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MiGUEL FERRERO and Kazuo KISHIMOTO

Introduction. Let B be a ring with identity element 1. In [4], one
of the present authors has studied on some classifications of free cyclic
extensions of B of p-automorphism type and of D-derivation type.

In this paper, as a natural sequel of [4]. we shall prove similar results
for free abelian extensions. For this purpose, we need notions of some
skew polynomial rings of several variables which will be seen later on.
§1 is devoted to a classification of free (abelian) extensions of P-auto-
morphism type of B and §2 is devoted to that of free abelian extensions
of D-derivation type of an algebra B over GF(p).

Throughout Z denotes the center of B. For any subring S of B,
U(S) means the set of inversible elements in S. Moreover, for any
u< U(B) (resp. b€ B), # (resp. I,) means the inner automorphism ;!
(resp. derivation b,—b;) effected by u (resp. b).

Now, let (P, E) (resp. (D, F)) be a pair of a finite set P={p1, ***, 0}
(resp. D={Dy, -+, D¢}) of automorphisms (resp. derivations) of B and a
subset E = {b:;;i,j=1,, e} (resp. F={ci;;ij=1, " e}) of B satis-
fying the following conditions( i ), (ii) and (iii) (resp. (i)". (ii) and (iii)):

( 1 ) b;jbj.' =1 and b;i =1

(ii) pipsp7' 05" = bus

(i) b:50:(bin Vbsn = 0bin) birox(bis)
forall 4, j, k=1, -, e

(i) cis+c;i=0and ¢ii =0

(ii) [D:, D;)= D:D;—D;D; = I,

(iii) Dicsn)+ Due(cis)+Dicri) =0
forall{, j, k=1, - e.

Then,as is observed in {2] and [3], the free right B-module with a
B-basis {X{'X#* -+ Xk v; =2 0} becomes an associative ring by the rule
(a) (resp. (a))
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(a) bX:i= Xipz‘(b). X X; = X;X:b:5 (beB 1<ij<e)

This is called a skew polynomial ring of (P, E)-automorphism type (abbr.
P-automorphism type) (vesp. (D, F)-derivation type (abbr. D-derivation type)),
which will be denoted by B[X;P,E] (resp. B[X;D,F]).

Moreover, we use the following conventions :

B*={b€ B; p(b)=b}, B°=N%&, B~ ZFP=ZN B?,

BPi={be B; Di(b)=0}, B?P=N¢, B, Z°=27Z N B?,

S¢ =the direct product of e-copies of a subset of S of B. Further,
for a=(a;), 6 =(b;) € B® and ¢ = (c;) € U(B)?, as usual, we write

ab = (@:b;), a+b = (a;+b;) and ¢! = (¢ih).

1. A classification of free extensions of P-automorphism type. In
this section, G means an abelian group (g,) X - X (¢.) with |o:| = #n; and
n=1[1%1 n:. Moreover, we assume the following

(1) U(Z) contains a primitive #-th root £ of 1, 1-¢ (1 <i<n—1)
and #n.

(2) There exists a pair (P,E) of a finite set P = {0y, -+, e} of auto-
morphisms of B and a subset E={b;;; 1< j< e} of B satisfying the
conditions (i), (ii), (iii) and p¢) = ¢ for all i=1, -, e.

Now, for convenience, we set

A= B[X;PE], N{(b) = bo(b)o¥b) -+ o () (bE B),

B:={b& B* cb= bpl{c) for all cE B and b= p;(b)N{bs) for j=
1, -, e} (b € E),

B = B1xByx-+ X B, (direct product),

M(b) =28, (XF—b,)A for b= (b, -+, be) € B: then M(b) is a two-
sided ideal of A, and we write

A(b) = the factor ring of A modulo M(b).

Let bE B, and x; = X;+ M) (€ A6)). Then {xf"* --- x4°; 0 < p; <wn;}
is a right free B-basis of A(b) which satisfies x¥ = b;, x;x; = x;x:0;; and
cx; = x;0:c) for every c € B. If we define the action of G on A(b) by
o:(x;c) = x;¢5¢ where &= "™ and e = §;:;, then G can be considered as
a B-automorphism group of A(b) and if b € 8 N U(B)¢ then A(H) becomes
a strongly G-Galois extension of B (see [3]). For bE3B,(resp. b
€ BN U(B)®), A(b) will be called a free (resp. free abelian) extension of
B of P-automorphism type. Moreover, we set

2=Q(B;PE) ={A(p); bE B},
CAB)> = {A(c) € 2; Alc) is BG-ring isomorphic to A(b)},
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A= A(B;P.E) = the set of all the classes <A(b)> (b < B),
U= U(B;P,E) = {CA(®)>; b€ B N U(B)%).

As is proved in [3], if R is a strongly G-abelian extension of B with
Bg (@ Rz, then R is obtained by A(6) (b € U(B)¢) for some (P .E’)
which satisfies the condition (2). Hence U means the set of all BG-ring
isomorphism classes of strongly G-abelian extensions R of B which are of
(P,E)-automorphism type with Bg <& Rp.

In the rest of this section, we assume that U is non vacuous. Further,
by u= (21, ***, ue), we denote some element of B8 N U(B)e. Then p¥ = i;
and we have the following.

Lemma 1.1. B;= w;Z%, and BN U(B) = w;U(ZP) 1< i<e).

Proof. As is easily seen, we have
w;,ZN{b&€ B; b= p;(b)N{(bs), j =1, -, e} =u;Z*

for all =1, *-, e. Combining this with [3, Lemma 1.2], we obtain the
assertion.

Lemma 1.2. Let A(®) be in 2, and Gi= (i) X X(0e) (07 <e).
Then A()S = Blx\, -+, xi], where x; = X;+ M(b).

Proof. Obviously A(6)%D Blx, -, xe-1). Conversely, let 225! x4/
€ A(b)% where f; = Blx1, ***, Xe-1). Noting 0eo(xe) = xefe and 1-— ¢ke
UB) 1< k<n.—1), we have /, =0 1< k< n.,—1). Hence A(bH)% =
Blxi, =, %e-1]. By induction method, we obtain the assertion.

Now, we set

B={v=(n, =, 7)€ UZ)% o{ra)ri = pu(r)re, 1 <] k< €}

N(r) = (N1(r1), ++, Ne(7e)) for any t= () € 3,

N(B)={N(v); r€3}.

Let t=38. Then, by the condition (ii) of (2), we have p;0;(7y) =
ps0{rx) (1< 4,7, k< e). Hence pANw(7:)) = Ne(0A74)) = NeloArr)rsri?)
= Ni(p(75)7e7i') = Nu(rz) (G =1, -, e). Thus we obtain N(t) € U(ZP)e.
It is easy to see that N(B) is a subgroup of U(ZF)® Next, we shall prove
the following

Lemma 1.3. Let A(6) and A(c) be in 2. Set x;=X;+M(®) and
yi=Xi+M(c) (i=1, -+, e). Then the following conditions are equivalent.
(1) <A@ =<A@C)>.
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(2) There exists a B-ring isomorphism ¢ of A(b) to A(c) such that
Hx:) = viri with ;€ U(Z) (i =1, -, e).
(3) b=cN(x) for somexE 3.

Proof. Assume (1). Let ¢ be a BG-ring isomorphism of A(b) to A(c),
and H; = (6,) X+ x(06:-1) X (0:41) X+ X (0e). Then A(b)* =B[x;] by Lemma
1.2. Since ¢r= r¢ for every r € H;, we have ¢(B[x:]) C A(c)* = Bly.l.
Considering ¢!, we obtain ¢(B[x:]) = B[y:]. Hence, it follows from [4,
Lemma 1.1. (2)] that ¢(x;) = v;7: for some »; € U(Z). This proves (1) =
(2).

Assume (2). Obviously b(y;7;) = (y;7:)psi(b) for all bEB (=1, -,
e). Since xsxx= xpx;bir Gk =1, - e), we have (¥;7)(Yerr) = (Yare)
(v;7:)bix. This implies that px(7:)7e = pre)7; (. k=1, -, ). More-
over, we have b; = ¢(x) = (y;r)% = yHN(r:) = c:N(r)) (i =1, -, e).
Thus we obtain (3).

Assume (3). Let @ be the map of A to A defined by

NXPXEe - Xkeh, - E(Xl Vl)y'(Xz 7’2)”’ (XeTe)"“bp-

Obviously 6(X;7;)=(X,7,)ps(b) for all b€ B. Noting px(7:)7e= p{7s)7;
(1<jk<e), we have (X;7)(Xere) = (Xeru X X;7;)bir (1< j, k< e). Hence,
it follows that @ is a B-ring isomorphism. Since @(X7—b;)=(X;r:)™—b;
= XM N{r:)— c:Nd{r:) = (X —c:)N{r:), we have O(M(b))=M(c). Thus
@ induces a B-ring isomorphism @ of A(b) to A(c) and it is easy to see
that @ is BG-linear. This completes the proof.

Now, we are in a position to porove the following

Theorem 1.4. (1) A forms an abelian semigroup under the composition
CAD)> % CA()> = CAW™'00)> with the identity <A(u)).
(2) U(A) = U and is isomorphic to the factor group U(ZF)¢/N(8).

Proof. (1). If CA(b)> =<A([®)> and (A(c)> =<A(c'), then there are
¢t and 3€ 8 such that b =0'N(x) and ¢ =c¢'N(8) (Lemma 1.3). Then
ube = u W NE)'NB) =u 0’ N(x8), and u'bc € B (Lemma 1.1). Thus
the composition * is well defined. The other assertion can be easily seen.

(2). 1t is clear that U(A) = {KAE»; 6B N U(B)?} = U. Let f be
the map of U(ZF)¢ to U defined by f(v) = (A(uv)>. Then f is an epimor-
phism by Lemma 1.1. If f(v) = <A(u)>, then there is t&€ Z such that
p= N(x). The converse is also true. Hence U(A)= U(Z*)*/ker f =
U(ZF)¢/N(3).
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Now, the pair (P|Z, {1} = {b:;=1(1 < {,j < e}) satisfies the condition
(2) over Z. Hence A(v) = Z[X;P|Z{1}]/M(v) with v € (ZP)¢ is a free ex-
tension of Z of (P|Z)-automorphism type and A(Z;P|Z({1}) forms an
abelian semigroup with the identity (A(1)> by <A(v)> * (A(10)> =(A(omw)).
Considering the map A(Z;P|Z {1}) —» A defined by <A(0)> -» <A(uv)>, we
obtain the following

Corollary 1.5. A is isomorphic to A(Z;P|Z,{1}).

As a direct consequence of Theorem 1.4, we obtain the following

Corollary 1.6. Assume that piZ =1 for i=1, -, e. Then U =~
I1. U(Z)/ UCZ)™ (direct produch. In particular, if B is commutative and
oi=1for i=1, -, e then U =1I.U(B)/U(B)™.

Remark. (1) By Theorem 1.4, the group structure of U(A) does not
depend on the choice of u.

(2) I (P E’) satisfies the condition (2) and U(B:P,E’) is non vacuous
then A(B;P,E’) is isomorphic to / by Corollary 1.5. Thus, if we assume
that p:0; = psp: (and hence by =1) for 7, j=1, -+, e and U(B;P.(1}) is
non vacuous, then A is isomorphic to A(B;P,{1}).

2. A classification of free extensions of D-derivation type. In this
section, G means an elementary abelian group (¢1) X -:- X (ge) of order pe
for a prime p. Moreover, we assume the following

(1) B is an algebra over GF(p).

(2) There exists a pair (D,F) of a finite set D = {D,, **-, Do} of
derivations of B and a subset FF={cy;; 1 <7, j < e} of B satisfying the
conditions (i), (ii) and (iii).

Now, we set

A= B[X;D,F],

B;={b€ B? I, =Df—D;, (Df'—1Xcs)+Ds(b)=0for j=1, -+, e}
(ci €EF),

B = B, X By X -+ X B, (direct product),

M) = D¢ (XF—X;—b)A for b =(b;) €B; then M(b) is a two-sided
ideal of A, and we write

A(b) = the factor ring of A modulo M(b).

Let bE B and x; = X;+M@®)< A0)). Then {xf1 - xbe0< ;< p—1}
is a right free B-basis for A(b) which satisfies xf —x; = b;, xix;= x;%:+ Ci5
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and cx; = x;c+D;(c) for every c& B. If we define the action of G on
A(b) by gi{x;c) = (x;+8i)c, then G can be considered as a B-automor-
phism group of A(b) and A(b) becomes a G-abelian extension of B with
Bg (@ A(b)s (see [2]). Moreover, we set

2=092(B;D.F)=1{A(6); b€ B},

CAB) = {A(c) € 2; A(c) is BG-ring isomorphic to A(b)},

A= A(B;D,F) = the set of all the classes (A(b)> (b€ B).

As is proved in [2], if R is a G-abelian extension of B with Bz<® Rj,
then R is obtained by A(b’) for some (D', F’) which satisfies the condition
(2Y. Hence A means the set of all BG-ring isomorphism classes of G-
abelian extensions R of B which are of (D, F)-derivation type with Bg <®
Rs.

In the rest of this section, we assume that 8B is non vacuous. Further,
by u= (a1, ***, ue), we denote some element of 8. Then Df—D; =1,
and we have the following which is corresponding to Lemma 1.1.

Lemma 2.1. B;=u;4+Z°? (1<i<e).

Proof. As is easily seen, we have
(ul+Z) n {b & B; (szml_l)(c.n)_i_ DJ' (b) = 0; j = ]-: M e} = ui+ZD~
Combining this with [4, Lemma 2.3], we obtain the assertion.

Lemma 2.2. Let A(b) be in R, and G; = (0i41) X X(0)(0 < i < e).
Then A(0)C = Blxy, -+, x:], where x; = X:+ M(b).

Proof. In virtue of the results of [2], we see that A(b) is a G;-abelian
extension of B[x), -*, x;], which implies the assertion.

Now, we set

B={t=(n, =, 7)EZ% Di(r;) =Di(r:), 1< i, j <e},

di(r) = (DP-1—1)(r)+* for any » € Z,

d(x) = (di(r), -+, de(7e)) for v = (r;) € 3,

d(8)={d(x); € 8}.
Then, by the same arguments as in that of [1, p. 190], we can prove that
di{(r)=(X;+7r)*—XP—r for any »r€Z Moreover, d; is an additive
homomorphism of Z to itself. Hence d(3) is a subgroup of (Z?)e.

Next, we shall prove the following

Lemma 2.3. Let A(b) and A(c) be in Q. Let x:= X; + M(b) and
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vi=X;+M() (i =1, -, e). Then the following conditions are equivalent.
(1) <A®)> = <A(D.
(2) There exists a B-ring isomorphism @ of A(b) to A(c) such that
@(xi) =yi+r; withvi € Z.
(3) b=c+d(r) for somex € 3.

Proof. Assume (1). Let @ be a BG-ring isomorphism of A(b) to A(c)-
Then, noting the result of Lemma 2.2, we can prove @(B[x:]) = Byl
(1 <7 < e) by making use of the same methods as in the proof of (1)= (2)
in Lemma 1.3. Hence, it follows from [4, Lemma 2.2 (2)] that O(x;) =
y;+7; for some r; € Z.

Assume (2). Obviously b(yi+7:) = (yi+7:)b+D{(b) for all bE B
(i=1, -, e). Since x;xx = xpx5+cir (j, k=1, -+, e), we have (y;+7;)-
(ye+76) = (Ya+ 7e)(¥s+ 75)+ cin.  This means that Dy(r;) = Di(r:) G, k=
1, ---, ). Moreover, we have b; = O(xf—x;) = (y;+7r)°—(vi+#) ='¢c: +
dir;) (i=1, -+, e). Thus we obtain (3).

Assume (3). Let @ be the map of A to A defined by

X XEeb,— 2(X1+ 7’1)”l (Xe+ Te)uebu-
Noting that &(X;+ ;) = (X;+7;)b+Ds(b) and Dw (r;) = Di(r.) (bE B,
1< jk < e), we have (X;+ 7)) ( Xe+70) =(Xu+ 7:)(Xs+ i) +cim(1< j k<e).
Hence, it follows that @ is a B-ring isomorphism. Since @(XF—X;—b;)
= (X,+ Ti)p—(Xi-F Ti)—b,' = X;p—Xl-F di('I’i)—bi = le—‘Xi—Ci, we have
@(M((6))) = M(c). Thus @ induces a B-ring isomorphism ¢ of A(b) to
A(c) and it is easy to see that ¢ is BG-linear. This completes the proof.

Now, we shall prove the following which is corresponding to Theorem
1.4.

Theorem 2.4. (1) A forms an abelian group under the composition
CADG)> % CA(e)> = CA(b+c—w)> with the dinetity CAW)).
(2) A is isomorphic to the factor group (ZP)¢/d(3).

Proof. (1). If <A(0)> = <CA®)> and (A(c)> =<A()> then there are
vt and 8E€ B such that b=0+d(r) and ¢c=c¢'+d(8) (Lemma 2.3). Then
b+c—u=0b+4+c—u+d(r—8). Thus the composition * is well defined.
The other assertions can be easily seen.

(2). Let f be the map of (Z2)¢— /A defined by f(b) = <A(b+u)).
Then f is an epimorphism by Lemma 2.1, and the kernel is d(8) by Lemma
2.3. Hence A = (Z”)¢/d(3).
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Now, the pair (D|Z, {0} = {cis =0 (1< i j < ¢)}) satisfies the condition
(2) over Z. Hence A(v)= Z[X:D|Z{0}]/M(v) with vE (ZP)¢ is a free
_extension of Z of (D|Z)-derivation type and A(Z;D|Z{0}) forms an abelian
group with the identity <A(0)> by <A(v)> * (A(iw)> = (A(v+1)>. Consider-
ing the map A(Z:D|Z.{0})— A defined by <A(v)> — (A(u+v)>, we obtain

Corollary 2.5. A is isomorphic to A(Z;D|Z{0}).

If D; =0 then di{»)= v?—~ for any » € Z. Hence the following is
a direct consequence of Theorem 2.4.

Corollary 2.6. Assum D;|Z =0 fori=1, -, e. Then A=(Z/ZF)¢
where Z°={r?—r; v € Z}. In particular, if B is commutative and D; =0
for i =1, -, e then A = (B/B")e,
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