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FOR A 3-SOLVABLE GROUP II

Dedicated to Professor Hisao Tominaga on his 60th birthday

Yasusut NINOMIYA

Let GF(3?) be the finite field with 3% elements, and we define I'= TI'(3%)

to be the set of transformations of the form
x> ax*+b; a.b € GF3%,a+0,i=0,1,2,

on GF(3%) (see [1, Kap II, 1.18(b)]). Then I' is a solvable group of order
2-3%:13, and has a normal subgroup & with [I": @] = 2. In the previous
paper [4], we completely determined the Loewy series of the projective
indecomposable modules for & in characteristic 3. In this paper, by making
use of the result and methods in [4], we shall determine the Loewy series
of the projective indecomposable modules for I" in characteristic 3.

Let K be an algebraically closed field of characteristic 3, and let I,
M,. M,, M,, M, be the simple K®-modules defined in [4]. Then for each
i, 1 =i =4, there exist non-isomorphic simple K I™modules L;, N, (to be
defined more precisely in § 1) with L;|s = Ni|l¢ = M,. Further KI" has
a non-trivial module of dimension 1. which will be denoted by J, while the
trivial simple KI-module will be denoted by K. The modules K, J. L;, N,
(1 £ i =4) are all the simple KI-modules (to within isomorphism). Given
a simple KI-module X. we denote by Py the projective indecomposable
KTI'-module for which Py/J(KI)Py = X. Our result is stated as

Theorem. The Loewy series of the projective indecomposable KI-
modules are as follows :

K J
K N, J L,
KL, L, N, J L, N, N;
J L, Ly Ny N; N, KL L; Ly N, N,
PKZJL1L2L3L4N3N¢ P,=KL,L, N N, N; N,
JL, L N, N, N, KL,L,L,N N,
KL, L,N, J L, N, N,
KN, J L,
K J
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L,
N. N, N,
KL L,L;L,L,
K N, N, N; N, N,
P,= KL L, LN
JL, N,
JL, L,
JN; N,
L,

L,
J N, N,
JL, L, L, L,
J L, N, N, N,
P,=KL,L, NN,
KL,L N, N,
KL,L,N,
N, N,
L,

L,
N, N; N,
L, L,L,L;L, L,
JN, N, N, Ny N, N,
P, = KJL, L, L,
KJL,
KL,
N, N, N,
L,

L,
N, N, N,
KL L,L,L, L,
K JN, N; N, N,
P, = KJL,N,
J L, L, N,
L L,L,
N, N; N,
L,
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N,
L, L,L,
J N, N; N; N, N,
JL,L, L, L, L,
P.\', = JL, NN, N,
KL, N,
K N, N,
KL, L,
N,

N,
KL; L,
KN, N, N; N,
KL L, LN, -
P, =JL, L; NN,
J L, L; N; N,
J L, N; N,
L, L,
N,

N,
L, L; L,
N, N, N, N; N, N,
KL L, L,L,L,L,
P, = K JN, N; N,
K JN,

N,
L, L, L,
J N, N, N, N; N,
KJL,L; L; L,
R\q = KJL, N4
KL, N N,
N, N, N,
L, L, L,
N,

Concerning notations and terminology we refer to our previous paper

(4].

1. Preliminaries. Let U = {a, b, c), B = (v) and W = (s) be
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the subgroups of ® defined in [4], and let # € I denote the transformation
defined by

t: x> —ux, x € GF(33).

We set T=<(t). Then & = (U, B, W) and "= (U, BXT, W). Since
¥ is of order 2, KT has two non-isomorphic simple modules Z,, Z,, where
Zy is the trivial module. Let V. Vi,..., V|, be the simple KH-modules () =
{11, B)) defined in [4]. Regard these modules V, as KB-modules. Then

U=V, ®Z, W,=V,®,Z (0=i=12)

are all the simple KBX T-modules (to within isomorphism). Set I = (11,
BXL). As J/U = BXT, U, and W, induce simple KJ-modules, also
denoted by U; and W,, by defining

uhx = hx, uhy = hy, v €N, hEBXL, x€ U, ye W,

The induced modules U, W/ of these KJ-modules are simple K I-modules,
and for i =1,4,7,10,

L'I;-k:bri'ri ‘ :;k:I,VLF’ k=112'
So we set
L, = Ulr- L,= U{» L,= Uvr» L, = Ul[l;‘
Af] = VV]r. 1\’2 - ‘p'{- N 1’\r3 = IV{. . N‘ = I‘Vlrg.
Then K, J, L;, N, (1 =i = 4) represent all types of simple K I-modules.
From the definition of L;, N, and M,, we see at once that L;|, = N,|, = M,.

In what follows we denote by Py, and Py, the projective indecomposable K3-
modules for which Py, /J(KJ)Py, = U; and Py,/J(KQ)P,, = W,.

Lemma 1.1. (1) Uf=U,:and W¥=W, ,fri=1,2,3,7,8,9.
(2) L¥=1L, L¥=L, N*=N, Nf=N,.

K J
(3) U=K, Wi=J.
K J

(4) P, = P, P, =P, pui:Pl.z’ PL{;:PL:N P, =P,
Pl{’;y: PJ! P‘{ﬁ = PN:? Pl{; = P:\'z’ PVII; = PNas Pli’;o = P.\’p
(5) Kl|y= U, Jl|y = W, and for everyi, 1 =i < 4,
Lil:\ = ®5=0 U3i+j—2.‘ N’i 3 = 6520 "‘”3i+j—2'

(6) I"'=K®J M/ =L, ®N,, 1=i=4.
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(7) Pf=P,® P, P, =P, ® Py, 1=,<4.
(8) For every positive integer k,

L(P)"= Ly(Py) & L(P,),
Lk(PM.:)r = Lk(PLt) @ LE(PNI), 1

A
A
S

(9) For every positive integer k,

dimL(Py,) = dimiL(P,,) = dim¢L(Py,), 1<i<4.

Proof. (1) is clear by the definition of the modules U; and W,, and
(2) follows at once from (1).
(3) Since J(KI") = KT'J(K®), by [4, Lemma 3.1] we have

J(KT) = KTJ(KW) +KI'BJ(K8)
= KTJ(KW +KIBJ(KB).

Since U, is isomorphic to the left ideal K of KJ, we have
Ul = 3KB.
Hence

JKD)US = (KTJ(KM) +KTBJ(KW)) SK
= KTBJ(KT)IKB.

Noting that ¢ commutes with both B and elements in B, we have

KEBJ(KB) KW = %J(K%A)méK@ = BIKB)IKB® = J(KB) BIKW
= J(KB)IKW = JJ(KB).

Thus we have proved that
JKD U = JJ(KW),
From this we have

JIKD)U = (KTJ(KW) + KIBI(KTR)) JJ(K)
= KTBJ(KBW)JJ(KB) = BI(KB) JJ(KW)
= J(KB)BIJ(KB) = J(KB) I (K)
= JJ(KB)* = KT

Thus we see at once that
L(UJ) = L(UJ) = L,(UJ) =K.
Next, since W, is isomorphic to the left ideal Kﬁfg(t—l) of KY, the
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following can be obtained by the method used in the above:
we = UB(1—1)KB,
JIKD Wy = UB(t—1)J(KB),
JIKD)*W, = KUB(:—1).
This shows that
LW = L(W§) = Ly(Wg) = K&(2—1) = J.

Thus (3) is proved.

(5) is clear by the definition of the modules K, J, L, and N,.

(4) Clearly P and Pf, are projective KI-modules. Further by (5)
and Frobenius reciprocity theorem, we have

K, i=0.
Lu’+21/3, i=1,4,7,10,

J, i=0,
N€i+21/3a 1=1,4,7,10,

BL/JKD) P, = [
PL/J(KD)PE = [

and so (4) follows at once.
(6) By Frobenius reciprocity theorem,

Homy (K, I") = Homy{(J, I") = Homyy(I, I),
Homy (L, M) = Homx{N;, M) = Hom4(M,, M,).

This shows that K & J (resp. L; @ N;) is isomorphic to a submodule of I”
(resp. MJ). But dim/" = 2 and dimyM," = 6. Hence the result follows.
(7) By virtue of Frobenius reciprocity theorm, we can see that

[/J(KPf =K & J, Pg,/J(K[)Pi, = L, ® N..

As P and Py, are projective KI-modules, the result follows from the
above.

(8) Given a K®-module M, we see that M is completely reducible if
and only if M" is completely reducible, because [I": ] = 2. Hence (8)
follows at once from (7).

(9) Let e; be the primitive idempotent in K& corresponding to Pj,.
Then —e(t+1) and e, (t—1) are the primitive idempotents in KI" corre-
sponding to P,, and Py, respectively. Noting that

J(KTI') = KTJ(K®) and "= (@, T),

we have
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L(P,) = J(KF)”' e(t+1)/J(KD)*e (:+1)
= J(K&)* ‘e {t+1)/J(K&) ke (t+1),
Ly(Py,) = J(KIN)* ‘e (t—1)/J(KI) e, (t—1)
= J(K®)* 'e,(1—1)/J(K®)*e,(t —1).

From this it follows at once that

dimek(PL,-) = dimek(PN,-)
= dimsJ(K®)* 'e,/J(K®)*e,
= dimyLx(Py,),

proving (9).

Remark. If the Loewy series of Py (resp. P,,) is known, then by
[4, Theorem] and Lemma 1.1, (6), (8), we can obtain the Loewy series of
P, (resp. Py,). Hence in order to prove our theorem, it suffices to determine
the Loewy series of Py and P,,.

If a; and b, are the primitive idempotents in KJ corresponding to Py,
and Py, respectively, then

Homyy(Py,, Py,) = a,Klla;,
Homy,(Py,, Py,) = a,KUb,,
Hom af(Jr”—“' P.) = b,Klla,,
Homyy( Py, Py,) = b,KUb,.

But we easily see that

_ r(“i, a;aa;), i = j,
a,Kla; (a,aa,). i+
a;K1b; = (a;ab;),
b.Kla; = (b;aa,),

(bs, biaby)

_ @b, i =j,
bKUb, = (b.ab;), i+ j.

Hence we have the following

Lemma 1.2. The Cartan mairix of K is given by
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The preceding lemma together with Lemma 1.1(3), (4) implies the
following

Corollary 1.3. The Cartan mairix of KI' is given by
P, {6 33 3:-- 3

P, [363 33
P.|3 34 33
P.|3 33 43|
P.|3 3333
Po\3 33 34

2. The Loewy structure of the projective indecomposable KJY-modules.
Using an argument similar to the one used in the proof of [4, Proposition
2.3]. we shall prove the following

Proposition 2.1. (1) Py, has the Loewy and socle series given by

Us
W, W, W,
U, Us Us U; Ug Uy
W, W, We W W\, W,, Wy,
Ul er U3 Ulﬂ Ull Ul2
W, W, W,
U,

(2) Foreveryi, 1 i =12, Ly{P,) = Se_x(Py,) = Li(Py,) ®« U,
(1 =k=7).

(3) For everyi, 0 =i =12, Ly(Py) = Ss_n(Py) = Ly(Py,) ® W,
(1 =k=7).

Proof. We shall identify P,, with the left ideal Kllg of K3, where
o= —BE = — 3 ieuxz X is the primitive idempotent in K¥. As J(KJ) =
K3J(KW), we have J(KQ)'Py, = J(KW)'s. View KUl as a KJ-module via
conjugation of § on U. Then the above implies that there exists a K3-
isomorphism:

J(KQ) Py /J(KQ) ' Py, = J(KW)ia/J(KW) &' o = J(KW)!/J(K1) 1.

At first we shall prove that
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(2.2) L, (P,) =W, & W,® W,.

In order to prove (2.2), it suffices to show that the KJ-module J(KU)/J(KU)?
is isomorphic to W, @ W, & W,. It is easy to see that J(K1)/J(K1)? has

a K-basis consisting of the elements:
(a—1)+J(KW? (b—1)+J(KN)? (c—1)+J(KIW)~

Operating v and ¢ on (a—1), (b—1) and (¢—1), we obtain the following
congruences relative to mod J(K11)?:

(a—1)? = (c—1),

(b—1)"= —(a—1)+(c—1),
(c=1)"= —(a—1)—(b—1)+(c—1),
(a—1)'= —(a—1),

(b—1)'= —(b-1),

(c—=1)t= —(c—1).
This shows that J(KU)/J(KW)* affords the matrix representation

0 -1 -1 -1 0 O
S:v—=>8Sv)=|[0 0 —-1]|,t-8k) = 0 —1 OJ.
1 1 1 0 0 -1

The characteristic polynomial of the matrix S(v) is X*—X?*—X—1, and so
(2.2) follows. Next we show that

(2.3) L(P,)=UeU®o®UdU & U & U,.
By (2.2), we can choose a K-basis {m,, m,, my} of J(K1)/J(KW)? such that
my = ¢ 'm,, m¢= —m,, where ¢ is a root of the polynomial X*—X?—X

—1. Now we express m; as
m; = a,,+J(Ku)2 (ai [S J(Ku)).
Then | e;0;+J(KW)*|1 < i<j < 3} forms a K-basis of J(KU)*/J(K1):.

Operating v and ¢ on the elements a;0;, we obtain the following congruences

relative to mod J(KU)?3:

(af)? = é"a], (a})' = ai,

(a})’ = {fai, (a3)! = ai,

(a3)” = £Pai, (a3)' = a},
(@)’ =am (a0)'= oo,
()’ = oy, (@ a3)' = a0y,
(ma)? = oo, () = oy 0.
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From this we obtain (2.3)

By [2, Corollary], the Loewy and socle series of Py, coincide. Hence
noting that the Loewy length of Py, is 7 and that P,, is self-dual, we conclude
from Lemma 1.1(1), Lemma 1.2 and the above results (2.2), (2.3), that
Py, has the Loewy and socle series given in (1).

(2) and (3) are obtained from the following isomorphism:

P, =P,®, U (1 <i=<12), P,, =P, ® W,(0 =j=<12).

Thus Proposition 2.1 is proved.

Corollary 2.4. (1) L P,) =N, ® N, ® N,.

(2) LyP,)=K®L &L, ®L,®L,® L,.

(3) L,(P,) =J®N,&N,.

(4) L,(P,) =N, ® N; & N,.

(5) L{P,) =L ®L,S®L,®L, DL, L,.

(6) L(P,)=J®N ®N,®N,®N,® N, ® N,.
(7) L,P.) =N, ®N,®N,.

(8) L(P,)=K®L ®L,®L,® L, ® L,.

Proof. (1) From the isomorphism:

P./JK)P,, = PL/J(KS)P, = PLAJ(KY) Py,)”
= (PU;/J(K‘%)PU])F = Ulr = L,,
it follows that J(KIN)P,, = J(KJ)P,,. Therefore
JKD)P,/J(KS)'P,, = J(KQ)P.JIKSP,
= J(KQ) P&/J(KI)?PS = (J(KQ) Pu) /(J(KS)*Py,)"

=~ (J(KX) Py, JJ(KQ)P,) = (W, ® Wy © W,)"
=N,®N,®N,.

Hence J(KI)P,,/J(KJ)*P,, is completely reducible, and so we have
J(KY)?P,, = J(KI')*P,, and L,(P,)) = N, ® N, ® N,

proving (1).
(2) Since JIKIN)P,, = J(KQ)*P,,., we have

J(KID)*P, JJ(KQJ)'P., = J(KJ)*P,,/J(KJ)*P,,
= J(K)*P{/J(KJ)* P = (J(KQ)*Py,) A J(KR)*Py)"
= (J(KJ)*Pu, /I (KJ)*Py,)"
=U,oU,®Us® U, ® U,,® Uy,)"
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KL L,L,L,L,
=K
K.

As J(K)P,, C J(KT)*P,,, the above implies that
L{P)=K®L ®L,®L,®L,® L,

proving (2).
(3) through (8) can be obtained by the method used for the proof of (1)
and (2), and we omit the proof.

3. The Loewy structure of Py and P,. In this section, by making use
of an argument similar to the one used in [4, § 3], we shall determine the
Loewy series of P;. Then the Loewy series of P, is obtained (see § 1,
Remark). We set R = (BXT, W), and we let K be the trivial simple
KR-module and Pz the projective indecomposable KR-module for which
ﬁf/J(KﬁR)ﬁg‘—' K. As in the proof of Proposition 2.1, we denote by o the
primitive idempoptent —BF in K3, and set

A= KlleB, B=KUaJ(KB), C = KlloK®.
Since PL= P,, Pr= KRo = oK% and J(KR) = KTBJ(KT), we have
A= (JIKR)?PY". B=(JKRPY" C=PL=P,

At first we determine the Loewy series of A.

Lemma 3.1.

K
N,
L2 L3
A=JN; N,
L L,
N,
K

Proof. Let C, (i = 1,2) be the conjugate class in II®B containing a®.
Then we have

BKllo = (%Ku@) o= (%, éa%, éaz%) o= (g, éaa, éaz a).
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From this we obtain

BI(KB) A = BJKR) KUl oW
= J(KB)(BKU o) B
= J(KR) (0, Co0, Coro) W
= (0. Co0, Caz o) J(KTR) R = 0.

Hence. recalling that J(KI") is expressed as
JIKI) = KIJ(KW) +KTBJ(KW),
we obtain
J(KI)'A = KTJ(KW)'A = J(K1)'oB.
Thus it holds that
JIKD)A |y = J(KWW) o = J(KQ)Py,.
and so

(JIKDY'A/JHKD)*A) |y = J(KS) Py /J(KY) ' Py,.

Therefore the result follows from Proposition 2.1(1) and L.emma 1.1(5).

Next, we determine the Loewy structure of B.

Lemma 3.2, (1) L(B) = L,(A).
(2) L(B)=L(A)®L,_,(A) for 2=i=7.
(3) L4B) = L;(A).

Proof. At first we shall show. by induction, that

63

(3.3) JKIN)'B=J(KW'aJ(KB)+J(KIN)" A, where J(KT)* = KTI.

Since J(KI") = KIJ(KI) + KTBJ(KW). we have

J(KT)B = J(KW) oJ(KB) + KTBJ(KW) K1 6.J(KB)
= J(KW) oJ(KR) +KTJ(KB)(BKU o) J(KR)
= J(KW) 0J(KW) +KTJ(KW) (0. Cp0, Cor ) J(KTB)
= J(KI) 6J(KB) +KZT (0, Coa, Coz o) J(KIB)?
= J(KI) 6J(KB) +KZT (0, Co0, Cor 0 .

But o0 = o téa: éazt and téaz = éat, and so

KT {o. éaa. éazd> = {g, éaa, éa20'> = BKlla
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Thus we have
J(KT)B = J(KW) oJ(KW) +(BKW o) B,
which implies that
J(KI)B C J(KW) oJ(KW) + A.
On the other hand, given u € I, u #+ 1, we have

uoB = (1 — ) uoB+ ouoB®

(u+ 2Dixeny uY) aﬁ%—(l-}-t)%uaiﬁ
=(li—1 +u) o —Bu o —Bu' oW

€ J(KW) oJ(KB) +(BKU o)W = J(KT) B;

I

and
oW = BB € (BKN)BW C J(KT)B.

This shows that A C J(KI')B. Thus (3.3) is proved for i = 1. Next,
assume that (3.3) holds for some i. Then

JIKT)™*'B
= JIKD)(J(KW) o J(KB) +J(KT)'4)
= J(KW)"' 6J(KW) + KTBJ(KW) J(KU) o (KB) +J(KT)A
= J(KW ' oJ(KW) + KTJ(KB)(BI(KW) o) J(KB) + J(KT)'A
= J(KW) ' 6J(KB) + KS(BJ(KU) o) J(KB)2+J(KT)'A
= J(KW)* ' oJ(KD) +(BI(KW) o) KEW+ J(KT)'A
= J(KW) "' o (KB) +(BJ(KN) o) W+ J(K ) A.

But BJ(KW)ieW C J(KMW) oW = J(KT)'A. Therefore (3.3) holds for
every I.
From (3.3) it follows that

L(B)
= B/J(KI)B = KUoJ(KB)/(J(KW) oJ(KW) +A) X
= (KUoJ(KI) /K1 o) A(J(KW) 0 (KBW) + KU oB) /KU 0 3B)
= KUoB/J(KW) oB = KI'= L,(4),

proving (1).
Because of (3.3), we have the following inclusions:

J(KN)'BC J(KI)'B+J(KDN)PAC J(KIN)™'B, 2=i=T.
By replacing, in the proof of [4, (3.5), (3.6)], X, Y, J and ¢ by A, B,
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J(KT) and o respectively, we can prove

JIKD)'BAJ(KT)'B+J(KIN)2A) = L(A),
(J(KIMB+J(KI)"*A)/J(KT')'B = L, (A).

Hence
L(B) =LJ(A) ® L,_,(A).

Thus (2) is proved.
Further by (3.3), we have J(KI')'B = J(KT")°*A = L,(A), proving (3).

Finally, we determine the Loewy structure of C.

Lemma 3.4. (1) L,(C) = L,(A).

(2) L(C)=L(A)® L,_(B) for 2 <i<7.
(3) Ls(c) =L7(B)-

(4) L(C) = L«(B).

Proof. First we shall prove, by induction, that
(3.5) J(KD)'C = J(KW)!'oK®B+J(KT)'B, where J(KIM)" = KT
As J(KT) = KI'J(K0) +KTBJ(KB), we have

JIKT)C = J(KU) oKB+ KTBJ(KB) KU oK T
= J(KI) KB+ KTJ(KB)(BKU o) KB
= J(K1) oKB + KT(BKU o) J(KTB)
= J(K11) oKB+(BKU o) KTJ(KTB)
= J(KW) oKW+ (BKU o) J(KTB).

Hence J(KI')C C J(KN) oKW+ B. But given u € U, u+1 and w €
J(KB), we have

uow = (1 —o)uow+ cuow
= (u+ Drenr u5) ow—(1 +1)Buow
=(l—1 +u)aw—§3uaw—58utaw
€ J(KU) oKW +(BKU o) J(KR) = J(KI)C;

and
ow = Bow € (BKUo)J(KB) C JKI)C.

This shows that B = KUaJ(KW) C J(KI')C. Thus (3.5) is proved for
i = 1. Next, assume that (3.5) holds for some i. Then we have
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>

J( 1") i+lc
K1) ' oKW+ KTV (KW)J(KW) ‘KB +J(KT)'B
KW' oK+ KTJ(KB)(BJ(K1) ‘o) KB+ J(KT)'B

J(
J(
JIKW) ' KB+ KT(BJ(KW)'o) J(KB)+J(KT)'B
J(
J(

l

i

K™ oKW+ (BJ(KN)'o) KTJ(KB) +J(KT)'B
KW)*' oKW+ (BJ(KW) o) J(KB) +J(KT)'B.

Il

But
BI(KW)'oJ(KB) C J(KW)iaJ(K) C J(KT)'B.
Hence
J(KT)*'C = J(KW)* KB+ J(KT)'B.

Thus (3.5) holds for every i.
By (3.5), we have

L(C)
= C/J(KT)C = KNoKB/J(KI) KB+ KU oJ(KT))
= (KUoKB/KNoJ(KW))/((J(KU) o KB+ Ko J (KBW)) /KN o] (KB))
= KNoBW/J(KI) 0B = KI'= L,(A).

proving (1).
Further, from (3.5), we have the following inclusions:

JIKD)'C CJHKD)'CHIKDN*BCJKIM"'C, 2=i=T.

In the proof of [4, (3.9), (3.10)], replace X, Y, Z, J and € by A, B, C,
J(KT) and o respectively. Then we have

JIKD)'CAJKTD)*C+J(KI)"*B) = L(A),
(J(KD)'C+J(KI)**B)/J(KI')'C = L,_,(B),

and so
L(C)=L,(A) ® L,_.(B).

Thus (2) is proved.
By (3.5), J(KIN)'C = J(KTI')*B and J(KI")*C = J(KI')'B, and so

Ly(C) = J(KI'Y'C/J(KT)*C = J(KI)*B/J(KT')'B = L(B),
L(C) = J(KT')'B = L«B).

Thus (3) and (4) are proved.
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Since C = Py, combining Lemmas 3.1, 3.2, 3.4, we obtain the Loewy
series of Py, and so also obtain that of P,. Thus we have proved the
following

Proposition 3.6. Py and P, have the Loewy series given in Theorem.

4. The Loewy structure of P,, and P,, In this section, we shall
prove the following

Proposition 4.1. P, and P, have the Loewy series given in Theorem.

Proof. By Proposition 2.1, J(KJ)*P,,/J(KQJ)*P., has factor modules

X — WO W3 WS I“IS W7 u’ll IV12 Y — “’0 W3 WS Wﬁ W7 Wll W12

Us Us Us Uy ' U. U,

Since [Sy(Py,), Wo] =0 for i =0, 5,9, 10 (Proposition 2.1), [S,(X),
W,] = 0, and so we have

w, W, W, W, W,, W,

X=Wo® " 1w, U, Uy,

From this we obtain

J N/ N, N, N;N, N,
X'=J®KL,L, L,
J K
K

Since X' is a homomorphic image of (J(KJ)*P,,)". noting that (J(KJ)*P,,)"
= J(KT')*P,,, we obtain

L(P,)DL(X""=K®&J®L,®L, ® L,.
But by [4, Theorem] and Lemma 1.1(9), dimLs;(P,,) = 11. Hence
(4.2) L(P,)=~K®J®L,®L,®L..
Since there exists a KJ-monomorphism
JKS) P /J(KQ)*P,, » X ® Y

and [S.(J(KJ)*Py./J(KJ)*Py,), W] = 1, [S.(X), W,] = 0, it follows that
[S,(Y), W,] =1, and so the Loewy series of Y is one of the following:
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(a) (b) (¢)
JN N, N,NyN N, JN N, N, NN N, JN N, N, N; N, N,
J J J L,
J J L, J
L, L, L, L,

If (a) were the Loewy series of Y, YT would have a submodule

J
L, LS

This module must be a homomorphic image of P,. But by Proposition 3.6,
P, does not have such a homomorphic image. This contradiction shows that
the Loewy series of Y is (b) or (c¢). If (¢) were the Loewy series of Y,
L, would appear as a composition factor of Ls(P,,). This contradicts (4.2),
and so (b) is the Loewy series of Y'. Therefore we have

L6(PL3) D le L?(PLS) :) Ll-

Since L = L,, Landrock’s lemma (see [4, § 1]) together with Proposition
3.6 implies that

Ly(P,) DK ®J, L(P,) DK.

Further by [4, Theorem] and Lemma 1.1(9), dimyL¢(P.,,) =5 and
dimgL,(P,,) = 4. Therefore we obtain

(4.3) L(P,) =K®J+L,, L(P,) =K® L,.

Thus by Corollaries 1.3, 2.4, and (4.2), (4.3), Ls(P,,) is determined, and
so we conclude that P,, has the Loewy series given in Theorem. Hence P,,
also has the Loewy series given in Theorem.

5. The Loewy structure of P,, and Py,. Here, we shall determine
the Loewy series of P,, and P,,. To begin with, we shall prove the
following

Lemma 5.1. L(P,) = K® N, ®N,® N, ® N, ® N,.
Proof. (1) By Proposition 2.1, J(KJ)?P,,/J(KJ)'P,, has factor

modules

— UO Uz UB Us Ulo Un

¥ _Us U, Uy Uy Uy U,y
W, W, Wll Wi, ’

Y W, W, W,
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Since [S,(Py,), Us) = 0 for i = 4,8,11,12, we have

Uuu, U, U, U
X:U® 2 B 9 10 ll’
" Wow, W, Wi,
and so
K
r L1L3L3L‘Ll
X—§®1WMMM'

Since X' is a homomorphic image of (J(K)*P,,)" = J(KI')*P,,, the above
implies that

(5.2) L(P,)DL(X")=K®&N,®N,®N, ®N,.
There exists a KJ-monomorphism
J(KS)? Py, /J(K)'Py, > X @ V.

Hence, [S.(Y), U;] =1 because [S,(X), U,] = 0. Therefore the Loewy
series of Y7 is one of the following:

(a) (b) (¢)
KL L,L,L,L, KL L,L,L, L, KL L,L,L, L,
K K K N,
K K N, K
N, N, N, N, N, N, N,
(d) (e) (f)
KL L,L,L,L, KL L,L,L, L, KL L, L,L,L,
K K N, KN, N,
K N, N, KN, K
N, N, N,

But in view of Proposition 3.6, we see that the Loewy series of Y" is (e)
or (f). If (f) were the Loewy series of Y’, N, would appear at least twice
as a composition factor of L,(P.,). This together with (5.2) implies that
dimcL(P,) =19. But by [4, Theorem] and Lemma 1.1(9), dimxL,(P,,)
= 16. This contradiction shows that the Loewy series of Y' is (e). Hence
L(P,) D N,, and

L(P,) =K®N,®N,® N, ®N,®N,.

Thus Lemma 5.1 is proved.
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In the proof of the preceding lemma, we have proved that (e) is the

Loewy series of Y'. Hence it follows that
(5.3) Ly(P.,) D K® N, L{(P,) DN,.

Lemma 5.4. Li(P,)=J® L, ® N,.

Proof. The preceding lemma together with Corollary 2.4 implies that
(P../J(KT)'P,,, N,] = 3. Hence by [4, Theorem], Lemma 1.1(6), (8) and
Corollary 1.3, we have

(J(KD)'P,,/J(KT)P,,, L,] = 3.
Therefore noting that
L{P.,) D L{Py)", [LPy). M;] =1, i=5,6,7,
we obtain
(5.5) (LP.), L] =1 for i =5,6,7.
From (5.3) and (5.5), it follows that
Ly(P.) D L, ® N,.

Further, Landrock’s lemma together with Proposition 3.6 implies that
L(P,) D J. On the other hand, by [4, Theorem] and Lemma 1.1(9), we
have dimcL¢(P;,,) = 7. Hence the lemma is proved.

Lemma 5.6. Ly(P,) =J ® N, & N,.

Proof. Since Ls(P,,) G S,(P,,) and, by [3, Chap. I, Lemma 8.4],
S:{(P,,) = L,(P,,)*, from Corollary 2.4, we have

Ly(P,) CJ® N, ®N,.

But dimgLs(P,,) = 7. Hence the result follows:

Lemma 5.7. L.{(P,)=J& L, & L,.
Proof. We have already shown that

[LZ(PLa)s Na] = [L4(PL|), Ns] = [LB(PL1), Ns] =1,
[La(PL.)» La] = 2.

Hence by Corollary 1.3 and Lemma 1.1(8), L, appears as a composition
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factor of L,(P.,). This together with (5.5) implies that
L{P,)D L, ® L.
Further noting that dimyL,(P.,) = 7 and [L.(P,,), K] = 0, we obtain
L(P,)=J®L,® L,.
Thus the lemma is proved.

By Corollaries 1.3, 2.4, and the above lemmas, L;(P,,) is determined,
and so the Loewy series of P, is established. Hence we also obtain the
Loewy series of Py,. Thus we have proved the following

Proposition 5.8. P,, and P, have the Loewy series given in Theorem.

6. The Loewy structure of P,, and Py,. In this section, we shall
determine the Loewy series of P,, and Pj,.

Lemma 6.1. (1) L4(PL4) = K @ J @ Nz @ N3 @ N3 @ 1\74.
(2) L(P,)=K&J® L, ®N,.

Proof. (1) By Proposition 2.1, J(KS)*P,,./J(KS)*Py,, has a factor
module

UO U2 U5 UG U7 Ul2

X = W W, W, W, W,y

Since [S,(Py,), U] =0 (i =0,6,8,9.10), we have

UZ U5 U6 U7 Ul2

X=U® w'w, w, w, W,

and so

K L/ L, L, L, L,
X"'=K®JN, N, N, N, .
K J
J

Hence, noting that X” is a homomorphic image of (J(K)*Py,.) = J(KI')*P,,,

we obtain
LP)DLX")=K®J®N,®N; ® N, ®N,.
But dimyL,{P,,) = 14. Hence L,(P.,) = L,(X"), proving (1).
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(2) J(K)2Py,./J(KS)*Py,, has another factor module

Y= Ul) U2 US UG U7 U12
W, W, :
Since there exists a KJ-monomorphism
J(KS)ZPUW/J(KS)‘PUN - X & Y,

and [S:(X), U)) = 0, we have [S,(Y), U] = 1. Hence the Loewy series
of Y™ is one of the following:

(a) (b) (c)
KL L,L,L, L, KL L,L, L, L, KL L,L,L, L,
K K K N,
K K N, K
N, N, N, N,

In view of Proposition 3.6, we see that (a) is not the Loewy series of Y".
If (¢) were the Loewy series of Y7, N, would appear as a composition factor
of L,(P.,). This contradicts (1). Hence (b) is the Loewy series of Y".
Thus we obtain

Li{P.,) DK®N,.
Further Landrock’s lemma together with Propositions 3.6, 4.1 implies that
LS(PLq) 4_—> J @ L4.

Hence we obtain (2) because dimyLs(P,,) = 8.

Lemma 6.2, L,P,) =N, ® N, ® N,.
Proof. We have
Ly(P.) G Sy(P.,) = Ly(P,,)* = N, @ N, & N,.
Hence the result follows from the fact that dimyLs(P,,) = 9.
Lemma 6.3. (1) Le(P.,) =J@® L & L, ® N,.
(2) L{(P,)=L,®L,® L,

Proof. From Corollaries 1.3, 2.4, and the above lemmas, it follows
that

[J(KT)*P,/J(KT)'P,,, L,] = 2.
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But by [4, Theorem] and Lemma 1.1(6), (8),
[L{(P.). L] =1, [L(P.), L] = 1.
Hence we obtain
[Le(P.), L] = [Lo(Po), Ly] = 1.
Further, from Landrock’s lemma and Propositions 3.6, 5.8 we obtain
Ly(P.,) D J, L,(P,) D L,.

On the other hand, in the proof of Lemma 6.1(2), we have proved that the
Loewy series of of Y7 is (b), and so

L¢(P,) D N,.
Thus we obtain
L{P)DJ® L, ®N, L{(P,) DL, ® L.

Further, by Corollaries 1.3, 2.4 and Lemmas 6.1, 6.2, L, appears twice
as a composition factor of J(KI")*P,,/J(KT")'P,,. Hence from dim,L¢(P,.,)
=10 and dimyL,(P.,) =9, it follows that

L{P,)=J® L, ®L,®N,, L,(P,) =L,® L, ® L,,
and the lemma is proved.

Thus the Loewy series of P,, is established, and so the Loewy series
of Py, is also obtained.

Proposition 6.4. P., and Py, have the Loewy series given in Theorem.

7. The Loewy structure of P,, and Py,. In this section, we shall
establish the Loewy series of P;, and Py,. At first, we note that the next
result follows from Landrock’s lemma and Propositons 3.6, 4.1, 5.8, 6.4.

Lemma 7.1. (1) Li{P,)DOJ®L,® L, @ L,.
(2) L(P, DJ®N,dN,.

(3) L{(P,)DK®L,®N,®N,.

(4) L(P)DKS®L, ®L,®N,®N;.

(5) LA{P,)DK® L, ® L,

(6) Lg(P.,) DO N.,.
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Lemma 7.1(4) together with the fact that dimyL¢(P,,) = 13 implies
the following

Lemma 7.2. L{(P, =K® L, ® L, ®d N, ® N,.

Now we shall prove the following

Lemma 7.3. (1) LyP,)=J® L, ®L,®L,® L,.

(2) LS(PLz) = K 6 L] @ Lz @ IVZ @ Ng-

Proof. By Proposftion 2.1, J(KY) P, /J(KQ)*P,, has factor modules

WD W7 I'Vlz Y _ LVU IV1 le

X=uvuvu. Y= v,

Since [S,(Py,), W,] =0 for i = 6,9, 10, ‘we have [S.(X), W,] =0.
Therefore from the existence of a KJ-monomorphism

JKS) Py /J(KS)P, > X & Y,

we obtain [S,(Y), W,] =1, and so the Loewy series of Y’ is one of the
following

(a) (b) (e) (d) (e) (f)
J N, N, J N; N, JN, N, JN,;N, J N; N, J Ny, N,
J J J L, J J L, JL, L,
J J L, J JL, L, J L, J
L, L, L, L,L, L, L, L, L, L,

But in view of Proposition 3.6, we can see that the Loewy series of Y is
(e)or (f). Since Y" is a homomorphic image of (J(KY)P,,)" = J(KI') Py,,

we have
Ly(P,,) D L,(Y").

From this we may show that (e) is the Loewy series of Y. For otherwise
L, would appear at least twice as a composition factor of L,(P,,). Then by
Lemma 7.1(1), we have

L(P,)DJ®L OLS®L,®L,® L,.

But this contradicts the fact that dimyL;(P,,) = 13, and this shows that (e)
is the Loewy series of Y'. Therefore we obtain

(7-4) La(PLz) D Ll? LS(PLZ) D Ll‘
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Since dimgL,(P.,) = dimyL;(P;,) = 13, the result follows from Lemma
7.1(1), (3) and (7.4).

Lemma 7.5. Lg(P,) = N, ® N,.
Proof. We have
Ly(P.,) G Sy(P,) = L,(P,)* =N, ® N, ® N,.
Hence the result follows L.emma 7.1(6) because dimyL(P,,) = 6.
Lemma 7.6. (1) LP,)=J® L, &N, ® N, D N,.
(2) L(P,)=K®L;®L,®N,.

Proof. In the proof of LLemma 7.3, we have proved that {e) is the
Loewy series of Y', and so L, appears as a composition factor of L,(P,,).
Hence the result follows at once from Corollaries 1.3, 2.4, Lemma 7.1(2),
(5) and Lemmas 7.2, 7.3, 7.5 because dimyL,(P,,) = 13 and dimyL,(P,,)
= 10.

Thus we have established the Loewy series of P,,, and so the Loewy
series of P,, is also obtained.

Proposition 7.7. P,, and Py, have the Loewy series given in Theorem.

Thus we complete the proof of Theorem.
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