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ON CONFORMAL KILLING FORMS
AND THE PROPER SPACE OF 4 FOR p-FORMS

MITSURU KORA

In 1975, S. Gallot and D. Meyer [2] discussed the proper value 2
of A for pforms in compact Riemannian manifolds of positive curvature
operator and found its lower bound 1, Recently, S. Tachibana and
S. Yamaguchi [10] have investigated and determined the proper space V,
of such a manifold in terms of Killing, closed conformal Killing and special
Killing p-forms. On the other hand, H. Maillot [5] studied the dual *w
of a Killing' p-form «. In connection with this, H. Yanamoto [11] has
conjectured that in any orientable Riemannian manifold M™ the dual *w
of a conformal Killing p-form « would be conformal Killing, and proved it
when =3 and p = 1.

In this paper, we show the conjecture to be true and express the space
V,, in a better form by making use of this duality.

The author wishes to express his gratitude to Prof. S. Tachibana who
gave him useful comments and continuous encouragement.

1. Preliminaries. Let M”(»n>>1) be an » dimensional Riemannian
manifold. Denote by g = (g.), R. and R, respectively the metric,
the curvature and the Ricci tensor, where the indices a, b, ¢, .-+ run over
the range {1, 2, ---, n}. We represent tensors by their components with
respect to the natural base and the summation convention is assumed
throughout the paper.

A skew symmetric covariant tensor o = (a).l1 ---a,,) is-identified with the
differential p-form

0 = pl!wnlu.%dx“l /\ /\ dx» ,

and the coefficients of its exterior differential dw and the co-differential
dw are given dy

p+1 )
(dfﬂ)ul~-~ap“ = E (— 1>l+1V"im"l"‘/‘;c""’p,»1

(8‘0) ayra, = T Vb“)baz-uaﬂ

where v°= g™V, V. denotes the operator of covariant differentiation and
@; means a; to be deleted.
By the natural identification with respect to g, a vector field ¥ on M"
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can be regarded as a 1-form which is denoted by Y again. ¢(Y)w and
i(Y)w denote respectively the exterior and the interior product of « by ¥
and they have the components

p+1 .
(e ( Y)‘U) apeay, = E ('_‘ l)l_l K'i(u"'l'";'i"'”pri 1
@ (Y)w)az...ap = me""z'"”p .
Denoting by A=dd+dd the Laplacian operator, we have
(1.1) (A(u)al...ap = — VZ’V,,wal...ap + H(m)al...,,p
as the coefficients of Aw, where H (“’)ar"% are the components of H (w)
given by H(w), = Ruw® for p =1 and

(1.2) H(@)apa, = 3 Rulwapa + 2 R,
r i=1  * W ? i<f

be
sy Payebea

e
for n=>p=>2. (1.1) may de written as
(1.3) Aw = — V'V + H(w) .

The quadratic form F,(w) of « is defined by

Fylw) = {H(w), o)

1 —1
=(pTlﬁ(R"b(ulza2"'ap(ubaz “p + pT qu.g(rjaha ...aptur 3 ‘l')

3
and it appears in the well known formula which is valid for any p-form o :
(1.4) Fp((u)z <A(u, w)y — l\"fwlz-——%vﬁlmlz,
where we have put for p-forms w and 7, |w]|® = {w, ®),

1 “opa
L coray,

loo, T = = o e »
pre
| \'f'«)l2 = PL‘ Vo(uul...apvb(o“f"“ﬁ.

If a non-zero pform » satisfies Vw = 1o with a constant 4, itis
called a proper form of A corresponding to the proper value i. The space
of all proper p-forms corresponding to A is denoted by V. If M” is
compact and orientable, the decomposition Vi=(VINd(0)PD(V £2Nas7'(0))
holds for 4550 from the decomposition theorem of Hodge-de Rham.
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2. The Killing and the conformal Killing p-forms. Following
[7] and [4], a pform  is called conformal Killing, if there exists a
(p—1)form p satisfying

Viawa, + Va@bapua,
2.1) » .
=2P”z"‘“pg”'ll —_ 5?:2 (”“1) (P"l"'a:"'%g"“i + pbaz"'&i'"a'pg”'iul)°
As was shown in [4], » and p satisfy

—__ 1 4
2. 2) p= —— ow
(2- 3) Vhwal--- p+ l(dm) bayma, Z ( 1) gaib(ow)a; ap@y

VDchual---(zp_l' U(lf)) cb, ayay

T a— p—l—l

= praz---a galc + chaz-uaﬁga]b - Valpagu-apgbr:

@48 = B (D (Topeagigen, + Veprogeigon) Lo,
1 r
o X (—1)(Vepaprira, = Va,Oay-ig-a,)8ea;
1 P
= o 2 (= D (Vepuipa, = VoyPeoyipma) 8o, »

where we have put

M

1 ,
U((U)bc, apmay = -Rbcu.ga)a we a_ —2' (Rbalce + R(-albf) (')gaz..-ap

1 3 l(f) D

0o
i

(2.5)

L\D]r—t

yd
€
g (Rbalai (Ucaz--ézis--a,p + Rcaluiwbaz--ig-ap) .

If we transvect (2. 4) with g, we get
@.6) Vbewa]...ap + U(m)",,,al..%
- ("’_P)Valpazwup + (dp)a’l"'“p .

Taking the skew symmetric part in (2. 6) with respect to the indices «, -,
a,-; and g, and substituting (1. 2) and (2. 2), we have

@.7) PV Voo + Hiw) + 21’ L 21 4h o =0,

A pform o is called Killing [9], if Vw isa (p+1)-form. It follows
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from (2. 1), (2.2) and (2. 3) that « is Killing if and only if it is co-closed
conformal Killing, and consequently, any Killing p-form «» satisfies

(2. 8) vac{f)al...ap + U("))bc'"’l'""‘p = 0 .

We are interested in the vector spaces with natural structure defined
by
" = the space of all conformal Killing p-forms,
C’(d)= C? N d~'(0) = the space of all closed conformal Killing
p-forms
K?= C? N 47'(0) = the space of all Killing p-forms.

Lemma 1 (cf. [10, Lemma 2.5] and [5, §11). Let w be a p-form,
and Y any vector field. We then have the following :
(1) w& C? if and only if o satifies

1

4 = —1 1  — i
(2. 9) Vrw Pr1 Z(Y)d() n—ptl e( Y) oW .
(ii) o = K? if and only if o satisfies
(2. 10) V;-‘(D = 5_}_—1 i(Y)ﬁd(U.
(il) o€ C*(d) if and only if o satisfies
2. 11) Vo= — n—;-!-l e(Y) o

Proof. (i) If o satisfies (2. 3), by interchanging the indices 4 and
@, in (2.3) and taking their sum, we have (2.1) with the (p—1)-form
—(n—p+ 1)p=05w. This meansthat » ©C” if and only if « satisfies
(2. 3), or equivalently (2. 9).

(ii), (iii) (2. 10) and (2. 11) give us dw=0 and dw= 0, respectively.
The desired results then follow from (i).

Now we suppose that M" is orientable. If we denote by W* the
dual space of a vector space W of p-forms with respect to *, we have the
following.

Theorem 1. In any orientable Riemannian manifold M*,

(i) . Cr= (0T
(if) C'(d) = (K"*)* o K" = (C""(d))*
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hold for n>p=>1.

Proof. Since the volume element of M™" is parallel, we get *Vypw =
Vv w for any p-form « and any vector field Y. We also have *i{(Y)dw =
—e(Y)6*w and *e(Y)dw = — i(Y)d*w. By means of these identities
and Lemma 1, we obtain (i) and (ii).

Next we give an application of Theorem 1. As is well known,
{Aw, o) = {A%n, *0), |w|*= |*®|? and |Vw|’= |V*w|%. Substituting
them into (1. 4), we get

(2.12) Fy(w) = Fo_,(*o)
for any p-form w (n>p>1). If we take account of Theorem 1 and (2. 12),

we can remove the assumption p = % in Theorem 4 of Kashiwada’s paper

[4], i.e., we have

Corollary 1. In a compact orientable Riemannian manifold M, if
a conformal Killing p-form o (n>>p=>1) satisfies F,(w)<<0, then itis
parallel.  Especially, if F,(w) is negative definite, then there exists no
conformal Killing p-form other than the zero form.

Remark. Denote by 4(X)=di(X)+i(X)d the operator of Lie deriva-
tiveby X. Asis known in [3, p.109], for a Killing vector field X, 4(X)
= — e(X) — e(X)s holds. Making use of this and Lemma 1, we can
see that if @ € C? and X is a Killing vector field ¢(X) » € C? holds.

3. The special Killing and the special conformal Killing p-
forms. A pform o is called special with %, if it satisfies

)
3.1) Ulw)se, apmay, = k(gbcwal...ap - gl gba.iwal--.é;vu.},) ,

with a constant 2. The space of all the p-forms special with % is denoted
by SI. For example, any p-form in the space of constant sectional curve-
ture k is special with %2. The vector field which is dual to « € Si with
respect to g belongs to the k-nullity distribution of M™.

w € Si satisfies

(3.2) H(w) = p(n — p) ko.
In fact, if we transvect (2.5) and (3.1) with g* and take the skew sym-
metric parts with respect to the indices a,, -+, @,-; and @, we get (3.2),

taking account of (1. 2).
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By means of (3.2) and (1. 3), we have for « & S?
(3.3) Aw= — V'V + p(n — plw .
Now we put
Ci=C?’NSi Ki=K?N S, Cid)=C"d) N St.
Evidently, K= C: N ¢ '(0) and Ci(d)= C% Nd~'(0) hold.
By (2.6) and (3.1), w & CI satisfies
VbV;,wa e, + (12 — ])) kw, 0y

3.4)
= — (n—p) Ve Pay-a, -+ (dp)ur'"p .

Lemma 2. o« € K{ if and only if o € K? and it satifies
(3.5) Vidw = — k(p+ De(Y)w
for any vector field Y.

Proof. Let w = K*. By meansof (2.8)and (3.1), » & 8¢ is equi-
valent to the establishment of the equation

(3.6) VzVrwo — Vy o = — ki(Y)e(Z)w,

for any vector fields Y and Z. On the other hand, (2. 10) and (3. 6) hold
if and only if (2. 10) and (3. 5) hold.

Lemma 3 (cf. [10]). In any orientable Riemannian manifold M",
(i) K2=K’ N Visnmme NdH(C?'{d) m>p=1)
(ii) (kzmp)* = Cp(d) N Vg(ﬂ_p+1)k n f‘)\‘-](kp_l) (n >p> ].)

hold for any constant k.

Proof. Let w = CL Making use of (2.7), (3.2) and (3. 3), we get
2p—mn

(3. 7) A({) = (p + 1) (n - p) k(r) + m dl?lu .
By virtue of KZ= C2MN 4 '(0) and C2(d)= C% N d7'(0), welthen have
(3 8) Kfc V€p+1) (n=p)k and Cl’b,(d) c Vﬁ(ﬂ—p—"l)k .

(i) Let wE K Since w € Vi - from (3.8), ddo=(p+1)
(n— p)kw holds. Substituting this into (3. 5) and taking account of Lemma
1 (iii), we have dw < C**'(d). From this and (3. 8), we see the left hand
of (i) is included in the righthand side. Conversely, if » belongs to the
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right hand side of (i),
Vdw = —hi—pe(Y)Bdw-': —12——];1—5 e(VAw= —k(p+1e(Y)w

holds. Thus « € K} by virtue of Lemma 2.
(ii) If we operate * to (i), change p to » — p, and take account
of Theorem 1 (ii), we have (ii).

Lemma 4. In any orientable Riemannian manifold M",

(i) Cid)=(Ky?"* or Ki=(Ci?@)* (m>p>1)
holds for any constant k. Consequently, we have

(ii) Ci@)=C™d)N V iupre N 67 (K?) (n>p>1).

Proof. Let o = CI Interchanging the indices @; and &, in (3.4)
and taking the sum, we get p=K?"'. By (2. 2) this gives us C;Ca7'(K*™)
for n>>p>1. By virtue of this, (3.8) and Lemma 3 (ii), we see C!(d)C
(K P)*.

Next we show the conversed inclusion CZ(d) D (K3 )*. Let w &
(K3 ?)*. Since w € C?(d) from Lemma 3 (ii), it is sufficient to show
wE S *o & K2 P satisfies the equations corresponding to (3.5) and
(3.6). Operating * to them, we thus have

(3.9) Vidw=ktn—p+ 1)i{(Yw,
(3. 10) VsVyrw — szya) = — ke(Y) 1 (Z)(:),

for every vector fields ¥ and Z. If we take account of (2. 2) and substitute
(3.9) and (3. 10) into (2. 4), we get (3. 1).

From Lemma 4 (i) and Lemma 2, we have the following
Lemma 5. In any orientable Riemannian manifold M", o € C¥d) if
and onlyif o € C?(d) and it satisfies (8.9) for any vector field Y.

By Lemma 4 (ii), « € Ci(d) satisfies dw € K?™' and
Vyddw = VrAw = kp(n — p + 1) Vyw = — kpe(Y)dw

for any vector field Y. This means C}(d) C ¢ '(K ") from Lemma 2.
Similarly, by making use of Lemma 3 (i) and Lemma 5, we have
Kicd'(cri@)).

Lemma 6. In any orientable Riemannian manifold M", Ci(d) C
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OT(KE") and KpC d™'(Ci*'(d)) (n>p>1) hold for any constant k.

4, Compact orientable Riemannian manifold of postive curva-
ture operator. In this section, we assume that M™" is of positive curva-
ture operator, 1i.e., there exists a positive constant’ £ such that
— Ropees™i0® = 2kwayw™ holds for any 2-form «. For example, Rieman-
nian manifolds of constant curvature 2> 0 are of positive curvature
operator. For the study of M", we refer to [1, 2, 6 and 8]. Moreover
if M™ is compact and orientable, it is known in [2] that the proper value
2 of A for pforms w (n=>p>1) satisfies

put
Azpn—p+ Dk= 14, if dow=20
t

(4. 1) ou
iz(p+ VD —pk=12, if dw=0.

S. Tachibana and S. Yamaguchi [10] obtained that
V%, Nd0) = Cd) N o (KL (n>p>1).

2y Ui = K (n>p>1).

Theorem 2. In a compact orientable Riemannian manifold M" of
positive curvaiure operator, we have

Vi, Nnd' )= Cid (n>=>p>1).
Consequently, we have

Vi, =Ci (d) (n>2p>2).

Proof. Operating * to (4. 2), changed p to n— p, and taking account

of Lemma 4 (i), we have the former. To show, the latter, we notice
Vi, =V, Nd= ()@ (Vi Né"(0). On the other hand, if »>2p,
(v}, ,N s (0)) C V';;,l,. N d7'(0) = {0} holds by virtue of ., << i¢,:: and
(4.1). We thus have V{, N a7(0) = {0} for n> 2p.

Corollary 2. In a compact orientable Riemannian manifold M" of
positive curvature operator, we have

(i) Ct= K2 C2(d) > p>1),
Consequently, we have

(ii) ¢t = (cin)* (n>p=1).
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Proof. As was shown in the proof of Lemma 3, « & Ci satisfies
(3.7), thatis,

1 N 1
(4. 3) w = m Od(t) + p———(n__p+ 1)k da(z) .

It is not difficult to see that the closed part belongs to V%, N d"(0) and
the co-closed part belongs to V{ 1 87'(0). We then have CiC K: P Ci(d)

by virtue of (4. 2) and Theorem 2. The converse is obvious. (ii) follows
from (i) and Lemma 4 (i).

If n=2m, Agm=m(m+ 1)k= 4, holds. From (4.2), Theorem 1
and Corollary 2, we get

Corollary 3. In a compact orientable Riemannian manifold M*™(m>1)
of positive curvature operator, there holds

Vz(m+l)k = C? = K;cn @ C,’;‘(d) .

Remark. We don’t know whether 1., and J,, are the first proper
values of M" or not. In other words, the spaces V{, N d7(0) and

Vi, N 07'(0) may be {0} for some M" But we see that if M" is

Euclidean n-sphere of curvature % then they are the first proper values,
since C?(d) = CF(d) =+~ {0} and K= K7*s~ {0}.
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