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ON CONNECTEDNESS OF STRONGLY
ABELIAN EXTENSIONS OF RINGS

Dedicated to Prof. Noboru Ité on his 60th birthday

Kazuo KISHIMOTO

A ring with an identity 1 is said to be a connected ring if 1 and 0 are
only idempotents of its center. Recently in [1], we have studied on the
connectedness of p-Galois extensions of connected rings of characteristic
p > 0. In this paper, we shall continue the study on the connectedness of
strongly abelian extensions of connected rings.

As is proved in [3], a strongly abelian extension of a ring is obtained
by a homomorphic image of a skew polynomial ring of automorphism type,
and so as a preparation, some general remarks about a skew polynomial
ring of automorhphism type are given in § 1.

In § 2, we study necessary and sufficient conditions for a strongly cyclic
extension over a connected ring to be connected, and results of this section
are applied in § 3 for a study on the connectedness of some types of strongly
abelian extensions.

1. Notations and general remarks. Throughout this paper, we as-
sume that A is a ring with an identity 1 such that (> 1) is an invertible
element for some integer n and the center C(A) contains a primitive n-th
root £ of 1 such that {1—¢%; i =1,...,n—1/| are invertible elements.

Let |p;;i=1,...,m| be automorphisms of A and &= }a;; € U(A) ;
i.j=1,...,m| where U(A) is the group of all invertible elements of A. If
{pi;i=1,...,m| and .« satisfy the conditions

(1) auay = ag =1
(2) pwpspi ', = @iy, the inner automorphism (a;j) (as) -
(3) ai;ﬂ;(anc) A = pt(ajk) alkpk(aij),

for all 7,j,k =1,...,m, then the set of all polynomials {> XV'X§*--
M yyevm ) Quivevm © A | becomes an associative ring by the rules

aX, = X.p{a) for all a € A and
X,;XJ- = X,X,-au. (See [3]).

This ring is denoted by Rn = A[X\,....Xn; p1r..c. pn, ] OF Ry =
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A[Xy, ... Xn; o1y pmitais; i) = 1,...,m}] and is called a skew polyno-
mial ring of automorphism type. Moreover, by R (0 < k < m), we denote
the skew polynomial ring A[X,,....Xk: pr,eoen ool ais s ,) = 1,...,k 1] which
is a subring of R, where Ry, = A. In particular, if m = 1, we denote it by

R=A[X;.0] ={2Xa;a €Al
and its multiplication is given by

aX = Xp(a) for a € A.

Remark 1.1. For a permutation m of k letters, 1,2,...,k, (k = m),
we have an A-ring isomorphism Ry = A[Xnay -ees Xt 3 01 +ees Preiin | @iz
i,j =1,....k}] which maps X, to X (i =1,...,k).

Remark 1.2. px+: can be extended to an automorphism p*y., of R; by
0*k(X) = Xyamer for j =1,...k and p*x.1|A = prsr.  Moreover,
there hOldS R;H_l = Rk[Xk.H M p*x+1]-

Definition 1.3. Let g = X,°+ 23500 fu(Xi, oo, Xioy, Xivny oo, X)) €
Rn. g is said to be a generator in R if s =1 and gRn = Rpg. A
generator g in R = A[X; p] is said to be weakly irreducible (abbreviate
w-irreducible) if g has no proper factors which are generators.

Let G = (1) X(02) X -+ X(on) be an abelian group such that | ;| = n;
and n =111, n.

Definition 1.4. A G-Galois extension B of A is said to be a G-strong-
ly abelian extension if Ba@® > A,(i.e.,A, is an A-direct summand of B,) and
there exist xi,...,xm € U(B) such that olx,) = x,(&)¢ where & = ™™
and ¢ = &y, the Kronecker’s delta.

Remark 1.5. A has a G-stronly abelian extension if and only if there

exist automorphisms {0;; i = 1,...,m| of A and a set of elements &= | a;;
€ U(A); i,j=1,...,m]| which satisfy conditions (1)—(3), p(¢) = ¢ and
there exist elements ay,...,an € U(A) such that X,™ — oy is a generator in

Run = AlX:,....Xn: o1y om, ] for k = 1,...,m. Moreover, if this is
the case, B is isomorphic to Rn/M, M = (X\"—a1,...,Xn"™ —an)R» and
odx;) = x,(&,)¢ where x; is the coset of X, modulo M. Hence, we may write
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B = A[.’rl,...,xm H ph---,pﬂh d:’
= T @ (lxlertA (0 < v, < n—1)

with x,™ = o, € U(A), ax;, = xipda) for a € A, pf¢) = ¢ and xx, =
X;X:Qqj5.

Remark 1.6. If /= |1}, we denote R, by A[X\,.... Xn ; Ois-res Pu) -
Then X;™—a, is a generator in Ry if and only if o, € N, A® where A*’
=la € A; pfa) = al.

Remark 1.7. If G = (o) is a cyclic group of order n then we say that
a G-strongly abelian extension B of A is an n-strongly cyclic extension. In
this case, B is obtained by A[x; p] = 22%) @ x'A with x" = a € U(A),
ax = xp(a) for a € A, p(¢) = ¢ and olx) = x&.

Remark 1.8. Let f(X) = X°4+33020 X'a, € R=A[X: p]. f ay €
U(A) then f(X) is a generator in R if and only if a; € A” and p%(a)a; =
a;0%(a) for any a € A and { = 0,1,...,s. Hence f(X) is contained in
C(A°)[X].

Let H be a group. A normal subgroup N of H is said to be a small
group (abbreviate an s-group) if only subgroup H' of H such that H = NH’
is H. The followings are proved in [1].

Remark 1.9. Let A be connected and let B/A be an H-Galois exten-
sion for a finite group H.

(1) If B is disconnected, then there exists a nontrivial idempotent
e € C(B) such that er(e) =0 or z(e) = e for every r € H.

(2) I B" is connected for an s-subgroup N of H, then B is connected.

2. Connected n-strongly cyclic extensions. The purpose of this sec-
tion is to study about the connectedness of an n-strongly cyclic extension of
a connected ring. For this, we denote by B an n-strongly cyclic extension
of A. Thus we may assume that B = A[x; p] = 2.7=; @ x‘A for some
automorphism o of A and an element « € U(A) such that p(¢) = ¢, x" =
a, p" =@ ', ax = xp(a) for a € A and o(x) = x¢.

Theorem 2.1. Let A be connected. Then B is connected if and only
if AX) =X"—a is w-irreducible.



62 K. KISHIMOTO

Proof. Let B be connected. If f(X) is not w-irreducible then f(X) =
g(X)h(X) for some generators g(X) = 27, X%a; and h(X) = 25i_0 X'b..
Since both @, and b, are invertible elements, g(X) and A(X) are contained
in C(A°)[X] by Remark 1.8. Hence’

nXV =1(X) = g(X)h(X)+g(X)h'(X)

for an ordinal derivation * of C(4°)[X]. Since nx™ ' = g'(x)h(x) +g(x)h'(x)
is an invertible element in C(A”®)[x] which is a subring of B, (g(x))
and (A(x)) are co-maximal ideals such that 0 = (g(x))(h(x)) = (g(x)) N
(h(x)). Thus B = B/(g(x)h(x)) = B/(g(x)) & B/(h(x)) and this is a
contradiction. :

Conversely, assume f(X) is w-irreducible and B is disconnected. Then
there exists a nontrivial idempotent e € C(B) such that either er(e) = 0
or 7{e) = e for ¢ € (¢) by Remark 1.9. Let H=|z€ (0); z(e) = e}
= (¢™). Then T,(e;m) = e+ ogle)+--+0™ '(e) is an idempotent of
C(A) and so T,{e: m) is either 0 or 1. If Ty(e ; m) = O then we have a
contradiction that 0 = eT,(e ; m) =e. Thus T,{le:m) = 1. Let T =
B°". Then T = 2,"% @ (x™)'A where m' = |H | and m = n/m’. Further
we can easily see that T = A and {x; =y, = d%(e); i =0,1,...,m—1]
satisfies 2,7 xi0%(y,) = oo for j =1,...,m. Thus T/A is a o| T-cyclic
extension and, by ([6, Theorem 2.3]),

T=Ae+Ao(e)+--++Ac™ '(e) and this sum is a direct sum since
ci(e)o’(e) =0 for each i,j =0,1,...,m—1 with i # j.

(1) Lety =ase+aiole)+-—-+an_10" '(e) where y = x™ and a; €
A.
Then

(2) y=x""yx = plar)e+pla))sle)+---+plan-) ™ '(e)
and

(3) ay = yo™(a) = aase+aa;ole)+---+aamn_,o™ '(e)

= agp™(a)e+ap™(a)ale)+- +an_1p™(a)s™ (e)

for any a € A. Thus we obtain

(4) yo'e) = aio¥(e) = pla))o'(e) for i =0,1,...,m—1
by (1) and (2), and

(5) aaio¥e) = aip™(a)o¥e) for a € A by (3).
Noting that Ts(o%e) ; m) = 1, we have

(6) pla) = Tolpla)o'e) ; m) = Tolaoe) ; m) = a,
by (4) and
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(7)) aa; = Tolaaip(e) ; m) = To(aip™(a)o¥e) : m) = a;p™(a).
Further

acfe) = y"o'(e) = (yo'(e))™ = (a;o¥e))™ = a"c¥(e) (by (4))
and hence, o = T,{ac¥e); m) = Tola™0(e) ; m) = a,™
Therefore

X'—a=(X")"—(a)"™
= (X" —a)(X™)" ' +(X™)" a4 +(a)™ ")

by (6). Moreover, (6) and (7) show that X™ —a; and X™ +(X™)" 'q,+ .-

+(a;)™ " are generators. This is a contradiction.

We say that ¢ is the index of p and denote it by ind. p if ¢ is the index of
the subgroup of inner automorphims in (p). Since p" = @', ind.p < n.

Lemma 2.2. (i) Ifind.p = n then X"—a is w-irreducible.

(ii) If ind.p =1 then we may assume R = A[X; p] = A[Y], @
polynomial ring with a commutative indeterminate ¥ € R and X"—a =
(Y"—z2)a™ for some central polynomial Y"—2z and a € U(A).

Proof. (i) If a generator g(X) is a factor of X"—¢a, then the con-
stant term a, of g(X) must be an invertible element and p* = @, ! for k =
deg g(X). Thus k = n since ind.p = n.

(i1) Letp=a"' for some a € U(A). Then @' = p" = @ " implies
a = a"z for some z € U(C(A))(= U(C(A))?). Then Y = Xa ! is central
in A[X; p] and A[X; p] = A[Y]. Further X"—a = ((Xa ")"—z)a" =
(Y*—2)a" for a central polynomial Y"—z.

Corollary 2.3. Let A be connected and n a prime. Then X"—a is
either w-irreducible or a product of generators of degree 1.

Proof. Ind.p is either n or 1. If ind.p = n then X" —a is w-irreduc-
ible by Lemma 2.2.(i). While, if ind.p =1, then R = A[Y] and X"— ¢ =
(Y*—2z)a™ for Y = Xa™' with a € U(A) by Lemma 2.2.(ii). Hence, if
X"—a is not w-irreducible, then Y"—z is reducible in C(R) = C(A)[Y]
and so a product of linear factor IT{, (Y—ul? by ([5, Lemma 1.4]).
Hence X"—a =I5 (Y—utf)a" =TI~ (Ya—uat®) =ML, (X—uat?) and

each X—uaf’ is a generator.

Let UA),=1a € U(A)?; p" = @|. Then we have the following
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Theorem 2.4. Let A be connected and n a prime. Then A has a
connected n-strongly cyclic extension if and only if one of the following
conditions (a) and (b) is satisfied.

(a) n=(UC(A)): UIC(A))™, the index of the subgroup U(C(A))"
=|c"; c € U(C(A))].

(b) A has an automorphism p of index n such that p(¢) = ¢ and
UA)z+ 9.

Proof. First, we assume that A has a connected n-strongly cyclic
extension B. Then there exist an automorphism g of A and an element a €
U(A) such that X®—a is w-irreducible in R = A[X; p] and B = R/(X"—
a). If it is possible to choose o as inner, then we may assume R = AlY]
and B = R/(Y"—2) for some central polynomial Y”—z which is irreducible
in C(R) = C(A)[Y] by Corollary 2.3. Hence z € U(C(A)NU(C(A))™
Since 2¢'U(C(A))™ (i = 0,1,...,n—1) are distinct cosets in U(C(A))/
U(C(A))", there holds (a). On the other hand, if p is non inner, then
ind.p =n and @ € U(A )5 Conversely, if (a) is hold then C(A) has a
commutative connected n-strongly cyclic extension Z and B=Z ® ¢44 is a
connected n-strongly cyclic extension of A. On the other hand, if (b) is hold
then X"—a is w-irreducible for a € U(A )4 by Lemma 2.2.(i) and B =
A[X: p]/(X"—a) is connected by Theorem 2.1.

es

Let n —= plelpzei...ps and r = aplﬂz-"ps

where pi,...,ps are distinct
primes. Then (z) is an s-subgroup of (¢). Hence if A is connected then B
is connected if B? is connected by Remark 1.9. Therefore we may assume
that n = pip;---ps to study the connectedness of B over a connected ring A.
Thus in the following we assume that n = p,p.---ps, a product of distinet
primes. Let r; = ¢® and B, = B™. Then B, = 2,73 @ (y,)’A = A[Y;
0] /(Y?—a) where y; = x% and q; = n/p..

Theorem 2.5. Let A be connected. Then B is connected if each B; is
connected. Conversely, if B is connected and U(A)*" = U(A)® for all i,

then B, is connected for all i.

Proof. Let B be connected and U(A )" = U(A)® for all i. An ele-
ment ¢ = 2.%,' (y,)’a; € B is contained in C(B,) if and only if p(a,) = a,
and (p*)a)a, = a,a for any a € A. But this means that ¢ is also contained
in C(B)., Thus each B; is connected. Conversely, assume that each B, is
connected and we put S; = B? where 6, = ¢”. First, we show that B is
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connected if B; and S, are connected. If this assertion is true then we can
reduce the connectedness of S, from that of B;,i = 2, ..., s applying the same
methods on S,. Suppose now B is disconnected. Then there exists a non-
trivial idempotent e € C(B) such that eri(e) = 0 and ebfe) = 0 by
Remark 1.9. We now show that 6,(e)@*(e) =0 for i # j. For, we may
assume / < j and 1 < j—i < p,—1. Hence 6’ is a generator of (4).
Hence, if 64e)6’(e) + 0, then 6,{e6’ “e)) + 0 and this implies a con-
tradiction e = 6" {e) € S, = B®. Therefore

f=et+tble)+-+86"e) =1

since f is a central idempotent of S;. Next we shall show that r;(e)8,(e)
=0 for i =0,1, ..., p.—1. For, znle)die) = c”(ec " 6e)) =
c”(ec®""(e)) and (¢' —pi,p,) =1 for j = 1,...,s. Therefore we have a
contradiction e = ¢ ?(e) € B°= A if n(e)f(e) + 0. Thus we have
a contradiction 7,(e) = z,(e)f = 0 again.

Corollary 2.6, Let A be connected. Then A has a connected n-strongly
cyclic extension B if there exist an automorphism p of A and an element a €
U(A Yo which satisfy

(1) po(8)=¢

(2) ind.p" =pifori=1,....k

(3) ind.p" =1 and a(£*)'U(C(A)* (j =0,1,...,p.—1)are distinct
cosets in (U(C(A)) : U(C(A))*) for i = k+1,....5.

Proof. 1f there exist an automorphism p and an element o« € U(A )%
which satisfy conditions (1) —(3), then B = A[X: p]/(X"—a) is an a-
strongly cyclic extension. Further (2) and (3) show that each B; is
connected, and so B is connected.

If A is a connected commutative ring and B is a commutative n-cyclic
extension, then B is an n-strongly cyclic extension, and so B is connected if
and only if there exists an element « € U(A) such that a § U(A)* for
each i. Moreover, it is known that if A is a local ring (resp. a domian)
then so is B, and conversely (See [4, §1]). Hence we have the following

Corollary 2.7. Let A be a connected commutative ring. Then A has a
connected commutative n-cyclic extension B if and only if there exists a €
U(A) such that o & U(A)* for i =1,...,s. Further, if this is the case, B

is a local ring (resp. a domain) if and only if so is A.
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Let A be a two sided simple ring. Then each ideal of A[X; p] is
generated by a generator and the ideal is maximal if and only if the generator
is w-irreducible. Since each generator f(X) is decomposed into II &=, g{X),
a product of w-irreducible polynomials, if g(X) # g{(X) for i = j then
(f(X)) is a product (= the intersection) of the maximal ideals (g{X)).
Hence we have the following

Theorem 2.8. Let A be a two sided simple ring (resp. a simple
artinian ring).

(a) B=A[X: p]/(X"—a) is a finite direct sum of two sided simple
rings (resp. simple artinian rings).

(b) B=A[X; p]/(X"—a) is a two sided simple ring (resp. a simple
artinian ring) if and only if B is connected.

Proof. (a) Let X"—a =1IIE, g{X) be a decomposition into w-irre-
ducible polynomials in A[X; p]. Since X"—a is separable in R, (g(X))
and (g,(X)) are co-maximal ideals if i # j by ([7, Theorem 1.10]). Thus
B=XE @ A[X; p)/(g{X)) and each A[X; p]/(g{X)) is a two sided
simple ring (resp. a simple artinian ring).

(b) is an immediate consequence of (a).

As is shown in ([1, Lemma 2.1]), if A is of characteristic p for a
prime p and B is a connected p°-cyelic extension of A then A is also
connected. But the following example shows that there exists a connected
n-strongly cyclic extension B of A even if A is disconnected.

Example 2.9. Let A = Q & Q be the direct sum of 2-copies of the
rational numbers field Q. Then C(A) = A is disconnected. The map p: 4 -
A such that (q.,q:) = (gz.q:) is an automorphism of A of order 2, A° =
Q=1(gq);q€ Q! and X*—2 is a generator of R = A[X; p] where
2 =(2,2). Then B= A[X: p]/(X*—2) is a 2-strongly cyclic extension
of A with C(B) =Q =1(q.q);q € Ql.

3. Connected strongly abelian extensions. Let G = (o)) X(02) X---
(om) be an abelian group of order n such that | ;| = n;. If G is a p-group
and A is of characteristic p, then the connectedness of a G-abelian extension
B of A implies that of B, = B? for i = 1,...,m and the connectedness of
each B; implies that of B (see [1]). But the following examples show that
the above are not valid when B is a G-strongly abelian extension.
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Examples 3.1. (i) Let A=Q[v—1] and R = A[X,,X,; | —1]]
= |2 XV'X*avy, ; Guy, € A} such that aX; = X;a and XX, = — X, X..
Then M = (X,*—1,X;>—1)R is a two sided ideal of R and B = A[x,,x,;
| —11] = R/M becomes a G-strongly abelian extension witn respect to G =
(o) X(02) by adx;) = (—1)%x; where ¢ = 8;;. Then C(B) = Q[v—1 ] is
connected, B = A @ x;A = C(B?) and e = 1/2(1 +x.) is a nontrivial
idempotent of C(B®).

(ii) LetK=Q[v—-T11], A=KWV3], plke+ki/3 ) = ko—ki/3 and
R=A[X..X,; 00 =p. = p). Then M = (X,°—2,X,*—2)R is a two sided
ideal of R and B = A[x\.x:: p» = p. = p] = R/M becomes a G-strongly
abelian extension with respect to G = (a1) X(a2) by ox,) = (—1)%x,. Then
C(B) =K ® x,x;K and e = 1/2(14+1/2(x,x,)) is a nontrivial idempotent
of C(B). On the other hand, C(B?®) = C(B”) = K is connected.

Hereafter we put B is a G-strongly abelian extension of a connected
ring A such that B = Alxy,....%m : o1..--,pn) and x™ = a; (i.e., ax; =
x;pfa) for ¢ € A and x;x; = x,x;).

Let r; be the product of distinct prime factors of n,, Then B is
connected if T = B" is connected for H = (61" ) X -+- X{on™). Therefore
we may assume that n, = I3, p,%", ¢,=1 or 0 for all i =1,...,m to
study the connectedness of B. We now put

Ak - A[.’X,‘],...,I};'o; plr---spk]
Zk = ﬂf=1 U(A) j-

Then we have the following

Lemma 3.2. Let Ax_, be connected and U(A)*** = U(A)** for some
q = nx/p where p is a prime factor of nx. Then the following conditions are

equivalent.

(1) Y?—ay is w-irreducible in Ax_\[Y ; px*7)].

(2) ox & Ap =1a*--a¥*7a”; g is an integer such that n,u, =py,
for some integer v;,, a € Zy and @px® = pr*3' -0},

Proof. (1) »(2). If ax € A,, then ax = o™'---a%*7'a’” where each g
is an integer such that n,u;, = pv, for some integer v,. Hence we have o, =
(xyeexk™a)?, and YP—ar, = (Y—8)(Y* '+ Y?28+...+8""") where 8 =
xi'---xx*ta. Since Y—p8 and Y '4+y??@+...+ 8" are generators of
Ax1[Y; px*7) by the conditions a € Zx and dps = pp7 -+p,"", YP—ay is
not w-irreducible.
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(2) »(1). Assume Y”—o is not w-irreducible. Then there exists
f € U(A,_) such that Y—f is a generator and a factor of Y?—a, by
Corollary 2.3. Hence f satisfies

(i) p*f)=ffor1 =j<k-1
(ii) o*(f) = f
(iii) gf = fox*%g) for each g € Ax-1.

Noting that p,*6; = oip,* for each i,j, we can see that /™ o,(f) = a,(f)f™
and f~'o(f) € C(Ax-y) for j =1,...,mby (i) — (iii). Further (f~'a(f))*
= (f"?0(f?)) = ar 'ax = 1 show that o(f) = fp, for p, € 1¢*; i =1,...,
n| by ([2, Corollary 2.5]). Thus

f=x"---x¥*Va for a € Zx and @px® = pi¥y'---p,"
Consequently, we have

ax = f° = ()" (x5-1)?"*'a®. Since {xf'--xf7:0 < & < ni—1]

is linearly independent over A, this means that py; = n,u, for some g, and
—_ ~ k=t P
ax = o' k7 af.

Corollary 3.3. Let A be connected. If there exist automorphisms
Pty pm Of A and elements a,...,an € U(A) such that

(1) p™=a"", pla) = a, pt) = for i,j=1,....m,

(ii) U = UAY (i =1,....m) for each prime factor p and ¢ =
ﬂt/p,

(iii) For each prime factor p of nx (k =1,...,m), ar & Ap = | a,*"-+-

a% 'a®; each u, is an inieger such that n,u, = py, for some integer v;,

Vk-1

a € Zyx and d@pi® = p¥---p,” Jor ¢ = ni/pl,
then A has a connected G-strongly abelian extension B.

Proof. By (i), B= A[X\,....Xn; pr,eces pn) /(Xi" — a1, oo, Xn™ — am)
is a G-strongly abelian extension of A. Then (ii) and (iii) show that each
Ay is connected by Lemma 3.2 and Theorem 2.5.

Let A be a commutative ring. Then it is known that a commutative
G-abelian extension of A is a G-strongly abelian extension. Hence, if B is
a commutative G-abelian extension of A, then B is obtained by A[X,,...,Xn]/
(X\"—ar, o, Xn™—apn) for a, € U(A), i =1,...,m. Assume now A,_, is
connected and Y”— ay is not w-irreducible in Ax_,[ Y] for some prime factor
p of nx. Then, as is shown in the proof of Lemma 3.2.(2), there exists
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f=zxVxkfta, a € U(A) such that ax = f° = x,°V".-.x2% 'a”, and hence
py, = nyu; for some y,. Let yy = ph;+s,(0 < 5, < p). Then x,*¥ = x,"%
= a,%8;, where 8, = (2,")”. Hence we may put A, = {ea*--a*7U(4)";
0 =< <pl|inLemma3.2. Combining this with Lemma 3.2, we have the
following

Theorem 3.4. Let A be a connecied commutative ring.

(a) A has a connected commutative G-abelian extension B if and only if
there exist ay,...,am € U(A) such that a,U(A)? is a distinct cosets from
fa“ e afiitafitt e an”UA) ;0 S i S n—11 in U(A)/U(A)® for each
prime factor p of n; and i = 1,2,...,m.

(b) If each n; = pip2---ps, then A has a connected commutative G-
abelian extension B if and only if there exist elements ay,...,an € U(A)
such that a,*'«-ax™U(A )?* (0 = u, < p,) are distinct cosets in U(A)/U(A )"
for i=1,...,s.

Proof. (a) . is a direct consequence of LLemma 3.2 and Corllary 3.3.

(b) Let B= A[X:. ..., Xnl/(X," —a1, ... . Xn™—an) be a connect-
ed commutative G-abelian extension of A. If o*---a%"U(A)* = o'
a"U(A)? for some j with g, + v,, then we may assume a, = o,*'--
aiTasraine® for some ¢ € U(A) and 0 £ & < p; since o Y U(A )"
is a generator of a cyclic group (a,U(A)*) in U(A)/U(A)*. But this
means that a, = ((xlnl/ﬂi)51...(xj_l7lj—l/Pl)fj-l(xj+lnl+l/ﬂi)fj+|.“(xmnm/ﬂt)fmc )Pi
and this contradicts to the irreduciblity of X,” —a, in Alx),....x,-1,%;01,...
xz)[X,]. Conversely, if there exist ai,...,an € U(A) which satisfy the
condition, then B = A[X:,....Xn] /(Xi" — a1, ....Xn™ —an) is a connected

commutative (G-abelian extension of A.

When A is a two sided simple ring, we can characterize a connected
G-strongly abelian extension S = A[x,,...,xn : p1...., pm, ] as follow.

Theorem 3.5. Let A be a two sided simple ring (resp. a simple
artinian ring). Then a G-strongly abelian extension S of A is a two sided
simple ring (resp. a simple artinian ring) if and only if S is connected.

Proof. Since A[X;; p/(X"—a;) is a finite direct sum of two sided
simple rings (resp. simple artinian rings) by Theorem 2.8, we can see that
S is also a finite direct sum of two sided simple rings (resp. simple artinian
rings) by inductive argument. Thus S is a two sided simple ring (resp. a
simple artinian ring) if and only if S is connected.
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