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A NOTE ON THE NUMBER
OF PRIME FACTORS OF INTEGERS
IN SHORT INTERVALS

Gosuke YAMANO

1. Introduction. ILet n and m be integers such that 3 < n < m. Let
w{m) denote the number of distinct prime factors of m. Let1 < b{n) < n

be a sequence of positive integers. Let #{m: ...} denote the number of
positive integers m which satisfy some conditions ‘...". Throughout this
paper p. p1, Ps,... stand for prime numbers, and c,. c,.... stand for positive
constants.

We put

&(x) = %/_‘me'%ﬁdy.

Then the following result was carried out by Babu [1].

Let 1 < a(n) < (loglogn)'? be a sequence of real numbers tending io
infinity. Then
(1) ﬁ#{m n< m< nt+b(n), wim)—loglog m < xv/loglogm }

— &(x) as n > oo, provided that b(n) = np®™ G08lo8 M=V

In addition to this, he mentioned the following problems which were
given by P. Erdos and 1. Z. Ruzsa.

(a) What is the largest value of f(n) such that if b(n) < f(n) for
all n, then (1) fails to hold ?
(b) Does (1) hold if b(n) = n'/f'08108" ?

In this paper we consider the problem (b) and obtain the following

Theorem 1. (1) holds if b(n) = n'/"o51E™

This also gives an answer to the problem (b). Theorem 1 can be deduced
from the following

Theorem 2. Let a < 8 be real numbers. Let b(n) = n'/'818™ pe
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160 G. YAMANO

a sequence of positive integers. We put p= max|{1, |a|, B8]} and

A(n, b(n), a,8) = #im; n < m < n+b(n),
loglog m+ av/loglogm < w(m) < loglog m+ 8+ loglog m |.

Then we have

1 1 ’ Ly
(2) WA(n, b(n), a, B) :72—?£ e 2 dy—i—O(

. \ ‘
+0 ( v/ loglogn e” o, (OEI0ETERE bm’) .

1 (logloglog n)'”? )
(loglog n)'*

The O-terms are uniform in n sufficiently large.

In order to prove this theorem we shall use Selberg’s sieve method and
the arguments of Erdss [3] and Tanaka [5] (cf. [2]).

2. Sieve Method. In this section we shall give two lemmas which are
obtained by Selberg’s sieve method.

Lemma 1. Let z be a positive integer. Let r = 2 with logr < c;log z,
where ¢, is a sufficiently small constant. Let Q be an arbitrary non-empty
set of primes, none of which exceed r. Let D be the set of all positive square-
free integers which are divisible only by primes of Q, assuming that 1 € D,
Further, let a,, a,,..., a, be z integers and d be an integer of D. Assume
that the number of a, which are divisible by d is equal to z8(d)+ R(d), where
8(d) is a multiplicative function defined on D satisfying

0<6(d)<1ford>1, |R(d)| < c;db(d)
and

Cy
ci+p

6(p) < Jorp € Q.

Then the number of a(i) (1 < i < z) which are not divisible by any prime of
Qis

peQ

210 (1—0(p))[1+0(e“":3§2)].

The Q-term is uniform in z sufficiently large.

Proof. Kubilius [3], lemma 1. 4.
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Lemma 2. Let b,(n) be a sequence of positive integers tending 1o
infinity. Let g < v'b,(n) be a positive integer, and q (0 < q < g) be an
integer. We put m, = [(n—q)/g] and n, = [(n+b:(n)—q)/g], here [x]
denotes the largest integer nol exceeding x. Let v, = 2 with logr, <
cslog (no—my), where cs is a sufficiently small constant. Let py, p,..., pr be
prime numbers such that p; ¥ g andp; < 7, for each j =1,2,...,h. We put

F(n, b:(n),q.9; pr. 02, pa) = #Him; n < m < ntbi(n),
m=qg(modg), m=0(modp;),j=1,2,..., hl.

Then we have

b, h 1 108 by (%
F(n, bl('n)a q,9; Pi,Pz2s.-- Ph) = (n) JH (1 _—')ll +O(€_c’ lggbn ))‘

D;
The O-term is uniform in n sufficiently large and ¢ < v'bi(n) .

Proof. Let m be an integer such that m = ¢ (modg) and n < m <
n+b.(n). Then m = q+kg with n, < k < n, and F(n, bi(n). q, g: p:, P:.
., Pr) is equal to the number of k satisfying the conditions m = ¢+kg.%= 0
(modp;) (1 < j< h). Let @ be the set of primes p,, ps,..., pn. Let D' be
the set of all square-free integers which are divisible only by primes of Q'
and we assume that 1 € D'. For any d € D' we consider the congruence
g+kg=0 (modd’). Since(d, g) =1, this congruence has only one solution
kmodd. Let N, be the number of k (n, < k < n,) satisfying the congruence
qg+kg = 0 (mod d') and put 6,(d’) = 1/d’. Then we have

No = (nZ_nl)el(d,)_'_Rl(d’) for d > 1.

1 2
N < d' . (py) = — <
lRl(d) ' dﬁl(d)- 0(1’) P Pt 2

(1<j<h).

Therefore by lemma 1, we have

F(n, bi(n), q,9; p1, pas.... Pn)
h OF (M2— T}
= (’nz—ﬂl)_I—Il(l__; )[1+0(€_C”lgloghn )".

J

By the assumption g < v/b,(n) , it follows that

e = A0 o1y = B0 (1 of e

and
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log (n,—n,) = log (%—1) > cylog by(n).

Thus we have our assertion.
3. The Poisson distribution of w'(m). We denote by P = P(n) the
set of all prime numbers p which satisfy the inequality
1
(3) ]Og n < p < ntioglog n?,

Let w'(m) be the number of distinct primes in P which are divisors of m.
In this section we shall show that w'(m) has approximately the Poisson
distribution (see lemma 5). Let

1
¥(n) = EP;,
then we have
(4) ¥(n) = loglog n+0(logloglog n),

using the well known formula

b % = loglog n+0(1).

P<n
Also, we obtain
1
(5) p% ri O(loglog log n).

p<n+bn)

First we consider the difference between w(m) and w'(m).

Lemma 3. Let g(n) be a sequence of real numbers tending to infinity.
Then we have

b(n)loglogl
#lm;n< m< a+b(n), wm)—w(m)> gn)l = 0( (n) ogg(no)g og n )
The O-term is uniform in n sufficiently large.
Proof.

lw(m)—w(m)l = 2, 31
n<m< n+ b n<m<n+ b pim
péP
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b(n
-5 5 1= a)
<+ bim pim pga+bint P

T p¢P n< man+ bin D§P

Thus the lemma follows from (5).

163

Secondly we shall prove the following lemma which will be used for the

proof of lemma 5.

Lemma 4. Let & be a positive integer such that t < 2loglog n.

Let

L(t) be a set of all positive square-free integers which have exactly t prime

factors belonging to the set P. Then we have

1 _ yn) ( 1 )

W&o L ) loglog n

The O-term is uniform in t and n sufficiently large.

Proof. Let Zd]ﬁ be the sum obtained from

t
yn)" 3 1
t! & [
It is clear that
3 2loglog n
d < nsuoglog n? < psiloglog n? — p'/t4108108 7}
Hence we have
= 1 < 1 1 1
pzd DEP g pi/itiogrog m pzd p>lognp2 d< i/ 4108108 B d

Thus the lemma is proved.
Now, we put
N(n,b(n), 1) = #im; n < m < n+b(n), w'(m)

Then we have the following

Lemma 5. Assume that b(n) = n''°'°8 ™ Then we have

N(n, b(n), t)
= b(n)L(ﬁLe—y(m_l_O( b(n)

—10g10g n )—l— O( b(n)e cr

iloglog m?log &n;

loglog n )
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The O-terms are uniform in t and n sufficently large.
Proof. We put

Ni(n, b(n), t)
=#|m;n<m<nt+bln) w'(m)=1tp" ¥ mforalpec P}

We let / be an element of L(#) and put
H(n, b(n), 1)
=f#imin< m<ntbn),l|mpr —?fm' allp € Pi.

Then we have

(6) Ni(n, b(n), t) = IEZ',Mt)H(n, b(n), 1).

Let pi, p2,..., pr be all the prime numbers such that p ¥ / and p € P. We
put v = P(/) where @ is Euler’s function. Then we have

(7) H(n, b(n), )
=f#lmin<m<atbdbln),!l| m(l,m/l)=1,
m= 0(modpy),j=1,2,..., ki
=fimin<m<at+bdn), m=ql(mod 2),i=1,2,...,0,
m== 0 (modp;),j=1,2,..., k!

= i=21 F(n1 b(n)y qilv 12; Dy P2yeeey ph)v

where | ¢, gz, ..., @»| is a reduced set of residues mod /. By (3) and the
definition of L(t) we have

2t

(8) [? < psiogioe n? < (nlogllog n)—; < W

1
Let r, = ntoglogn? and put n; = [(n—q.)/*], ne = [(n+b(n)—q.)/l].
Then we have

log r, = _ logm _
8(loglog n )’
_ log (ny—mns) . logn
log (ns—ns;) 8(loglog n)?
log (n,— ns) log n

log (b(n)/*—1) "8(loglogn)**
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Since b(n) = n'/1°8°8 ™ and by (8) there exists a sufficiently small positive
constant ¢;; such that

(9) log 72 < ¢ log (ny— my).

From (8),(9) we know that Lemma 2 can be applied to estimate F{(n, b(n),
@l P p,p2y..., pn) in(7). Hence we obtain

(10) H(n,b(n),l)—b—(n')&}j( 1)[1+0( m‘?&‘iﬁ”)].

J

Inserting (10) into (6) we have

N by, 1) = 35 P (1= L) of e )]

1T Ik i1

- b( )H (1__)( i)[l'{"O(e"CuMOBI—:;?n—OEM)].
peP &1

It is clear that

Hence we have from this and lemma 4
Nl(n’ b(n)a t)

— —yrmy('")t ( b(n) ) ( _cm(loglogn)zlosb(m)
= b(n)e Y +0 Toglog 7 +0| b(n)e 1081 .

Now the number of positive integers m (n < m < n+b(n)) divisible by p’
bn) +1) Since

for some p € P is less than %(
p

1
b(n) > nl/(loxlogm > pinogoE ¥ > pz

for p € P, we obtain

B () =257 - ol i)
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From this we have

b(n) ),

N(n, b(n), t) = Ny(n, b(n), t>+0(—loglog n

which implies our lemma. The main term of N(m, b(n), t)/b(n) is the so-
called Poisson probability.

4. The normal distribution of w'(m). In this section we shall show
that w'(m) has approximately the normal distribution (see lemma 7).

Lemma 6. Let a < S be real numbers. Let n be a sufficiently large
integer for which there exists a natural number t, such that

y(n)+avy(n) < t < y(n)+B8vy(n) .

Let p= max (1, |al,|8]) and t, = y(n)+uv/y(n), where u (a < u < B)
is a real number which is determined by t, and n. Then we have

N(n, b(n), t,)

4 . i
= Tty e 0+ O b)),

The O-terms are uniform in n.

Proof. We know that

L =v2nr tf”_':'e_"[l +0(ti)]

1
On the other hand we can put
b= y(n)+u/y(n).

Hence we have
Y+ u“y(n)+ 1/2

(11) t! = vV2ny(n) y(n)"(l—i—‘/ﬂuﬁ)x

1
y(n)+uW) I '

% e—ym)—wmll +0(

Since log(1+x) = x—%x2+0(|x|’) for a real number x with |x| < 1,

we obtain
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u

12 (1 +——
(12) O
By (11) and (12) it follows that

)y\'njn+ u\/y(niw-%

_ exp[uW+“7’z+0( ,/;ﬂm)]

(13) #! = v 2ny(n) y(n)“e‘”"’+%"2+°(7‘;{:r?)‘1+0( y(n)+1lt\/y(n) )]

By (4) it is clear that ¢, < 2loglogn for a sufficiently large ». Hence by
(13) and lemma 5 we have

+O(_ﬁf—;)7)+0(b(n)e'°“aﬁ%”—m)
- ol S ol

loglog n12iog bin)

+O(b(n)e"c“ log n

b(n) 1 ( @ b(n) )
LA UV Ty | i AT
1/2;ry(n5 et loglog n

(loglog 2108 b(m)

+O(b(n)e_°“ log
Thus the lemma is proved.

Lemma 7. Let

Bi(n, b(n), a,8) = #i{m; n < m < a+b(n),
¥n)+avy(n) < w'(m) < y(n)+8vy(a) L.

Then we have

b)) [* 1 __Kbln)
Bi(n, b(n), a, B) = Vor Ja e du+0( v loglog n )

(108108 N)?10g bin) )

+O(b(-n),uv loglogn e ©* Tog 1

The O-terms are uniform in n sufficiently large.

Proof. For a sufficiently large integer n let #, = to+1, to+2,..., Lo+ s
be s natural numbers such that

y(n)+avy(n) < t, < y(n)+BVy(n).
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Further, we put to+i = y(n)+u;v/y(n) . It is obvious that

1
Ugpr — Uy = W , = O(uy loglog n ).

From lemma 6 we have

By(n, b(n), a, 8) = %} Nin, b(n), to+ i)

= Hn) ¢ ~dutyof —£0m)
= mg(qu_ui)e 2 +0<\/W)

+ O( b(n)uv/ loglogn e~ 1, 1OBIOE 08 bmj) .

Using a mean value theorem, we have

S

1, A 1., #2
E (ui+l_u’i)e_?u‘ = v/; e_?u dﬂ,"‘ 0( W).

Hence it follows that

_ bn) [ 1 _ b))
Bi(n, b(n), o, B) = Jorn Ja € F d“+0(«/m)

Thus the lemma is proved.

4. Proofs of Theorem 1 and Theorem 2. We put

Bi(n, b(n), a,8) = #|m; n < m < n+b(n),
yn)+avy(n) < w'(m) < y(n)+8vy(n), w(m)—w'(m) < g(n)}
and
An, b(n),a,8) = #im; n < m < nt+b(n),
loglog m+ av/Toglog m < w(m) < loglog m+ v/ Toglog m
w(m)—w'(m) < g(n)l.”
Let

g(n)+ ulogloglog n
vy(n) '

provided that the function g{(n) > 0 is such that w > 0 becomes sufficiently

w:
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small for a large n. For a positive integer m such that w(m)—w'(m) <
g(n), the inequality

loglog m+ avToglogm < w(m) < loglog m+S8vloglog m

is equivalent to

y(n)+{a+0(w)vV¥(n) < w'(m) < y(n)+(B+0(w))Vy(n) .
Hence we have
(14) Ai(n, b(n), a, 8) = Bi(n, b(n), a+0(w), B+0(w)).
From Lemma 3, Lemma 7 and (14) we have

A(n, b(n), 2, 8)
= Ain, b(n), a, /9)+0<

b(n)logloglog n )
g(n)

= Bu(n, b(n), -+ O(w), 6+ 0(w)) + 0 L8 oglog )

g(n)
= B(n, b(n), a+O(w). +0(w) + 0 LrLiglogloE
_ b(n) [Erow a1, (©b(n) b(n)logloglog n
= Vo Jasow € ° d““’(w) ( g(n) )

+O(b(n)u Toglog n e-Cnsf‘_‘JEI—“m’ﬂ)

_ b(n) Be__;“zdu+0 b(n)1’(g(n)+ logloglog n) ]
Ven Je vloglogn
+O( b(n)logloglog n )-i—O(b(n)p Toglog e_muogloi:;;log b(?l))
g(n)
If we put

g(n) = (loglog n)"*(logloglog n)'’*,

we have immediately Theorem 2.
Finally we shall prove Theorem1. Let o < 8 be real numbers. If
b(n) = n'/1°81°8 " then it follows from Theorem 2 that

. 1 _ 1 B 1,
(15) lim 5 A(n, b(n), 0, 8) = —— ["e 3"y,

Here we use the argument in [5]. For any real ¢ > 0 let a(e) and 8(¢) be
real numbers such that
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1 e 1,
NeT ﬁ e dy > 1—e.

Since

hb(ln) A(n, b(n), —0, a(e)) < l—ﬁfl("’ b(n), a(e), B(e)),

we obtain from (15)
llm  sup (1 ) A(n, b(n), —oco, a(e))

< l—iiEﬁA(n, b(n), a(e), B(e))

1 Ble)

=1 fp € W < e
Then we have
lim inf —— b( 3 A(n, b(n), —o0, x)
= lim—5— b( ) A(n, b(n), a(e), x)
_ ]_ _lyz 1 z __l.yz .
" Vor Jae® o L
and
lim sup——— A(n, b(n), — o0, x)
im sup B(n) n, b(n), —oco, x
< lim 7y Aln, bn), a(e), 2)

+ lim supﬁfi(n, b(n), —co, a(e))

M~o0

1 R P L R
< m me)e 2 d}+5< \/2_7'["—/:°°e 2 dy+€.

These complete the proof of Theorem 1.
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