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A NOTE ON COMMUTATIVITY OF RINGS

To Professor Kentaro Murata on his 60th birthday

Yun KOBAYASHI

Let R be a ring with 1. Awtar [3] proved that if R is #!-torsion free
and satisfies, for example, the identity x?y"=(xy)” then R is commutative.
Harmanci [4] showed that if R satisfies the identities x”y”=(xy)" and
x"1y"+l = (xy)"*! then R satisfies the identity n(n!)?(xy—yx)=0. In
this note we give a very general theorem including their results (in asso-
ciative case) by just a simple method.

In §1 we prepare a tool, which is used to prove our theorem in §2.
In §3 we discuss the possibility of and the impossibility of extending the
theorem.

1. Difference operators. Throughout this note, Z denotes the ring
of integers, and Z<x,y> the non-commutative polynomial ring in two vari-
ables x and y over Z. For a set S the cardinality of S is denoted by |S|.

Let dx and 4y be the difference operators defined on Z<x,y)> by

A F(x,y) = F(x+1,y)— F(x,y)
and
dyF(x,y) = F(x,y+1)— F(x,y),

for F(x,y)€ Z<{x,y>. As is easily seen, the operator Jx (resp. 4y)
decreases the degree of F(x,y) with respect to x (resp. ). The compo-
sition of dx and 4, is denoted by dx,. We have dxy = dyx. Let dyrys
denote the composition of » 4dx's and s Jdy's.

Let M = x1x3 -+ xq (x; is either x or y) be a monic monomial in x
and y. Suppose that the numbers of x’s and of y’s appearing in M are
m and » respectively (m+n=d). Let ®(M) (resp. ¥(M)) be the number
of pairs (ij) such that 1</</j<d and x;=2x x;=y (resp. x; =y,
x;=x). Clearly we have @(M)+ ¥ (M) = mn. The functions @ and &
are extended linearly on Z<{x,y>.

Lemma. Let M =x1x2"""Xa be as above and assume m,n >0. Then
the formula

dxm-iyn-iM = (m— D) (n—1)(O(M)xy +T(M)yx)+ax+by+c
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with a,b,c = Z holds.

Proof. Suppose that the set {1,-:-,d} is a disjoint union of subsets [
and J such that x; is equal to x or y according as i or i € ] (|I| = m,
|/l = #). For a polynomial F € Z<x,y>, F denotes the sum of monomials
in F of the highest total degree. Clearly we have

AM = _Z‘.lxlxz T Xi-1Xi+l *T Xd.
1=

By the definition of @ we obtain
O(x1xz " X1 X410+ Xa) = PUM)—I;
for i €1 and
2 1= 0M),

el
where /; = |[{f = J|i < j}l. From these it follows that
(4. M) =(m—1)0(M).

Using this equality m—1 times, we get
O(dxm- M) = (m—1)! O(M).
Since a similar formula holds if we replace x by ¥ or @ by ¥, we find

@(Axmﬂyme) = (m—l)l(n—l)! @(M)
and
U(dem-ryn- M) = (m— 1)1 (n—1)! T(M).

Since the degrees of dxm-1y»-1M with respect to x and to y are at most 1,
the conclusion of the lemma is now clear.

2. Commutativity theorem. Let N denote the set of all non-negative
integers. Let F(x,y) € Z<{x,y> and (m,n) € NxXN. The (m,n)-compo-
nent of F, the sum of all monomials of degree (m,#), that is, of degree m
with respect to x and of degree » with respect to v, is denoted by Fo,n.

Theorem. Let R be a ring with 1. Let F(x,y) be a polynomial in
Z<{x,y> of total degree d. Suppose that the greatest common divisor I of
{m—1) (=11 O(Fumpn) | m+n=d, mn>0} is positive. If R satisfies the
identity F(x,y) =0, then R satisfies the identity I{(xy—yx)=0. Therefore,
if moreover R is [-torsion free, R is commutative.

Proof. Let m and z be positive integers such that m+# = d. Note
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that the total degree '6f Aym-1y-1F(x,y) is at most 2. By Lemma in the
preceding section we have
Ay F(x,9) = (m—1D) U n—1DU@(Fra)xy+ ¥(Fna)yx)
+ax?+bx+cyi+dy+e
with a,b,c,de < Z. If R satisfies the identity F(x,y) =0, then the right
hand side of the equality above is 0 for any x,y&E R. Substituting x=y=0,
we have ¢=0 in R. Substituting x =0 or y =0 yields the identities
ax®+bx = cy®*+dy =0. Hence we get the identity
(m—D(n—1) P (Fan)xy+ ¥(Fnn)yx) = 0.
Substituting x = y = 1 in the last identity, we have
(m—D!(n—D)NO(Fan)+ ¥(Fnn) =0
in R. Consequently we obtain the identity
(m—D1(n=1)Q(Fna)xy—yx) =0.

From this the theorem follows.

Example 1. For F(x,y)=x"y"—(xy)" (2 =2), we have O(F)=

___n(nz—l)' Therefore, if x”y" = (xy)" holds in R, then so does

(n— 1)1)2_n(n_2—1)_ (xy—yx) = 0.

It is interesting that Abu-Khuzam [1] has proved the following : If R
satisfies the identity x"y” = (xy)* and is #n(n—1)-torsion free for some
n =2, then R is commutative (see also [2]).

3. Examples and remarks. Theorem 1 need not be true if we delete
the hypothesis that R has the identity element 1. In fact we have

Example 2. Let N be a torsion free non-commutative ring such that
N3®=0. Then, for any non-zero polynomial F(x,y)& Z<{x,y> without
terms of total degree lower than 3, the identity F(x,y) = 0 holds in R, but
for any / > 0, R does not satisfy the identity /(xy—yx) = 0.

The following example shows that the condition of positivity of / in
Theorem is essential.

Example 3. Let N be the same as in Example 2. In the additive
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group R = Z @ N we define multiplication by
(a+u)(b+v) = ab+av+bu+ uv,

for a,b€ Z and u,v € N. Then R is a ring with 1. Let M(x,y)E Z<{x,y>
be a monic monomial of degree (m,n)E NXN. Let a,b € Z Then for
any u#,v € N we have

Ma+u,b+v)=a™b"+ma™ ' b u+ na”’b"“v—!—(y;)a’”‘zb”uz

+(§)amb"-ﬁzﬂ+ O(M)a™ 6™ up+ T(M)a™ b v,
Hence, for F(x,v) € Z<{x,y> we find
F((Z-l— u,b+ Z}) = mZL{Fm,n(l,l)Gm'n(u,U) +Cm,n(m(Fm.n)u’U+ gB’(]'—"m.n)vu)},

where G™"(x,y)€Z{x,y> and cmnEZ. Therefore, R satisfies the identity
F(x,y)=0 for any F(x,y)E Z<{x,y> satisfying Fumn(1,1) =O(Fpn,) =0 for
all (m,n) € N XN (note that ¥(Fy.») is also 0, because O(Fmn)+ ¥ (Fmn)
= mnFmn(1,1)). However, R does not satisfy the identity /(xy—yx) =0,
for every / > 0.

Example 4. Let R be the same as in Example 3. Let F(x,yv)E Z<x,y>
and assume that the greatest common divisor ¢ of {@(Fun»)|m.n >0} is
positive. Suppose that Fm»(1,1)=0 (mod ¢) for all (m.n)E NXN. Set
R;=RQ® Z,4 where Z; is the residue class ring of Z modulo g. Then,
Rq satisfies the identity F(x,y) =0, but the identity /(xy—yx)=0 is not
satisfied unless / =0 (mod g).

Example 4 shows that in our theorem, / cannot be replaced by a
proper divisor of the greatest common divisor ¢ of {@(Fmn)|mn > 0}.
There is a gap between / and ¢. This gap is filled for division rings and
for algebras over infinite fields, though it is impossible in general.

Proposition. Let R be a division ring or an algebra over an infinite
field, Let p =0 be the characteristic of R. Let F(x,y) € Z<{x,y> and q the
greatest common divisor of {@(Fnn) | mn >0} If R satisfies the identity
F(xy)=0 and g =0 (mod p), then R is commutative.

Proof. First let R be an algebra over an infinite field K. Then by
the proof of Kaplansky [5, Lemma 4] we may assume that F is homoge-
neous and ¢ = @(F). Suppose that F is of degree (me,n) with m,n > 0.
Then we have
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Fla+x.b+y)=2a""b" 7 F*(x,y) =0

for all x,y € R and for infinitely many a,b €K, where F* is a homoge-
neous polynomial in Z<{x,y> of degree (i,7). It follows that F'(x,y) =
O(F)xy+ ¥(F)yx = 0. Substituting x=y =1, we obtain ®(F)+ ¥(F) =0
in B. Thus we get g (xy—yx) =0. Since g =0 (mod p), xy=yx follows.

Next assume that R is a division ring. Then, by [5, Theorem 1] R
is finite dimensional over its center Z. If Z is finite, then so is R, and
therefore R is commutative. If Z is infinite, the commutativity of R
follows from the assertion proved first.

The proposition need not be true even for primitive rings.

Example 5. Let R = M(2, Z,) be the total matrix algebra of degree
2 over Z,. Then R satisfies the identity

F(x,y) = xy(x3y®)3xy — xy(¥3x%)°xy = 0.
Note that @(F) =270 (mod 2), but R is not commutative.
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