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THE GROUP OF GALOIS
H-DIMODULE ALGEBRAS

Antonio A, BLANCO-FERRO and MigueL A. LOPEZ LOPEZ*

Let R be a commutative ring with identity, and let H be a commutative,
cocommutative, finite Hopf R-algebra with antipode. Using the notion of
H-dimodule algebra, given by Long in [3], Nakajima defines in [4] Galois
H-dimodule algebras generalizing graded Galois algebras and H-objects of
Galois in the sense of Chase-Sweedler. In the same paper, he shows that
the set of isomorphism classes of Galois H-dimodule algebras admits a struc-
ture of monoid provided that the Hopf algebra is a free R-module of finite
type.

The purpose of the present paper is to show that for any commutative.
cocommutative, finite Hopf R-algebra with antipode the above mentioned mono-
id is a group which contains the Galois group of H (Chase-Sweedler [2],
Beattie [1]), as a subgroup.

0. Preliminaries. In what follows, R is assumed to be a commutative
ring with identity, and H a commutative, cocommutative, finite Hopf algebra
with antipode. The counit, comultiplication and antipode of H will be denoted
bye: H—> R, 8: H—> H® H and A: H—> H, respectively, where ®
stands for @;.

For A, any R-algebra, we denote the unit and multiplication with 7, :
R—>A and s : AQ A— A, respectively.

¢s: H® A—> A will denote a structure of H-module and y3 : B—
B® B of H-comodule.

An R-algebra A is called H-module (respectively, H-comodule) algebra
if 74 and w4 are H-module (respectively, H-comodule) morphisms.

An H-module algebra A which is also H-comodule algebra and satisfies
Yo = (W ®A)-(H® x4): HR A—> A® H, is called H-dimodule algebra.

For any H-module algebra A, and H-comodule algebra B, the smash
product A # B, is a R-algebra: the R-module support is A® B, and the
multiplication is given by

(a# b)(C# d) = % a'b(\)(C) ¥# b(o)'d

*The author’s research was partially supported by a grant from the Xunta de Galicia
(0.30 May 1985).
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1. Galois H-dimodule algebras.

Definition 1.1. An H-dimodule algebra A is called a Galois H-dimodule
algebra if the following conditions are satisfied :

i) Ais a faithfully flat R-module

i) %2=w®H) (A® y1): A A—> A® H is an isomorphism.

Proposition 1.2. For A and B any two Galois H-dimodule algebras, the
Sfollowing statements are true:

a) A'is a Galois H-dimodule algebra, where A' has the same H-module
algebra structure of A and has Y» = (A® A)- X» as H-comodule structure.

b) A% is a Galois H-dimodule algebra.

c¢) A is a Galois H-dimodule algebra, where A has the same H-dimodule
structure of A, and its algebra structure is given by puz = s v (AQ® ¢u)-
(X+ ® A), 1 being the twisting isomorphism.

d) The smash products, A # B, is an Galois H® H-dimodule algebra.
The structure of H® H-module is given by

(h1 ® hz)(a # b) = hl(a) # hz(b)
and the one of H® H- comodule by
Xawsla # b) =(GZM‘.”am # by ® ay) ® by).

e) H is a Galois H-dimodule algedra with the trivial structure of
H-module, ¢y = ¢ ® H, and with its comultiplication as H-comodule structure.

Proof. b) After (3, Prop 1.7 and Prop 2.10], enough to show that ¥
is an isomorphism. But this follows from

(7a® H):(A® 7420)

(definitions of ¥4, 74, and A is H-comodule algebra)

=(uwO®HOH) (AR us@us@H) (AR A® ¥, ® §)-
(A Q@ H ) (A® AQ 1)

=(u®HOH) (AR AR us®H) (ua® 1u®§)-
(ARA® ) (A u®A)(A® 7)
(definitions of ¥, and 7x)

=(A® 7H)'(74®H)'(A® T)'()’A@A)'(A@ 7).

¢) 7:= (W ®H) (A® xu) = 74 (A® ¢u)- (X» ® A).
From, Y and (A® ¢s): (x4 ® A) isomorphims it follows y; isomor-
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phism.
The rest of the proof is straightforward though tedious.

2. The group Gal.R, H). Two Galois H-dimodule algebras are
said to be isomorphic if they are so as R-algebras, as H-modules and
as H-comodules. The set of isomorphism classes of Galois H-dimodule

algebras is denoted by Gal«(R, H).
From now on, A and B denote two arbitrary Galois H-dimodule algebras.

Definition 2.1. The product A B is defined by
A-B= ‘%): a; ¥ bieA# BI % a,-w,# b:® a.,, = % a; # btm® b‘:nI

and therefore we have the equalizer

‘AB A® X N
A-B———> A# B >~ A #B®H
(A® r)(x« ® B)

Proposition 2.2. A-Bis a Galois H-dimodule algebra.

Proof. The algebra structure is induced by the one of A # B.
The H-module structure ¢s.5 is given by the factorization, through the
equalizer i,p, of the morphism

He® 4-B22 | yeHe A® B

-H®—T®B;H®A®H®BM->A®B

M @ # b) = 3 hala) # ha(b).
The H-comodule structure is given by the map
Xas: A-B—> A-B ® H, defined by
XA.B(% a # b)) = ‘ZL:. G # b:® ai, = %)] ai # b1, by,

which is the only one satisfying
(i,m@ H)'XA.B = (A® T)'(XA ® B)’ i,u; = (A® XB)' iAB-

It readily follows that A-B is an H-dimodule algebra.
Now, A # B is a faithfully flat R-module; therefore
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A# BoA-BAEB®iy 4y poaxB

.A# BRA® x;

TA#B® A# BOH
A# B (A® r)(x. ® B))

®
a# BoBA*B®L 44 poneH

A# BRH®§
A# BO®(H® 1)(6®@ H))

A# BOH®O®H®H

are diagrams of equalizer,

The isomorphism Yi4p: (A# B)®(A# B)— > A# BOH®H
factors through A # B® & yielding, this way, morphisms A and /', inverse to
each other, making the diagram

A# B® i
—_——

(A# B)® A B (A# B)®(A# B)
h lT h Yaxn 1 7.4—;&8
A# B®9¢§
(A# B)® H (A# B)QH® H
to commute.

It follows, then, that

(A# B)®6®@H) (h®H) (A# B® Ya.s)
={(A# B)®6®H) (A# B)® (s 7))
(h®H) ((A# B)® 1) (h® A-B)

and therefore 7,.5 is an isomorphism, because(A # B)® §® H is an equal-
izer and the involved morphisms are isomorphisms.

Corollary 2.3. The product of Galois H-dimodule algebras induces an
operation on Gal(R, H) whose identily element is the class of H.
Proposition 2.4. Gal«(R, H) is a group.

Proof. We will show that |A|~' = | A'].
Indeed, since A is a Galois H-object[2],

. ® .
H2®H 4 © His the equalizer of A® H AQ H® H

A®n,® H
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On the other hand. the morphism

AR A B> A@H

equalizes this pair because

(L®H)'7A"i.4ﬁz(X4®H)'(ﬂA®H)'(A®XA')'iAF

(x» is a morphism of algebras)

=(u®u®H) (A® t®@HRH) (:® u® H)-(A® xu) iaw
(A is an H-comodule)

= (u®u®H) (AQ r@H® L) (A®HRA®§)- (X ® Yu)- iax
(definition 2.1 and 7* = 1)

= (u®@uO®H) (AR t®H® A)- (A® H® A® §)-
(A H® 1) (A® 1) (A® o) iaw
(A is an H-comodule)

= (@ uO®H) (AR AR ®1)- (A®A®H® 7)-
(AR AQHR®HRA)- (A® AQH®F) (AR A®G) (A® yu)- ism
(cocommutativity of H)

=(A®77H®H)‘(#A®/\)'(A®XA)'1'AT:(A®77M®H)'7A"i,m.
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Therefore, there exists a morphism f: A-A'——>H so that (4 ®

H) f= 70 iaw (i.e. calling g to f(a# a), 14 # ¢ = 2 ado # Aaw))

(@)

This f is an H-module morphism, i.e., the diagram

- ®
H® A-A H®/ H® H
1¢AT iE@H
A-A / H

commutes. Indeed.
Since 74 ® H is an equalizer,

(77,4 K H) f a7 = Yar Law* ¢.4-?

(definition of ¢s.7) :

=(®H) (A® xu) (31 @ $1)- (HR r® A)- (6@ A® A)-(H® isw)
(A" is an H-dimodule)

=(uWOH) (h®HOH)(HR®t® 1) (0® A® A)-(H® isx)
(A is an H-module algebra)
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=(®H) (H® 1a® H)-(H® A® x4) (H® is7)
= (2 ®H)-(H® 71 Q f)

(: R—>A is an H-module morphism)
=(m®H)-(e®H)-(H® f).

fis a morphism of H-comodules or, what is the same, the diagram

AR —2r A ZSH
|/ lf®H
H S L H®H

commutes. Indeed.
Since 74 ® H® H is an equalizer,

(p@®HOH)-(f®H) a7 =(mu®fOH) 17
(definition of f)
= ('}'A' ® H)'(iAT ® H)X;;A_
(definition of yu.7)
= (')’A' ® H)(A® XA’)‘iAT
(definition of 7¥.)
= (U @®HOH) (A® x» ® H)-(A® xu)* isz
(A" is an H-comodule)
= (. QHOH) (AQ AR F)-(A® Yu) inm
=(A®8) (ua® H)-(A® xu): inz
(definition of ¥.)
=(A®8) yaiaw =(A®F) (m®f) = (n®HR® H)- 6 f.

Analogously f is a morphism of R-algebras and by ([1], Lemma 1. 1., p.
688) is an isomorphism.

Corollary 2.5. The map

Gal(R, H)

Gal#(R, H)

|A| ———— 14|

obtained by regarding any Galois H-object as a Galois H-dimodule algebra with
the trivial action([1],[2]) is a monomorphism of groups. in general not surjec-

tive ([4], Remark 2.5, p. 174).
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