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AZUMAYA ALGEBRAS AND SKEW
POLYNOMIAL RINGS

SuUicH IKEHATA

Throughout the present paper, every ring has identity 1, its subring
contains 1, and every module over a ring is unital. A ring homomorphism
means such one sending 1 to 1. In what follows, B will represent a ring,
p an automorphism of B, D a pderivation of B (i.e. an additive endomor-
phism of B such that D(ab)=D(a)o(b)+aD(b) for all 2, b= B). Let R=
B[ X; p, D] be the skew polynomial ring in which the multiplication is
given by eX=Xp(a)+ D(a) (a=B). In particular, we set B[X;p]=
B[X; p,0], B[X;D]=B[X;1,D]. By Ry, we denote the set of all
monic polynomials g in R with gR=Rg.

A ring extension B/A is called to be separable if the B- B-homomorphism
of BQ .B onto B defined by a@®b—ab splits, and B/A is called to be
H-separable if B ,B is B-B-isomorphic to a direct summand of a finite
direct sum of copies of B. As is well known, an H-separable extension is
separable. A polynomial g in R, is called to be separable (resp. H-separable)
if R/gR is a separable (resp. H-separable) extension of B. Moreover, a
ring extension B/A is called to be G-Galois if there exists a finite group
G of automorphisms of B such that A= B®(the fixed ring of Gin B) and
3. 20{y:)=01.c (¢E G) for some finite x,, y,E B.

We shall use the following conventions.

C(B)=the center of B.

Vs(A)=the centralizer of A4 in B for a ring extension B/A.

U(B)=the set of all invertible elements in B.

u, (resp. u,) =the left (resp. right) multiplication effected by u= B,

1= {u l uE B}.

B*={as B|p(a)=a}, B°= {a=B|D(a)=0}.

p*: B[X; p] » B[X; p] is the ring automorphism defined by
P*(Zt Xidf)ZZi X'-'P(di)-

D*: B[X; D] — B[X; D] is the inner derivation defined by
D*(Zi Xidt)=2c XiD(di)-

For several years, separable polynomials in skew polynomial rings are
extensively studied by Kishimoto {8, 9], Nagahara [12, 13, 14, 15, 16],
Miyashita [11], and by the author [4, 5, 6].

The main results of this paper are the following: Let B be a com-
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mutative ring. For f€ Rqy=B[X; plwy and A= B*, R/fR is an Azumaya
A-algebra if and only if deg f=the order of p, B/A is a G-Galois extension
with G={p) (cyclic group generated by p), and f is of the form X" +a,
with a,& U(A). Moreover, for Ry=B[X; D]« and A= B”, R, contains
a polynomial f of degree m such that R/fR is an Azumaya A-algebra if and
only if ,Bis a finitely generated projective module of rank # and Hom (,B,
4B) coincides with the subring generated by B; and D; when this is so and
m =2, B isof prime characteristic p, f is of the form 2 X°a,+a, (¢ runs
over powers 1, p, p*, -+, p"=m), and Hom(,B, ,B) is B-ring isomorphic to
R/(f—a)R. Further, for f= Ry, R/fR is an Azumaya A-algebra if and
only if f is H-separable in R, The present study contains also some sharp-
enings of G.Szeto [18, 19], G. Szeto and Y. F. Wong [20], and the result
of S. Yuan [21, Theorem 2. 4] (§§2, 3).

In our study, H-separable polynomials in skew polynomial rings play
important roles. Therefore, §1 is devoted to giving preliminary results
concerning H-separable polynomials.

1. H-separable polynomials. Throughout this section, let f=X"+
X" 'ap+ -+ Xa+a be in B[X;p, D). First, we state the following
which is easily obtained from the result of Miyashita [11, Theorem 1. 9],
and plays an important role in our study.

Theorem 1.1. Let f be in Ropy=B[X;p, D]w, and I=fR. If f is
an H-separable polynomial in R, then there exist y;, 2,€ R with deg y, <m
and deg z,<<m such that ay,=y.a, p" (@z;=z:a (¢EB) and 33, y. X" 'z, =
1(mod I), Xy X2=00<k<m—2), and conversely.

By virtue of Theorem 1.1, wa shall prove the following
Proposition 1.2. Let f be in Ry=B[X; plw. If f is H-separable
in R, then a, € U(B), p"=(a;")(a)., FEC(B?)[X] and is Frobenius in R.

Proof. By Theorem 1.1, 1=%,y.X"'2,= X" 2 p*" '(yz. =
Tyt ™ P(2)X™ ! (mod fR). We put here x=X+fR. Then, x is
invertible in R/fR. Hence there exist 4,€ B (0<j <m—1) such that

x(x"‘"d,,,_r!- e de +dg) =(x”‘_]d,,._1 + et xd1+du)x=]..
Noting 4" = —x""'@p-,— +*+ —xa,—a;, we have

1=— (xm_lam—l + ot aydp+ 2" d oyt -+ xdy
= — (2" "@n_1F -+ @)p(dn-1) + 2" pldin-2) + o< + 2p(dd).
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Since {1, x, -+, x™"'} is a free basis of R/fR;, it follows that —ad,_,=
—ayp(dn-1)=1. Moreover, ag,=a,p"(a) (@€ B) by [6, Lemma 1.3 a)].
Hence a, € U(B), p"=(a;")(a):, pldm-1)=dn-1, and therefore, pla)=a,.
Thus, f is in C(B°)[X] by [6, Proposition 3.1]. The last assertion
follows immediately from [4, Theorem 1(a)].

Lemma 1.3. Let f be in Ryy=B[X; plawy. If f is H-separable in R,
then 1, p, 2+, p" ' (EsHom (B, B,)) are linearly independent over B.

Proof. Assume that 3275 3:p'=0 (3,€ B). Then, it is easily verified
that 33720 p"(B)p’ =0 (v==0). Hence we have 3172} 8,0*/=0. By Theorem
1.1, there exist y;, 2z, R with deg y;<<m and deg z;<<m such that ay;=
yia, p"(@)z=za(@EB) and X" T;p*" (y)z=1, X*X:p*(y)2:=0
(mod fR) (0<k<wm—2). Then, we have

p_(""”(ﬂm—n) = E }"=_o' P—(m—])(ﬁj)Xm—l ST, P*f(yt)z;’
= X" 258 2 ot (32
= X" Eu(Z78p"(99)2:=0 (mod fR).

This implies #,,_;=0, and X 758;0*'=0. Since 2 7:¢#,0*"'=0, we have
3m—2=0 again. Repeating this, we concludet hat 8,=0 (0= <m—1).

Proposition 1.4, Let g=X"+b, be in Roy=B[X; plw. Assume that
the order of the cyclic group G generated by p|C(B) is n, and C(B)/C(B)°
is a G-Galois extension. If by is invertible in B, then g is H-separable in R.

Proof. Since C(B)/C(B)° is G-Galois, there exist «;, 8:=C(B) such
that 33, a;3i=1 and 20; p*(a)3:=0 (1=<k<n—1). We put here y;=c;
and z;=— Xb;'8;. Obviously, ay;=y.a and p"'(8)z;=2za (e€ B). Since

"=—p, (mod gR), it follows that >}, . X" '2,=1 (mod gR) and
iy X*2,=0 (mod gR) (0<%k<#%n—2). Thus, g is H-separable by
Theorem 1. 1.

Now, in case R=B[X; D], the result of Theorem 1. 1 takes the place
of the next

Lemma 1.5. Let f be in Ryp=B[X; Dl]wy, and I=fR. If f is
H-separable in R, then there exist y:, z:= R with deg y,<<m and deg z,<<m
such that ay,;=ya, az;=z.a (aEB) and > ; D*™ '(y;)z;=1 (mod 1),
S D*(y)z,=0 (mod I) 0 k<m—2), and conversely.

Proof. Let f be H-separable, and {y;, 2} asin Theorem 1.1. Then,
for0ZksEm—2,
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0=S5:X*z= St ( ) X120 (502+ 2. D*(392: (mod D).

Since, >);y:2,=0, by induction method we see that 3,D**(y)z:=0
O=k<m—2)and X, D*""'(y)z;=1 (mod I). The converse is obvious.

Corresponding to Lemma 1. 3, we have the following

Lemma 1.6. Let f be in Roywy=B[X; Dl. If fis H-separable in R,
then 1, D, D? -+, D™'(;Hom(B 0 B.p)) are linearly independent
over B.

Proof. Assume that > 75'8,D’=0(3;=B). Then, for all ¢= B,

0=D(X7:8,D ’(a)) > D(ﬂ,)Dj(a)-I-Z}”“ B;D’(D(a)) Hence we have

72 D(8;)D?=0. An easy induction shows that 37! D*(3,)D’=0(v =0).
Then, for all 2=>};-y X*d,= R, we have

I B,D () = 354 By (S X* DY)
=593 Shw Do X £ ) (g D4

=2 T X B )21 D43 ) DA@) =0

Hence, for {y:, z;} as in Lemma 1. 5, we obtain
Bm_1=29"=‘u‘ 2 Ing*j(yz)ZiEO (mOde)~

This implies 8,-1=0, and X 7-¢3,D*=0. Since X 7:¢3;,D*"'=0, we
have 8,_,=0 again. Repeating thls, we conclude that 3,=0(0<j <m—1).

2. Azumaya algebras induced by B[X; p]. Throughout this section,
Bwill mean a commutative ring, p an automorphism of B, G the cyclic
group generated by p, A=B%=B’, and R=B[X; p].

First, we shall prove the following which is one of our main results.

Theorem 2.1. Let f=X"+ X" 'an_+ -+ +aybein Ry, and S=R/fR.
Then, f is H-separable in R if and only if S is an Azumaya A-algebra.
When this is the case, there holds that B/A is G-Galois, the order of G is m,

f=X"+a, acsU(A).

Proof. Assume that S is an Azumaya A-algebra. Since S=Z B2 A
and S; is free, f is H-separable in R by [7, Theorem 1]. To see the con-
verse, we assume that f is H-separable in R. Then, by Proposition 1.2
and Lemma 1.3, we see that ¢, U(A) and the order of pis m. Since
Rf=fR, we have aa;=a;p" (@) (¢€B, 0=<i<m—1) by [6, Lemma 1.3



AZUMAYA ALGEBRAS AND SKEW POLYNOMIAL RINGS 23

a)]. Hence by Lemma 1.3, we obtain ¢,=0 (1={<m—1), and so f=
X"+a,. Now, we shall prove that B/A is a G-Galois extension. We set
t=X+fRES. Then, for y=375'2'd,€Vs(B), we have pl(a)d;=da
(0=<i<m—1, a= B), and whence d;=0 (1=<i<m—1). Thus we obtain
Vs(B)= B. Moreover, if z=Y15'#'c; S and p™ (@)z=za for all = B then
we see that z=xc,. Hence by Theorem 1.1, there exist a;, 3;& B such
that Xie;2™ '23=1 and X:a:x*283;=0 (0<k<m—2). Since x"=—ay,
we have

1=Ziai(—aoﬁv‘), 0=x"" ZiPH](ai)ﬂi (nggm—Z)

and whence 0 =2;p""'(a:)(—a,B3:). This implies that B/A is G-Galois.
Since S/B and B/A are separable, S/A is separable. Recalling Vi(B)= B,
it follows that Vs(S)=A, and Bis an Azumaya A-algebra.

Next, we shall prove the following theorem which contains a sharpen-
ing of the results of G. Szeto [18, Lemma 3.1 and Theorem 3.2] and
[19, Lemma 2.1 and Theorem 2. 2].

Theorem 2.2. The following conditions are equivalent :

(a) BJA is @ G-Galois extension with G of order m.

(b) R contains an H-separable polynomial of degree m.

(¢) R contains a polynomial f of degree m such that R/fR is an
Azumayae A-algebra.

(d) {g=R|gis H-separable} = {X"+a|as U(A)}.

When this is the case, for every ac U(A), Bis a maximal commutative
A-subalgebra of R/(X™"+a)R, (R/( X"+ a)R)Q ,B=BR ,(R/(X™+a)R)
= M.(B), and moreover, if meU(A) then A[X]/(X"+a)A[X] is a
separable splitting ring for R/(X™+a)R.

Proof. By Theorem 2. 1 and Proposition 1. 4, we have (c)<=>(b)<=(a).
Moreover, (d)=>(b) is obvious. Next, we assume (a), (b) and (c). If
g€ Ry, is H-separable then g= {X"+a|e= U(A)} by Theorem 2.1. Con-
versely, if e= U(A) then X"+« is H-separable by Proposition 1.4. Thus,
we obtain (d). Now, let f =X"+4a be H-separable in R. From the proof
of the preceeding theorem, we see that B is a maximal commutative
A-subalgebra of R/fR. If m&U(A) then f is separable in A[X] by
[6, Theorem 2.2]. Moreover, A[X]1/fA[X] may be considered as an 4-
subalgebra of R/fR. Clearly, thisis a maximal commutative A-subalgebra
of R/fR. By the above remarks, the rest of the assertions will be easily
seen ([2, Theorem 2. 5.5], [3, Proposition 3. 1]).

The following corollaries are also sharpenings of {20, Theorems 3. 5,
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3.6], [19, Theorem 3. 5] and [18, Theorem 2. 5].

Corollary 2.3. Let f bein ALXINB[X; plw. If (A[X]/fA[X])
Qu(R/fR) is an Azumaya A[X]/fA[X]-algebra, then the order of p is
equal to deg f and B/A is a G-Galois extension.

Proof. Since A is a direct summand of A[X]/fA[X], it follows
from [2, Corollary 2. 1. 10] that R/fR is an Azumaya A-algebra. Thus,
B/A is G-Galois by Theorem 2. 2.

Corollary 2.4. Assume that the order of p=me& U(A). Let X™+a be
in BLX; plwy. If BQ4R/(X™+a)R)is an Azumaya B-algebra then B/ A
is @ G-Galois extension.

Proof. Since meU(A), A is a direct summand of B, Hence by
[2, Corollary 2.1.10], R/(X™+a)R is an Azumaya A-algebra. Thus, B/A
is G-Galois by Theorem 2. 2.

Throughout the rest of this section, we assume that R contains an
H-separable polynomial of degree m =2.
First, we shall prove the following

Lemma 2.5. Ru={X'g(X")|g(t)= Alt]w, s=0}.

Proof. Obviously, X°g(X™) (g(t)= Alt])w, s=0) are contained in
Ryy. Let fE Ry,. Then, we may write f=X X"+ X""'a,_1+ -+ Xa, + a,)
(@,5%40), and n=gm+7r (0=<r<<m). Then, noting f, X°*°= Ry,, one
will easily see that X*+X"'¢,.,+ -+ Xa;+ e, =Ry. Hence by
[6, Lemma 1. 3], we have aa,=a.p"(@)=a.0'(¢) and aa'=a;p" (@) (aE B).
Since 1, p, -+, o™ are linearly independent over B (Lemma 1. 3), it follows
that =0, and #;=0 for { which is not a multiple of m. Moreover, since
@,..=0, we have ¢, A for all i ([6, Remark 1.4]). Thus, we obtain
X*+ X" g, 4+ Xa, +a,=g(X™) for some g(¢)e Alt]w.

Lemma 2.6, Let g(t)=Alt]wy, and s=>0 an integer.

(a) X:®is separable in R if and only if s=1.

(b) g(X™) is separable in R if and only if g(t) is separable in A[t]
and the constant term of g(t) is in U(A).

Proof. (a). If X° is separable in R then s=1 by [4, Lemma 1].
The converse is obvious, (b). We set S=R/g(X™R, x=X+ g(X™R,
and z=X"+g(X™R. Moreover, let g(¢) be of degree k. Then Blu]=
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# B+ --+uB+ B, and S=3' T ix'w/ B, Since {x'|0<i<km—1} is
linearly independent over B, sois {x'#/|0<i<m—1, 0<j<k—1}. Let
?: B{u] — B[u] be the automorphism defined by p(>_:u'b:)=2],u'p(b:), and
set i=Y"—uc Blu][Y; p]=R’, where Y is an indeterminate. Then it
follows that A= R,, and S is Blx]-ring isomorphic to R’/2R’. Moreover,

Bluli=Alu]l = A[t]/g(t)Alt], and Bul=Alu]1®.B is {p)-Galois
over A[u] (Theorem 2.2). Now, assume that g(X") is separable in R.

Then, by [4, Lemma 1], the constant term of g(X") is in U(A). This
implies that x” =« U(A[«]). Hence, by Theorem 2.2, Sis an Azumaya
Alul-algebra. Since S/B and B/A are separable, it follows from
[2, Theorem 2. 3. 8] that A[u]/A is separable, and whence g(¢) is separable
in A[#]. Conversely, assume that g(f) is separable in A[?] and the constant
term of g(¢) isin U(A). Then uc U(A[«]). Hence, by Theorem 2.2, S
is an Azumaya A[u]-algebra. Since A[u]/A is separable, it follows that
S/ B is separable, and whence g(X ") is separable in R.

Now, we are in the position to prove the following

Theorem 2.7. For f€ Ry, the following conditions are equivalent :

(a) f is separable in R.

(b) f=g(X"™) or Xg(X™") for some g(t) of Al[t]w such that g(t) is
separable in A[t] and the constant term of g(t) is in U(A).

(c) R/fR is a separable A-algebra.

Proof. Assume (a). Since fER,, it follows from Lemma 2.5 that
f=X'g(X"*) for some g(t)=A[t{]w and s=0. By [11, Theorem 1. 10],
X*(s=1) and g(X™) are separable in R. Hence by Lemma 2, 6, we obtain
(b). The implication (b)=>(a) follows immediately from the resuits of
Lemma 2.6 and [11, Theorem 1,10]. Moreover, (c)=—>(a) is obvious.
Assume (b). Then R/fR=R/g(X™R or R/ XRPR/g(X™)R (=BDH
R/g(X™R). Hence, (c) will be immediate from the proof of Lemma 2. 6.

In the rest of this section, we shall use the following conventions:
N,(c)=p™"(c)p™*(c) - plc)c (cEB), N,(U(B))={NyJc)|c€U(B)}, B,=
R/(X™—a)R (e U(4)), 2,(B)={B.|a= U(A)}, F,(B)= {<B.>|ac€ U(4)},
where (B,) is the B-ring isomorphism class of B, in £,(B). By Theorem

2.2, we have 2,(B)= {R/fR|f is H-separable in R}. Under this situation,
we shall prove the following

Lemma 2.8. For a, b U(A), B, and B, are B-ring isomorphic if and
only if ab™'€N,(U(B)).
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Proof. We set x=X+(X"—a)REB, and y=X+(X"—b)R<EB,.
First, we assume that there exists a B-ring isomorphism ¢ of B, onto B,,
and set ¢(x)=27'y'a;. Then, for c€ B, cd(x)=d(cx)=g(xp(c)) =D(x)p(c),
and this implies p'(c)ai=a;p(c) 0=i<m—1). Since 1, p, -, p"! are
linearly independent over B, it follows that ¢(x)=ya,, (ya,)"=a, and so
bN,(a;)=a. Thus, we obtain b"'a=N,(U(B)). The converse will be easily

seen.

In virtue of Lemma 2. 8, we obtain the following

Proposition 2.9. P,(B) forms an abelian group under the composition
(B> *{Bsy={B,y with the identity {B,>, which is isomorphic to the factor
group U(A)/N,(U(B)).

Remark. 2.10. Since B, is considered as the trivial crossed product of
Bwith G, B,is B-ring isomorphic to Hom(,B, ,B). Hence B, is B-ring
isomorphic to Hom(,B, ,B) if and only if e€ N,(U(B)).

3. Azumaya algebras induced by B[X; D], Throughout this sec-
tion, B will mean a commutative ring, D a derivation of B, A= B?’, and
R=B[X; D].

First, we shall prove the following

Theorem 3.1. Let fERq, degf=m, and S=R/fR. Then the
Sfollowing conditions are equivalent :

(a) fis H-separable in R.

(b) Sis an Azumaya A-algebra.

(c) There exist y;, z2,€ B such that 3, D" "' (y)z;=1 and 2_: D*(y.)z
=0 (0Zk<m—2).

When this is the case, there holds that if m=2, then B is of prime

characteristic p, and f is a p-polynomial of the form 25« X "jbj_ 1+ (P =m).

Proof. (c)==>(a). It is immediate from Lemma 1.5,

(b)=—>(a). Since S22 B2 A and S is free, f is H-separable in R by
[7, Theorem 1].

(@)= (D), (c). We set x=X+fR (€S), and X 7 xd;=Vs(B)
(@, B). Then, for each b& B, we have b2} 27d;) = (37 x'd,)b,
which implies D*~'(0)dp—1+ -+-+ D(b)d,+ bdy=dob. By Lemma 1.6,1, D, ---,
D"~! are linearly independent over B. Hence d,,-,=:--=d;=0. Thus, we
obtain V«(B)=B, and Vs(S)=Vs(x) =A. This implies (c). Moreover,
by [17, Lemma 1 (3)], .B is f.g. projective, BQRQ,S=S® B=M,(B).
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Since A1is a direct summand of B, it follows from [2, Corollary 2. 1. 10]
that S is an Azumaya A-algebra. Thus, we obtain (b). Now, by Lemma 1. 6
and [6, Lemma 1. 6], we have

('f) 1,=0 (L,=1€B, 1<i<m—1)

(£)a=0 a=i<jzm—1).
Then

miy=(," ) 1:=0, ja,=(;7 ) a=0 @<j=m-1.

Let p,, +-+, pn be all the prime divisors of m and m=gq, :-- q. where for each
k, gy is some power of p.. Suppose n>1. Then, as is well known, we
have

((’") w=1 (1<k<n)

q
whence
m m
) T , m)=1
(g @D m
where (x, 3, --*, z) means the greatest common divisor of integers x, y, *-+, 2.

From this, one will easily see that 1,=0, which is a contradiction. Hence
we obtain #=1, and so m=p" (p,=p). Moreover, we have

((p’en-.), m)=p and so pl;=0.

Hence B is of characteristic p. Since jg,=0 2<j<m—1), a,=0 for
j=2with (j, p)=1. K 1<p'<<j=p'r<mand(r, p)=1 then
((‘g‘), p)=1 and so a;=0.

This proves the last assertion.

Lemma 3.2. Assume that R contains an H-separable polynomial f of
degree m. Then theve hold the following:

(a) V(B)=B[f], and Vx(R)=ALf].

(b) Rwy={g=Alf1|g is monic}.

(¢) {gER|gis H-separable} = {f+a|ac A}.

Proof. Let g€ Vx(B). Then, since f is monic and of degree m,
there exist 4, rE R such that g=kf+7 and deg r <<m. Now, let b be an
arbitraly element of B. Noting that g, f= Vx(B), we obtain (bh—hb) f
=rb—br. Since deg f=m>deg (rb—br), it follows that rb=br, and
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bh=hb. Hence h=V.(B). Moreover, since 1, D, ---, D"! are linearly
independent over B (Lemma 1. 6), we have r& B. By those above, we can
easily verify that there exist ¢,€B such that g=f*c,+f* e+ -+
feite,. Next, let g€ Vi(R). Then, since Xg=gX and Xf=fX, we have
fED(c)+ -+ D(c,)=0. Hence D(c;)=0, and ¢.=E A (0=i<k). If gis
monic then ¢,=1. Thus, we obtain (a) and (b) (cf. [6, Lemma 1.6]).
The assertion (c) is a direct consequence of (a), (b) and Theorem 3. 1.

Now, we shall prove the following which is one of our main results
containing S. Yuan [21, Theorem 2. 4].

Theorem 3.3. The following are equivalent .

(a) .Bis a finitely generated projective module of rank m and Hom(,B,
«B)=B[ D] (the subring generated by B, and D).

(b) R contains an H-separable polynomial f of degree m.

(¢) R contains a polynomial f of degree m such that R/fR is an
Azumaya A-algebra.

(d) R, contains a polynomial f of degree m, and there exist y;, 2= B
such that 33, D™ (y)zi=1 and 2; D"(y)z2,=0 0 <k <m—2).

When this is the case, for any H-separable polynomial f=> 1 X'a;,
there hold the following :

(1) X®,a;:D'=0, Hom(, B, ,B) is B-ring isomorphic to R/(f—ay)R,
and either f=X+a, or f is a p-polynomial.

(2) B is a maximal commutative A-subalgebra of R/fR with
B@4(R/fR)=(R/fR)Q .B=M.(B).

Proof. (b)<=(c)<=>(d). These equivalences have been proved in
Theorem 3. 1.

(c), (d)=>(a). Since fR=Rf, we have D"+a,.,D" '+ +a,; D=0
and ¢;€ A by [6, Lemma 1.6], where f=X"+ X" "'ap_+ -+ Xa,+a,.
Then the map f;: B— B defined by fi(b)=272a;.,.D/(by:) (@,=1) is in
Hom (4B, +A), since D(f;(b))=0. According to (d), we have

Y flB)zi =2 (X275 ag D (by)2,
— 2 S5 am(Sino (1) DD )z
=205 @1 2340 ('17, ) D’=(b) (¢ D*(y:)z:)
=au,b 2 i Dm_l(}’i)zf:b (bE B)-
Hence, .B is f. g. projective. On the other hand,
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FB) =535 a0 Dby = 23y (Sheo (1) D) D).

This implies that f;&3.r= BD* and so, for each p&Hom(,B, ,B), ¢=
Sz fied » BD*, Since 1, D, -+, D™ ! are linearly independent over
B (Lemma 1.6), we obtain Hom(,B, ,B) =B@® BD® .- BD™"'. Now,
we shall show that ,Bis of rank m. For a prime ideal Pof A, C will mean
the localization of A by P. Then

rank; (Hom (.C ® 4B, CQ ,B))=rank(CQ& Hom(, B, .B)).

This means (rank,C® ,B)Y = (rankcC® ,B)m. Hence rank,C ,B=m.
Thus, we obtain rank,B = m.

(a) => (c). Since Db,=b,D+ D(b), (b€ B), the mapyr: R—»>Hom(,B, ,B)
= B[ D] defined by ¥(33:X'd)=X1:(—D)'(d,), is a B-ring epimorphism.
Then we have R/Ker \»=Hom(,B, .B). Since 4B is projective of rank s,
Hom(, B, .B) is an Azumaya A-algebra of rank m?. Hence R/Ker { is a
projective B-module of rank m (cf. [1]). Then by [10, Theorem 3], there
exists a polynomial g in R, such that Ker yr=gR. Now, it is obvious
that the degree of g is m. This implies (¢). Moreover, g is H-separable
in R by the implication (c)=>(d). We write here g=> %, X'b;. Noting
that g= Ker vr, we have 2 {L(— D) (b,),=0. Since b, A, it follows that

bo=2310(— D)i(bi) =TT (— D)f(bi)l) (1) =0.

Hence by Lemma 3. 2, we obtain g=f—(the constant term of f) for any
H-separable polynomial f in R. The other assertions follow immediately
from the result of Theorem 3. 1 and its proof.

Now, by virtue of Lemma 3.2 and Theorem 3.3, we can prove the
following which contains some characterizations of separable (H-separable)
polynomials in R.

Theorem 3.4. Assume that R contains an H-separable polynomial f.
Letyr: A[t] — R be defined by ¥(gy())=go( ).

(a) ) induces a one-to-one correspondence between A[t]«, and R ;.

(b) For go= Al t])wy, & ts separable in A[t] if and only if R/\(g,)R
is a separable A-algebra, and moreover, yr(g,) is H-separable in R if and
only if deg go=1.

Proof. Obviously, v induces an injective mapping of A[#]« into
Ry,. Moreover, we have V(A[#]) =R by Lemma 3. 2. This implies (a).
Now, let g, be an element of A[#], of degree k. We set g=vr(g,), S=
R/gR, x=X+gR, and u=f+gR. Then Blu]l=u*"'B+---+uB+ B, xv—
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vxE€ Blu] (w€ Bl«]), and S=2713' 2 iCix'w’B for m=deg f. Since {x']
0=<i<km—1} is linearly independent over B, sois {x'%/|[0<i<m—1,
0=<j<k—1} and {weBlu]|rw=wx} =u*"'A+ -+ud+ A= Alu]. Let
D: B[u] — B[u] be the derivation defined by D(v)=vx—av, and set h=£(Y)
—uE Blu][Y; 5]=R’, where Y is an indeterminate. Then, it follows
that hER’,, and S is B[u]-ring isomorphic to R’/hR’. Since B[u]?=
Alu] and h is H-separable in R’ (Theorem 3.1), Sis an Azumaya A[u]-
algebra (Theorem 3. 3). Now, assume that g, is separable in A[#]. Then,
since A[u]l= A[t1/g,A[t], S is separable over A. Conversely, if S is
separable over A then A[«] is separable over A ([2, Theorem 2. 3. 8]), and
S0 g, is separable in A[¢]. The other assertion is immediate by Lemma
3.2.

Throughout the rest of this section, we assume that R contains an
H-separable polynomial of degree =2. Then, by Theorem 3. 1 and Lemma
3.2, Bis of prime characteristic p and R contains an H-separable polynomial
350X "ij, which will be represented by f. For any b& B, we set 44(b)
=1 and 4,(6)=D(4:_1(b))+ 4;(b)d (i==1). Then, an easy induction shows
that

X5y =220 X* () dai®)
whence
(X+b)"'=X"+4,6) (5 =0).

Since c¢(X+b)=(X+b)c+ D{(c) (cEB), it is easy to see that 4, is an
additive endomorphism of B. Let #,: R— R be the map defined by
0,(3:X'd)=3(X+b)d;. Then, 6, is a B-ring isomorphism of R. Hence
0,(f) is contained in Ry, and so 0,(f)E A[X] by [6, Lemma 1. 6]. Since
0b(f) =250 (X+ b)pibhl: 2 §=0ijbj+l+ p j=0 Jpj(b)b/+1=f+ Z;’=0Jﬂj(b)bj+l ,
we have X 5., pj(b)b,HE A. Hence the map 6: B— A defined by §(b) =
36a0d p,(b)b,-ﬂ is an additive homomorphism.

Now, for any e€ A, we put B.=R/(f+a)R. Further we put 2,(B)
={B.|ac= A}, and Py(B)={{B,)|las A}, where {B,> is the B-ring
isomorphism class of B, in £,(B). Under this situation, we shall prove the
following

Lemma 3.5, Let B., B.be in 2,(B). Then, B, and B. are B-ring
isomorphic if and only if a—c<=46(B).
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Proof. Weset x=X+(f+a)REB,, y=X+(f+¢)EB,, and assume
that there exists a B-ring isomorphism ¢ of B, onto B, with ¢(x)=

1 ¥5y/d, (d;=B). Since bx=xb+ D(b) (b€ B), this implies b(Z Plyid)
=(3%5'y’d,)b+ D(b). Comparing the constant terms of the both sides, we

obtain 3}7;'d;D’=D. Since 1, D, -, D! are linearly independent over
B, it follows that d,=1, d,=0 (2<j<p°—1), and so H(x)=y+d,. Hence
—a=d(f(x))=f(y+dy)=f(y)+é(d,). Thus, we obtain a—cE4(B). The
converse is obvious.

In virtue of Lemma 3. 5, we obtain the following

Proposition 3.6. P,(B) forms an abelian group under the composition
(B> +*{B.>={Bascy with the identity {B,), which is isomorphic to the
(additive) factor group A/6(B).

Remark 3.7. By theorem 3.3, we see that Hom(,B, ,B) is B-ring
isomorphic to B, if and only if {B,) is the identity of P,(B). Moreover,

if b, is invertible in A (that is, f is D-separable in R in the sense of 61
then, for each a= A, A[X]/fA[X] is a separable splitting ring for the
Azumaya A-algebra B,.
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