coker(f) — M, given by x +f(M) — h(x)—
h'(x) is the zero mapping, and so we have h = h'.

(2) Clearly 2(#(X)) < t(M,;) = 0. Conversely, suppose that x € Ker
(h). For each ¢ € (f(M): x), we can find m € M such that ax = f(m).
Then m € Ker(¢y) = (M) and hence ax € f(t{M)) < #(X). Therefore,
(lx(x) : @) € L(t), which shows that lx(x) € L(t) and thus x € #X).

(3) Note that it suffices to prove (3) in case where #{ X) = 0. Suppose
that A is surjective. Let A € L(¢) and v: A » X any R-homomorphism.
Since Coker(f) is t-torsion, (v '(f(M)):a) = (fiM): +v(a)) € L(1) for
a € A. Hence v''(AM)) € L(t). Letf: v '(fAM)) > M/t(M) be the R-
homomorphism given by ¢ = m+#M ), where v(a) = f(m) for some m € M.
Then wv-1u(8) € M; and hence by assumption there exists x € X such that

’llv-llmm(ﬂ) = h(x) = u»m.m:x;(a)-

This means that there exists A' € L(t) such that A’ < v '(fAM)) N (f(M)
: x) and that a(a) = B(a) foralla € A".

Let ¢« € A'. Then there are some m and m' in M such that ax = f(m)
and v(a) = f(m'). Hence m+t(M) = a(a) = f(a) = m'+HM) and m—m'
€ {M). However, #{M) = Ker(f) and so v(a) = ax. The R-homomor-
phism A/A' - X given by a+ A" — v(a)—ax is the zero mapping and there-
fore v(a) = ax for all @ € A. This shows that X is t-injective.

Conversely, suppose that X is t-injective. Let u.(8) be any element of
M,, where A € L(i) and #: A > M/#(M). By assumption there is an R-
homomorphism w: R = X such that the diagram

A = R
ik
M/{M) 7)(

is commutative, where f* is the R-homomorphism induced by f. For a € A, if
we put B(a) = m+t(M), then a - w(1ly) = w(a) = f*(8(a)) = flm). Hence
A= (AM): w(1z)) and A(w(18)) = wrm:.wag{a) = ua(B). This shows that
h is surjective, which completes the proof of the proposition.

If, in particular, M = R, X isaringand f: M — X is a ring homomor-
phism, then h is also a ring homomorphism. To see this, it is enough to note

that, for any y € X, the mapping Coker(f) — M, given by x+f(M) - h(xy)
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—h(x)A(y) is an R-homomorphism and must be the zero mapping.

Let R be a subring of a ring R". Given a left exact radical r for R-mod,
we shall call R', following [3], a ring of left quotients of R with respect to
r, if, forany x(%+0) € R, (R: x) € L(r) and (R: x)x = 0.

As an application of Proposition 3, we shall prove

Proposition 4 (¢f. [3, p. 99, Proposition8], [1, Proposition2.12]). Let
R be a subring of a ring R and r a left exact radical for R-mod with r(R)
= 0. Then the following conditions are equivalent :

(1) R’ is a ring of left quotients of R with respect to r.

(2) R'/R is r-torsion and R <. R' as left R-modules.

(3) R'/R is rtorsion and R’ is r-torsion-free.

(4) There exists a unique injective ring homomorphism h: R' — R,
making the diagram

R =< R
¢"i/
R,

commutative.

Proof. (1) = (2) = (3) are obvious and (3) = (4) follows from Prop-
osition 3.

(4) =(1). Since R'/R = K(R')/$(R) = R+/¢:(R), it follows that
R'/R is r-torsion. Let x (= 0) € R' and assume that (R: x)x = 0. Then
(R:x) = lx{x) andsox € r(R'). However, A(r(R')) < r(R,) = 0 implies
that r(R’) = 0. Therefore, x = 0. a contradiction.

4. As another application of Proposition 3, we have

Theorem 5. Let t and ¥’ be left exact radicals for R-mod such thet t' <
tand t(R) = 0. Let ER) and E\(R) be the t- and t'-injective hull of xR
respectively and @ the double centralizer of xE(R). Then the following con-
ditions are equivalent :

(1)  There exists a ring isomorphism h: Q = R, such that the diagram

R /

*__,Q

ml/

R.
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is commutative, where ¢ denotes the canonical mapping of the localization
with respect to t.

(2) Coker(f) is t'-torsion.

(3) Ql: < E.(R).

(4) Qlk = Et'(R)-

Proof. As was already remarked in Section 2, (2), (3) and (4) are
equivalent.

(1) = (2) follows from the fact that Coker(f) is R-isomorphic to Coker
(¢%), while (2) = (1) follows from Lemma 2 and Proposition 3.

Note that if we take t = 1 and t' = 7 in Theorem 5, then we get Lambek’s
result mentioned in Section 1, while in case t is any and ¢’ = t N 7 we get
Beg’ one. These facts are immediate consequences of the following

Lemma 6. With the notation of Section 2, Qlx/R is p-torsion.
Proof. First we shall show that, for each ¢ € Q,
s€ S, (R:a(ly) s=0=1s =0.

Indeed, by assumption the mapping v: R+R -a(1x) = E.{R) given by a+
b-a(ly) — bs is an R-homomorphism. Since E{R)/(R+R - a(1;)) is t-tor-
sion, v can be extended to an R-homomorphism s’ € S. Then 1;zs' = v(1;) =
0 and thus 1;s = v{e(1z)) = (a(1z))s' = a(lzs’) = 0.

Now, for each a € Q, (R: a(1z)) is dense. For assume that there are
a, b(=0) in R such that ((R: a(1z)) : )b = 0. Then the mapping R — R
defined by ¢ — c¢b can be extended to an s € Sand (R: a-a(lz))s =(R:
a-a(1z))b =0. Thus we have b = 1;s = 0, as was shown above. This
shows that (R : a(1z)) is dense.

Finally, we shall give an example of a ring R and show that to obtain the
isomorphism @ = R, in Theorem 5 it is not necessary to assume that i’ =
t N 7.

Example 7. We may give a ring R for which

(1) R is left non-singular,

(2) the left exact radical ¢ for R-mod defined by (M) = {x € M|
{x(x) contains a regular element in R} for each :M, is strictly smaller than
7, and

(3) R, is isomorphic to R, over R.
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To do this, let »V be a vector space over a division ring D and let R =
End(,V). Then, as is well-known, R is a regular, left self-injective ring.
Since R is regular, it follows that R is left non-singular and every regular
element of R is a unit in R. Therefore, R, is isomorphic to R, over R. If,
in addition, ,V is infinite dimensional over D, then R = soc(zR) and so L(t')
< L(y). Thus, we have t' < 7.
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