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ON THE ORBIT SPACES OF LINEAR FREE
T2-ACTIONS ON S3 x S5

KeNJT HOKAMA

In this note we show that the homotopy types of the orbit spaces of
linear free T*-actions on S*X S° are determined by its integral cohomology
rings. The main theorem is theorem 2.5.

1. We recall some general facts concerning the free torus actions.
Let E be a simply conneted finite CW complex with finitely generated
rational homotopy groups, i. e., dim 7(E)® Q < oo, where @ is the
rational field. If there is a free action of a torus 7" of rank » on E,

then » < — X (E) [3], where X.(E)= § (—1) dimm, (E)® Q is the
homotopy Euler number of E. Let y,,...,y» and z,...,2, be homo-
geneous bases of th:] m-1(E)Q @ and if‘.] T E) & Q respectively, g;=deg y,

and % = deg z.. Now suppose that E has a maximal free 7 -action
(i.e. »=—X,(E)). Then the orbit space E/T" has a homotopy type of
a simply connected finite CW complex with finitely generated rational
homotopy groups and its homotopy Euler number is zero. Now, the
following is a direct consequence of [3].

(1) The Euler number of E/T = (g +1)... (gn +1)/2F, ...k,
where v = m — #n,

(2) HYE|T ; Q=QI[x,,..., x.1/I, where deg x; = even and I
is the Borel ideal of the polynomial ring @Q [x,...,x.] generated by m
elements.

The fact (2) impies that the cohomology ring of E/ T is nice, i,e.,
there are only finitely many homotopy types among the simply connected
finite CW complexes whose integral cohomology rings are isomorphic to
given H*(E/T™; Z) [1].

In the following, we assume E = S™*! X $™*! a product of two
spheres of odd dimensions. Then, X.(E)= — 2. Let X be the orbit
space of a free T’-action on E. A routine computation of the cohomology
spectral sequence of the bundle £E—— X gives the following

Proposition 1.1. H*X;Z)=Z1[x, y1/(f(x, ), g(x, 9), where
degx =degy =2 and (f(x,3), g(x, ) is the ideal generated by homo-
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geneous polynomials f and g of degree n+ 1 and m + 1 respectively
such that the resultant of f and g is = 1.

More generally, let A= Z[x,y]/(f(x,5), g(x, y) where degx =
deg y = 2,

Fxy)=ax""+ax"y + ... +a,,y""

g(x,y) =bx" ' + by x"y ... + buy", a; and b, € Z.
We write A= A,+ A.+... as agraded ring, and assume Aju-n+1y=0,
which is equivalent to the fact that the resultant of f and g is *+1.
Then A is a free Z-module of rank (n+1)(m+1). Let a =a,x", 8=
ax"+... tany, v=bx™ and 4=05b %" +...+b,,, y". Since f and
£ have no common divisor, we have the following

Lemma 1.2. af — By € Aswrmy = Z is a generator and the products
Ay X Ay —> Ascurmy, =20, areduality pairings.

Now we consider the converse of proposition 1. 1. Let X be a simply
connected finite CW complex such that its integral cohomology ring is the
above ring A, antled E,»—> B, be the universal principal 7°* bundle.
Let h:X——> By be a continuous map such that »*; H*(Bs; Z)—>
HYX:;Z) is an isomorphism, and let E——> X be the bundle induced
by k. Clearly E is a simply connected finite CW complex. From the
cohomology spectral sequence of the bundle £E—— X and lemma 1.2,
we have the following

Proposition 1.3. E ~ S"*' x S0

Remark. Let A be a graded ring in lemma 1. 2. Then by [1] we
see that there is a simply connected CW complex such that the rational
cohomology ring is A® @ However, A is not necessarily the integral
cohomology ring of a topological space, A= Z [x, y1/(x*+ xy -+, x¥") is
such an example.

2. Itis well known that SU(3) ~, S°X S°. But the difference between
SU(3) and S*® X S° reflects on the cohomology rings of the orbit spaces
of free T*actions on SU(3) and S3 X S°.

Proposition 2.1. Let X be the orbit space of a continuous free T -
action on S* X S°. Then H*(X; Z)=Z,[x, y] ] (z% ) or Z,[x. v]/

1) X ~Y means that H*(X;Z) and H*(Y ;Z) are isomorphic as rings.
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(x* + xy, ¥%), where deg x = degy = 2.

Proof. Since X is a mod 2 Poincaré space, the following are only
possible types of the mod 2 cohomology rings of X :

1) Zx 31/ (& 5),

2) Z.[x 31/ (& + xy,y) and

3) Zlx, 31/ (& + xy + 3%, 5.
Now, we show that the case 3) does not occur. If this were not so, we
arrive at a contradiction as follows. Put E = S*X S° and consider the
mod 2 cohomology spectral sequence of the bundle ¢q: E X2 Ep2— B2,
Since E X ,2 E;: is homotopy equivalent to X, we have the following
commutative diagram :

*

q .
<

HS(E§ZZ)_“"H5(X»E;ZZ) H®(Br2; Z))

T Sq* T Sq* T Sq*
HYE; Z) —> H'(X, E; Z)<*— H*(Br2; Z)

Let z be the generator of E{*==H?*(E; Z.). Then d(z)=x"+xy+y'E
Ef'=HY B ;Z,); and S¢° (x’+xy+3y)=x*y+xy". It is sufficient to show
that ker g* does not contain x’y-+xy’, since S¢*’=0 on H’(E;Z,). Let
E2¢ be the spectral sequence of (X, E)—>(By2;*). Then ¢* : H(By2; Z))
= Ei” — E"g"’ C H(X, E; Z,). Hence ker g* =Im d,, where d,:
E§'3 —_— EE"’. Since xz and yz generate Ei""‘, ker g* is generated by
x2(x*+xy+y°) and y(x*+xy+y’), and hence ker ¢* 2 x*y+xy°. q.e. d

Since S¢*s~0 in H*(SU(3); Z.), the above proof gives also the
following

Corollary 2.2. Let X be the orbit space of a free T -action on
SU@B). Then H*(X; Z)) =Z:[x,y]/(x" + xy + ¥, ¥).

Let T be a maximal torous of SU(3), then it is well known that
H*(SUQ)/ T; Z) = Z[x, y]/(x* + xy + ¥*, ¥°). However we have the
following

Corollary 2.3. There is no free T*action on S* X S° such that the
cohomology ring of the orbit space is isomorphic to Z[x,y]/(«*+xy-+3y* y*).

In order to define linear free T*actions, let
T ={(s, t)| 5,2 = C, |s]| =[] =1},
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S+l = {(z0, 2y, . ... , 20) | Z lzilz =1, zz€ C} and
S?m+l — {(wﬂ’ w, ..., wm)] Z IWi12=1r w; C}’

where C is the field of complex numbers. We define the linear free
T%action S™*'x S§™*! as follows :

(s, 85 20,2000, Zn) Wy, Wiy, W,
= (s*ithz,, . .., s*#nz, | SPt%w,, . . ., SPmEmw,,)

where %, l;, p; and g; are integers such that kg;—/p,=*1. Let X,
be the orbit space of this action.

Proposition 2.4. H*(X,; Z) = Z[x, y]/(_:[_%(kix +1y)), jﬁa(ﬁjx + 459)-

Proof. Let & :(S""''x 8™ )X T?'C—> X, ({=1, 2) be the complex
line bundles where T*-acts on C as usual multiplication by s and ¢
respectively. Then the first Chern classes C;(§)) =x and C(&) =1y
generate H*(X; Z). Let »: (8! x §™ ") X T*C"*'—> X, be the
complex vector bundle where 77 acts on C**' as follows : (s,¢; v, ..., 0y)
—> (shothony, ..., S*thw,), v, = C. We then have y =Eh Q&P ... B

& QEin. Since » has a non zero cross section, C,.\(3)= 1;1o (BxA Ly)=0.

Analogously we have II{(p.x -+ g:y) = 0. These relations have no common
i=l

divisor and hence the resultantis + 1. This completes the proof by the
proposition 1, 1. q.e. d.

In particular we see from the above that the integral cohomology
rings of the linear free T’-actions on S X $° are up to isomorphism the
following : Z[x,y]1/(x% xy*+ %) and Z[x,y]/(z*+Ixy, y5), {=0. Now,
we consider the homotopy types of the CW complexes having these rings
as integral cohomology rings.

Theorem 2.5. Let X and Y be simply connected finite CW complexes
such that X ~ Y. If H(X; Z) is isomorphic to one of the following :

1) Z[x, y1/(x* zy* + y°) and

2) Zlx, yl/(x* + Ixy, ¥°), 10,
where deg x =degy = 2, then Y is homotopy equivelent to X.

Proof. First we give a proof for the rings of type 2). Let X bea
simply connected finite CW complex such that X ~ Z[x, y]/(«* + Ixy, 5°).
We can take X as a following normal complex :
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X= S%V S% Uue{ Uﬁeé Ureﬁ’

where the dual cohomology classes of Si, S}, e, ¢} and ¢ are x, y, xvy,
y* and xy’ respectively. Let ¢ and ¢, be generators of m,(S?) and
7 (S3) respectively. Then m(StV SH=ZD ZD Z is generated by
09, oy and [o, ] where 7 € 7,(S?) is the class of the Hopf map.
From the cohomology ring of the 4-skelton X of X, we see a= 1 o5)+
[, 2] and @ = 0. In order to determine some homotopy groups of
X we consider the following linear free TPactionon S* X S%: ¢(s, ¢;
Zo, 2y ) Wo, Wi, wy) = (szo, St'z;; twy, tw,, tw,). Let X, be the orbit space
of . Then, Xo=X® U, ¢, since X, ~ X. From the fibration 7°—
SIx §*— X,, we see that m(X¥)=Z and =,(X*)=Z, with genera-
tors ¢oy and ¢;09°S(y) =  respectively. The homotopy exact sequence
of the pairs (X;, X’) gives the following split exact sequence :

0 —> 7(Xo, XP) —> m(XP) —> m(Xo) —> 0,

where 7(X;, X*)=2Z and =(X,)=ZP Z,, Hence, we have m;(X‘V)=
Z® Z D Z, with generators 7, j and £-S°(y) where j is a generator of
7(S3U se)) (Si U zei=CP(2)). Now, from the integral cohomology ring of
X, there is only two possibilities ; ¥ = ¢ or i 4+ £oS*(y). Letf: X¥—>s
X®/(S?V SiUjel) =S* be the natural projection and » : X*0— X®\/ S*
a deformation of id. Xf: XP——X®x S\ z(XPVS)=m(XP)Pm(SY
Pa(XPx S, XV S, where [¢, 4] and [¢, ;] generate m (X X
St XV SY) (¢ is a generator of #(S')). Then we have 7.(f)=i+f.(?)+
alay, ¢s] -+ b[¢s, e4] for some integers @ and b. Inorder to determine f,(7)
we consider the map fF: X,—> S* U f*(i)ee which is an extention of f.
Let # and » be the dual cohomology classes of S* and ¢° in the latter
complex. It is well known that S¢’(u) =v or O, if either f, ({)5-0 or 0.
Since f*(#)=xy, f*(v)=xy’ and Sg’(xy) = x’y+xy* = (I+1)xy’, it follows
that f.«({) =0 or 0 according to either / isevenor odd. Let # and v
also the dual classes of S' and ¢’ in the complex (X“V S) U, « €
Then, xy =av and yu =bv. Let 7:X—>(X®V §) U, ¢ bean
extention of . Then, 7*(xu)=a xy* and 7*(xu)=7*(x)7*(u)=x"y= —Ixy*,
thus ¢ = —! and similarly 6 =1. Let 4Yr=(id. \V§)or be the homotopy
equivalance of X®. Since [¢,;, 7°S(»)]= 0 and Whitehead products are
natural, [, £] = 0. On the orther hand, by the formulas in [2], we
have

Lo, 81 = [, (0 7) © S(3)]
= [g,q079]° SZ(?)
= ([fz, ] o S("])'—[h, ‘z], ‘1]) ° SZ(Z’)
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= I o S%(3).
Then, we have the following :
Puld) = (id. V )il + fuld) + Iy, o] + [, 0])
= {4+ o fo (&) + e, ¢s] -+ Loy 0a])
=i+ §o8%y).

This implies that the two complexes X’ U;¢e* and XU icosomy € are

homotopy equivalent and thus completes the proof for the ring in 2).

The proof for the ring of type 1) is easy, and hence we do not give it.
g.e.d.

Corollary 2.6. The homotopy types of the orbit spaces of linear free
T*-actions on S* X S° are determined by its integral cohomology rings.

Since CP(3) # CP(3) is the orbit space of a free T%action on S* X S°
[4], its homotopy type depends only on the integral cohomology ring.
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