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Throughout the present paper, A will represent a ring without
(possibly with) identity, N the prime radical of A, and M a left A
module. Given a left ideal I of A and an A-submodule M’ of M, for
each positive integer i we set [7M’' = {u & M|I'n © M’}. Following
F. S. Cater [1], we say that M is almost Artinian (resp. almost Noeth-
erian) if for each infinite descending (resp. ascending) chain M, 2 M, 2 ---
(resp. M; C M, C ---) of A-submodules of M there exist positive integers
m, g such that A°M, C M, (resp. M,C A*M,,) for all 7, or equivalently
there exists a positive integer p such that A*M,C M, (resp. M;C A™*M,)
for all i. Every left A-module which is Artinian (resp. Noetherian) in the
usual sense is clearly almost Artinian (resp. almost Noetherian). If A4 is
almost Artinian (resp. almost Noetherian), we say that A is an almost left
Avrtinian (resp. almost left Noetherian) ring.

If M is a trivial left A-module, i.e. AM = 0, then clearly M is
both almost Artinian and almost Noetherian. Further, every nilpotent
ring is both almost left Artinian and almost left Noetherian. It is easy to
construct a nilpotent ring which is neither left Artinian nor left Noetherian,
e g. ( 22 8 ) is such a ring. On the other hand, ( g 8) is a non-nilpotent

ring which is almost left Artinian but not left Artinian, and (g 8) isa

non-nilpotent ring which is almost left Noetherian but neither left Noetherian
nor almost left Artinian.

In §1, several preliminary results in [1] will be reproved with notable
briefness. In §2, we shall improve Theorems A, B of [1] (Theorems 1
and 2). The principal theorem of §3 states that if A is almost left
Noetherian then A satisfies the ascending chain condition for semiprime
ideals, every nil subring of A is nilpotent and the nilpotency indices of nil
subrings are bounded (Theorem 3). In §4, we shall give some new condi-
tions for a ring to be almost left Artinian (Theorem 4).

1. We begin with improving Propositioﬁs 4 and 9 of [1] all together.

Proposition 1. (1) The following are equivalent :

131



132 H. KOMATSU and H. TOMINAGA

1) .M is almost Artinian.

2) For each infinite descending chain M, D M, 2 --- of A-submodules
of M there exists a positive integer q such that A'M,= A'M; for all i>gq.

3) In each non-empty family A of A-submodules of M such that
M & A implies AM' & _#, there exists a minimal member.

4) For each non-empty family # of A-submodules of M, there exists
a positive integer q and a member M’ of .7 such that A'M' C M” for
every M" € .77 with M" C M.

(2) The following are equivalent :

1) .M is almost Noetherian.

2)  For each infinite ascending chain M, C M, Z - of A-submodules
of M there exists a positive integer q such that A™'M, = A™'M, for all
i>q.

3) In each non-empty family # of A-submodules of M such that M’
e A implies A"'M' = _#, there exists a maximal member.

4) For each nowempty family # of A-submodules of M, there
exists a positive integer q and a member M’ of A such that M C AM’
for every M & # with M’ < M".

Proof. (1) Asis easily seen, 4) =—>3)—=2) —=>1). Now, suppose
4) does not hold for some ..#. Then we can find successively M; € 4
((=1, 2, ---) such that M., C M, but AM, Z M,,.. We have thus seen
that 1) implies 4).

(2) Obviously, 4)=>3) =>2)=>1). Suppose now that 4) does not
hold for some .#. Then we can find successively M. & % (i=1,2, ---)
such that M, C M,,, but M., £ A'M, Thus we have seen that 1)
implies 4).

Now, Proposition 1 makes short the proof of [1, Proposition 7].

Proposition 2 ([1, Proposition 7]). (1) Let M’ be an A-submodule
of M. Then .M is almost Artinian if and only if both M’ and M|M’
are almost Artinian.

(2) Let M’ be an A-submodule of M. Then .M is almost Noetherian
if and only if both M’ and ,M/M’ are almost Noetherian.

Proof. (1) It suffices to prove the if part. Let M; D M, D --- be
an arbitrary descending chain of A-submodules of M. By Proposition 1
(1), there exists a positive integer p such that A°M, + M' =A"M,+ M’
and A2/ (M, N M’)= A*(M; N M’) forall {>p. Since A°M, = AM, +
(APM, N M)C AAM '+ (M, N M’), it follows that A”M,C A*M, +
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AMNM) =AM+ A (M, N M) = M.

(2) It is enough to prove the if part. Let M, S M, Z --- be an
arbitrary ascending chain of A-submodules of M. There exists a positive
integer p snch that A’M, + M’ C M, + M’ and AX(M\N M"Y T M, N M’
for all i. Since A°M,; C M,+ (M, 0N M’), it follows A*M, C A°M, +
A"(M, N M) © M,

A left A-module M is said to be s-unital if « & Au for each u € M,
or equivalently if M’ = AM' for each A-submodule M' of M. If ,A is
s-unital, we term A a left s-unital ring. Any ring A with a left identity
is a left s-unital ring. Obviously, for s-unital left A-modules, the concept
of “almost Artinian” (resp. “almost Noetherian’) coincides with that of
“Artinian” (resp. ‘“Noetherian”). Now, suppose that A/Ann (M) is left
s-unital. Then by [6, Theorem 1], .AM is seen to be s-unital, and
therefore by Proposition 2 (1) (resp. (2)), .M is almost Artinian (resp.
almost Noetherian) when and only when ,AM is Artinian (resp. Noeth-
erian). In particular, if A/I(A) is left s-unital, then A is almost left
Artinian (resp. almost left Noetherian) when and only when A% is a left
Artinian (resp. Noetherian) ring.

Lemma 1. (1) If a unital left A-module M is almost Artinian, then
the socle of 1M is essential in 4+ M.

(2) If a left A-module M is the sum of s-unital A-submodules M,
(2 € 4), then M is s-unital. In particular, every completely reducible left
A-module is s-unital.

Proof. (1) Immediate from the condition 3) of Proposition 1 (1).

(2) Let u be an arbitrary element of M. Then u =+ -+ + 2,
with some », € M,. If k=1 then au =« with some a € 4, by
hypothesis. Now, assume k>>1, and choose 5 = A such that bu, = u,.
Then u — bu = (u; — bu,) + --- + (ux-y — bux_,). By induction method,
there exists ¢ € A such that c(¥ — bu) = 4 — bu. We conclude then
u=(}b+c—chu.

The next is [1, Lemma 2]. However, for the sake of convenience,
we shall give a somewhat economical proof.

Lemma 2. Let A be an almost left Artinian ring.

(1) Every non-nilpotent left ideal contains a minimal non-nilpotent left
ideal.

(2) Ewvery nil left ideal of A is nilpotent.
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Proof. (1) is obvious by the condition 3) of Proposition 1 (1). In
order to prove (2), suppose contrarily that there exists a nil left ideal 7
which is not nilpotent. By (1), we may assume that 7 is a minimal
non-nilpotent left ideal. Consider the family of all left subideals I’ of 7
with II’5-0. Then, again by the condition 3) of Proposition 1 (1), the
family contains a minimal member I*. Since II* = I*, there exists
a* & I'* such that Ie* =17I*. Hence, aa* = a* (#0) with some a& [
Obviously, @ is not nilpotent. But this contradicts the hypothesis that 7
is nil. :

Now, by making use of Lemmas 1 and 2, we reprove [1, Theorem 1].

Proposition 3. If A is almost left Artinian, then A is semiprimary,
namely N is nilpotent and A/N is Artinian (semisimple).

Proof. Since N is nilpotent by Lemma 2 (2), it suffices to prove
that if A is semiprime and almost left Artinian then A is Artinian semi-
simple. By Lemma 1 (1), the left socle S of A is essential in ,A.
Since .S is completely reducible and Artinian (Lemma 1 (2)) and every
minimal left ideal of A is generated by an idempotent, it is known that S
itself is generated by an idempotent. Hence, S coincides with 4, whence
we can conclude the assertion.

2. First, we state the following that includes Theorems A and B
of [1].

Theorem 1. Let I, I, -, I, be left ideals of A.

(1) If LA/I is completely reducible and IM = 0, then the following
are equivalent :

1) 1M is almost Artinian.

2) LAM is Artinian.

3) 1AM is finitely generated.

4) LAM is Noetherian.

5) .M is almost Noetherian.

(2) If LA/, (=1, -, k) are completely reducible and I,--- M= 0,
then the following are equivalent . :

1) .M is almost Artinian.

2) A(AM/LM), (ALM/L_LM), -, (AL - LM/LL --- I, M) are
finitely generated, o :

3) .M is almost Noetherian.
In particular, if A is semiprimary then a left A-module is almost Artinian
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if and only iof it is almost Noetherian.

Proof. (1) It is easy to see that ,AM is completely reducible.
Hence, the equivalence of 2), 3) and 4) is obvious. Since .(A/Ann(M))
is s-unital by Lemma 1 (2), the equivalences of 1) and 2) and of 4) and 5)
are evident by the remark mentioned just before Lemma 1.

(2) Observe the descending chain

MQ IKMQ Ik—l IkM;) b ;) Iz b IkM——;) I] A ILM= 0.
Then the assertion can be proved by (1) and Proposition 2 (1).

Now, let ., be the set of almost Artinian A-submodules of M, and
Iy the set of A-submodules U of M such that ,M/U is almost Noetherian.
Obviously, A4y and I'y contain 0 and M, respectively. Moreover, by
Proposition 2 (1) (resp. (2)), if M’ and M” are in A, (resp. I'y) then
M + M” and A'M’ (resp. M’ N M” and AM’) arein A, (resp. I'y).
We set A(M) = X 1es, U and I'(M) = Nyer, U. Needless to say, if
.M is almost Artinian (resp. almost Noetherian) then . (M) = M (resp.
I'(M) = 0), but not conversely. If M is almost Noetherian, then by
Proposition 1 (2) we see that (M) is the greatest member of A, and
is characterized as the least one among the A-submodules U of M with
A(M/U)=0: in particular ,M is almost Artinian if and only if A(M)=M.
On the other hand, if .M is almost Artinian, then by Proposition 1 (1) we
see that I'(M) is the least member of I'y and is characterized as the
greatest one among the A-submodules U of M with I'(U) = U; in
particular ,M is almost Noetherian if and only if I'(M) = 0.

In the proof of the following partial extension of Theorem 1 (1), we
shall use freely the facts mentioned above.

Theorem 2. Let I be aleft ideal of A such that ,A/I is completely
reducible. A '

(1) If .M is almost Noetherian and I7'M’' = M’ for every proper
A-submodule M’ of M, then .M is almost Artinian.

(2) If M is almost Artinian and IM' 5= M’ for every nom-zero
A-submodule M’ of M, then .M is almost Noetherian.

Proof. (1) Suppose A(M)7 M, and choose an A-submodule
M” D A(M) such that IM” & A(M). Since A(M/A(M)) =0, we see
that A(M”/4(M)) 0.  Then, ,A(M”/A(M)) is completely reducible
and Noetherian (Lemma 1), and therefore Artinian. This is a contradiction.
Thus .M is almost Artinian.
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(2) Obviously, Ar{M)= r(M). Now, suppose I'(M)s~0. Then
L (M)/IT (M)) is completely reducible and Artinian (Lemma 1), and
therefore Noetherian. This contradiction means that ,M is almost
Noetherian.

3. In this section, we shall prove the following :

Theorem 8. Let A be an almost left Noetherian ring.

(1) Asatisfies the ascending chain condition for semiprime ideals.

(2) Every nil subring of A is nilpotent and the nilpotency indices of
nil subrings are bounded.

In preparation for the proof, we establish the next lemma.

Lemma 3. Let A be an almost left Noetherian ving. If r(4) =0
(in particular, if A is semiprime), then A is a left Goldie ring.

Proof. Let L; < L,C --- be an infinite ascending chain of left annihi-
lators, where L, = I(S;). Then there exists a positive integer p such
that AL, C L, forall ¢, Since A"L;S,=0, it follows L,S,=0, namely
L, S L, Next, assume that A contains an infinite direct sum of non-zero
left ideals 1 L@ ---. There exists a positive integer ¢ such that

AL --PLCLD - PI forall i

Then A'L,=0, and therefore I; =0 for all i >¢4. But, this is a con-
tradiction,

Proof of Theorem 3. (1) The proof is straightforward.

(2) There exists a positive integer ¢ such that A°7(A4°) C (49 for
all 7. Since A% (A4) C A% (A4A") = 0, there holds r(A4°) C »(A®). This
means that the right annihilator of A/7(A4%) is zero. Hence, A/r(A%) is
a left Goldie ring by Lemma 3. According to [2, Corollary 1. 7], there
exists a positive integer # such that X” C r(A4%) for all nil subrings K of
A, Itis immediate that K**" = 0.

Combining Theorem 3 (2) with Proposition 3 and the latter part of
Theorem 1 (2 ), we readily obtain

Corollary 1. If A is almost left Artinian, then every nil subring of
A is nilpotent and the nilpotency indices of nil subrings are bounded.

4, In advance of stating the main theorem of this section, we shall
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prove the following

Lemma 4. (1) If A is almost left Artinian, then A is a m-regular
ring of bounded index.

(2) Let A be an almost left Noetherian, =regular ring. If A/N is
left s-unital, then A/N is Artinian.

Proof. (1) By Proposition 3 and [5, Lemma 2].

(2) ByLemma 3, A/N is a left Goldie ring. Then, as was claimed
in the proof of [6, Theorem 3], A/N contains the identity. Moreover, it
is easy to see that every regular element of A/N is a unit. Hence, A/N
coincides with its left quotient ring that is Artinian semisimple.

Aleftideal I of A is said to be almost maximal if A/I is a sum of
minimal A-submodules. If a prime ideal P is an almost maximal left ideal,
then ,A/P is completely reducible. (In [1], a prime ideal is called an
almost prime ideal. )

We are now ready to complete the proof of our main theorem, which
includes Theorems 5, 6 and 11 of [1].

Theorem 4. The following are equivalent :

1) A is almost left Artinian.

2) N is nilpotent and AN'/N') is Artinian for all i > 0.

3) A is almost left Noetherian and A/N is left Artinian.

4) A is almost left Noetherian and wn-regular, and A/N is left
s-unital.

5) A is almost left Noetherian and every proper prime ideal of A is
an almost maximal left ideal.

6) N is nilpotent, (AN'/NY) is finitely generated for all i> 0,
A satisfies the ascending chain condition for semiprime ideals, and every
proper prime ideal of A is an almost maximal left ideal.

Proof. 1)<=2)<=3). Under any of the conditions 1) — 3), N is
nilpotent: N* = 0, and ,A/N is completely reducible (Theorem 3 (2) and
Proposition 3). Observe the descending chain ADN2N?*2D .- D N"=0.
By Theorem 1 (1), ,(N"'/N¥)is almost Artinian if and only if ,(AN*"'/N")
is Artinian, or equivalently ,(N*'/N!) is almost Noetherian. Hence, by
Proposition 2 all the conditions 1) — 3) are equivalent.

1) =>4)=3). By Propositions 2 (2), 3 and Lemma 4.

5) =>6). By Theorem 3 (1), A satisfies the ascending chain condi-
tion for semiprime ideals. Hence, by [4, Theorem 3], N = N{., P; with
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some prime ideals P;. Since (N7} P))/(N{.P)=(P;+ N{z} P)/P; and
4+A/ P, is completely reducible, we see that , A/N is Artinian (Lemma 1).
Now, 6) is obvious by Theorem 1 (1) and Theorem 3 (2).

6)=1). Again by [4, Theorem 3], N = N, P, with some prime
ideals P;, and 4A/P; (= ,(A/N)/(P:/N)) is a completely reducible module
of finite length. Hence, A/N is Artinian semisimple. Then, by Theorem
1(2), 4N isalmost Artinian, and therefore A is almost left Artinian by
Proposition 2 (1).

The next is an easy combination of [3, Theorem 9] and Theorem 4.

Corollary 2. If A is almost left Artinian then the full matriz ring
(A).. is almost left Artinian, and e Ae is left Artinian for every idempotent
e of A,

Corollary 3 (cf. [1, Theorems 3 and 12]). (1) A (left and right)
duo ring A is almost left Artinian if and only if A is the direct sum of an
Artinian ring with identity and a nilpotent ring.

(2) A leftduo ring A is almost left Artinian if and only if A is
almost left Noetherian and every proper prime ideal of A is maximal,

Proof. (2)is immediate from Theorem 4. It remains only to prove
the only if part of (1). Let e be an idempotent lifted from the identity
of A/N (Proposition 3). Since A is a duo ring, Ae coincides with eA.
Hence A is the direct sum of the Artinian ring eAe = Ae (Corollary 2)
and the nilpotent ideal /(e) contained in N (Proposition 3).

Remark. Let A be an almost left Artinian ring. If AN = N then,
~ as was claimed in [1, p.17], A is left Noetherian by Proposition 3 and
Theorem 1 (1), However, this is a consequence of Hopkins’ theorem,

too. In fact, by [7, Theorem 1], A has then a left identity.
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