THE MONOID STRUCTURE OF GALOIS H-DIMODULE
ALGEBRAS INDUCED BY THE SMASH PRODUCT

ATsUsHI NAKAJIMA

Let R be a commutative ring with identity, and let H be a com-
mutative cocommutative finite Hopf algebra over R. In [3], F. W. Long
introduced the notion of an H-dimodule algebra as a generalization of that
of an abelian group graded algebra which is acted upon by the same group.
In the same point of view we shall define a Galois H-dimodule algebra as a
generalization of a graded Galois algebra and a Galois H*-object in the
sense of [2]. One of the purposes of this paper is to prove that the set
Gal.(R, H) of H-dimodule algebra isomorphism classes of Galois H-dimodule
algebras has a monoid structure which is induced by the smash product.
The group of Galois H*-objects Gal(R, H*) can be naturally regarded as
a subgroup of Gal,(R, H). In the last section, we shall give two examples
for which the monoid Gal.(R, H) has group structure.

0. Preliminaries. Throughout R will represent a fixed commutative
ring with identity 1. We write @ and Hom instead of @, and Hompg,
respectively. Each module is an R-module, each map is R-linear and each
algebra is an R-algebra unless otherwise stated. If M is an R-module,
M* denotes Hom (M, R). We refer to [5] for the theory of Hopf algebras.
The comultiplication map and counit map of a Hopf algebra H are denoted
by 4: H>HQH and ¢: H— R, respectively. We use the sigma
notation J4(A)=Zwh"Rr?®, h=H. The antipode of H is denoted by
A When the structure map « of X needs explicit mention, we write
o=y

Let H be a Hopf algebra. An R-algebra A is called an H-module
algebra if A is an H-module such that the H-action map v: HQA— A
is an algebra map. Similarly, A is called an H-comodule algebra if A is
an H-comodule such that the H-coaction map X: A— AQH is an algebra
map. Now let K be another Hopf algebra. An R-algebra A is called
an (H, K)-bimodule algebra if A is an H-module algebra as well as a K-
comodule algebra and

0.1) Xv=0Q1)1RXX): HY A— ARK.
An (H, H)-bimodule algebra is nothing but an H-dimodule algebra in the
165
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sense of Long [3, Def. 3. 1(iii)].
For an H-module algebra A and an H-comodule algebra B, the smash
product A#B is equal to AQ B as an R-module but with multiplication

(O. 2) (a # b) (C #d) = E(z,)a (b(l)c) # b(o)d, where X (b) = E(b)b(0)® b(’).

Let A be an H-module algebra. An R-subalgebra B of A is called
a sub H-module algebra of A if B is an H-module algebra with the
structure map vy=v,|HQ B, the restriction of v, on HXB. A sub H-
comodule algebra and a sub (H, K)-bimodule algebra are defined similarly.
Given H-module algebras A and B, a map f: A— B is called an H-
module algebra map if f is an algebra map as well as an H-module map.
An H-comodule algebra map and an (H, K )-bimodule algebra map are defined
similarly,

The following lemmas are easily seen.

Lemma 0.1. Let A, B be (H, K)-bimodule algebras. Then AR B is
an (HQ H, KQ K)-bimodule algebra with respect to the following structure:

(1) HQ®H-action: (h,Qh)(a@b)=ha@ h;b,

(2) K@ K-coaction: X(a@b)=3(w. e R bR aPR b,

Lemma 0.2, Let A, B be H-dimodule algebras. Then A%B is an
HQ H-dimodule algebra with respect to the following structure :

(1) HQ@H-action: (hQh)(a4d)=hathb,

(2) HQH-coaction: X(a#bd)=iww@8®#b"X aP X b®,

1. Galois H-dimodule algebras. In this section we show that
Gal,(R, H) has a monid structure which is induced by the smash product.
First we define the notion of a Galois (H, K)-bimodule algebra.

Definition 1.1. Let H, K be commutative cocommutative finite
Hopf algebras. An R-algebra A is called a Galois (H, K)-bimodule algebra
if

(1) A isan (H, K)bimodule algebra,

(2) A is a finitely generated projective faithful R-module, and

(3) 7.: AQ A— Hom (H, A) defined by 72.(a®b)(h)=a(hb) is
an isomorphism.

If H=K, then A is called a Galois H-dimodule algebra.

For Galois (H, K)-bimodule algebras A and B, amap f: A— B is
called a Galois (H, K)-bimodule algebra map if it is an (H, K)-bimodule
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algebra map.
In the following, Hopf algebras H, K be always commutative cocom-
mutative finite Hopf algebras.

Remark 1.2. (a) Let {4, h!} be an R-projective coordinate system
of H andlet A be an (H, K)-bimodule algebra. Consider the following
diagram

AR A 74 Hom(H, A)
Ta> ¢
AR H*

where 7.(a®@8)=Twa(hbd)QRh}, ¢(f)=Zf(R)Rh}, a,bE A, fE
Hom(H, 4). Then the above diagram commutes and ¢ is an isomorphism,
and so 7, is an isomorphism if and only if so is j.. Therefore Def.1.1(3)
is equivalent to the following :

3 7.: AQA— AQH* defined above is an isomorphism. Note
that the map 7, is independent on the choice of R-projective coordinate
systems of H. In the following, {k;, A*} will represent an R-projective
coordinate system of H.

(b) If A is a Galois (H, K)-bimodule algebra, then it is easy to see
that A is a Galois H*-object in the sense of [2, Def.7.3]. Althought
the discussion of Galois objects in [2] is limited to commutative algebras,
the properties and theories of noncommutative case which we use soon
later can be easily proved.

(¢) If M is a (left) H-module, then M is a (right) H*-comodule
via Xy(m)=Then@h¥ (ms M). Conversely, if M is a (right) H*-
comodule then M is a (left) H-module via hm= T, m(k)m™, where
Xor (m) = Z(,ym® Q m .

(d) Let G be a finite abelian group. If H = K= RG, the group
algebra of G over R, then every Galois (H, K)-bimodule algebra is a G-
graded algebra which is a G-Galois extension of R.

Proposition 1.3. Let K be a Hopf algebra which is a free R-module.
Let A, B be Galois (H, K)-bimodule algebras. Then the set
AB= {30, Qb,E AQ B\ iha:@b,=3aQ hb; for any hEH}

is a Galois (H, K)-bimodule algebra with respect to the following structure:
(1) H-action: h(ZaiQb)=2iha;Qb,,
(2) H-coaction: X.p(Tia@b:)=2:(05.0,0°Q bR af"bi>.
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Proof. Since A, B are Galois H*-objects and

A-B= {tht ® bi E A®B ' Ef,(ai)a;m)®b; ®di(')=21,(ui)m®b¢(0)® bim} )
A: B is a Galois H *-object with the H-action given by (1) (see[1, p. 687(6)]).
Moreover by (0. 1) and Lemma 0.1, for 2.2, ® b; in A-B we have

Zi.j,u}haij® bim ® k1® km = Ei,j.maij® hbun® k_j® km

where {%;} is a free basis of K and X.(a) = 2 ,a,;Qk;, Xa(b)= 20,0k,
Thus >,8;;Qb:m isin A-B for any j, m and X.gs is a map from A-B
to A-BQ K@ K. Then an easy computation shows that A-B isa K-
comodule algebra with the K-coaction given by (2), and so A:-B is a
Galois (H, K)-bimodule algebra.

Proposition 1.4. Let A, B be Galois H-dimodule algebras. Then
A4 B is a Galois HQ H-dimodule algebra.

Proof. By Lemma 0.2, A#B is an H Q) H-dimodule algebra, and
A# B is clearly a finitely generated projective faithful R-module. There-
fore it remains to prove that y: (A#B)Q (A#B)— (A4#B)Q H* ® H*
defined by :

r(a#d) Q@ (c#d)) = 2, (a4db Qe Q e)hckhd @ hi Q h¥)
is an isomorphism. Since

(A$B)Q (A#B)=(AQ B)® (AQ B)=(AR A)® (BQ B)
TaQ7s
=(AQH*)QBRH*)=(AQB)QH*Q H*
=(A4B)Q H* Q@ H*
we can define 7: (A#B) Q (A#B) > (A#B)Q H* Q H* by
T(a#d) ® (c#d)) = Zisa(he) b (hd) Q h* Q i} .

Then 7 is an isomorphism and we have

7 (a8 b)) ® (A(6P) c#d)
= 205.0a8(0Ph A(B®)c) 6 (hd) @ ht Q h}
= 30 5 @B dP2(P)c) 6 (hd) @ h¥ Q hf
= Zg,,_(ma(hte(b“))c)#b“"(hjd) R ht Q hf
= Zi,ja(hic)#b(k!d) Q bt Q@ h}
= 7((a#d) @ (c#d)).
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Thus Im(7) C Im(;), and so j is an epimorphism. Counting ranks, 7 is
seen to be an isomorphism.

Lemma 1.5. Let A, B be H-dimodule algebras. Regard H as an
H-module via p: HQ H— H, the multiplication map of H, and A% B
as an H-comodule via X(a#b) = Ziuma#0® Q a6,  Then Homugsu
(H, A4%B) is an H-dimodule algebra with the following structure: For
f, g8 € Homugy(H, A#B), h,x € H,

(1) H-action: (hf) (x) = f(xh),

(2) H-coaction: X(f) = Z(1Qh! ) Xusf & b,

(3) algebra structure: (f*g) (h) = Zuf(K?)g(h®).

Proof. Let hy, hy, h,x bein H, and f,g in Homug.( H, A%B).
Then we have

() (B @ ho)x) = f((h @ ho)xh) = (b @ o) f (xh) = (b & ho)(hf)(x)
and
(W) (x) = (f+8) (xh) = L. f (#h ) g(xPh®)
= (X wh®Cf)*(h%g))(x) .
Therefore Homugu(H, A#B) is an H-module algebra. Next we shall

show that the H-comodule structure is well defined. Let f(x) = 3 ,a,#5,
Then we have

1 & A )YXasn f (I @ hy)x)
= (1 Q h)Xars (T a4 hobd))
= 2@ P ,)kla;(u)# hob P @ hi(a b, ")
= (1 Q h) (1 Q h)Xuaf (x)
and p: Hom(H, A4 B H) — Hom(H, A% B)Q H defined by p(y) =

AR 8)yRh, is a natural isomorphism. Thus X: Homug.(H, A%B)
— Homugu(H, A%$B)®Q H is well defined. Now we have

(2021 Q@ 2)Xass((1 Q ) Xasnf) @ b @ hil(x)
= 20al1 & k) (X s.cap.0pXaunka; P #6,°) & ki (a,8,")Q b @ ki
= .—:i.J,n.(aj).(b,ﬂjm)#bJ(O) @ hx(a,8,") ® hi(aPb°) @ b Q by
= ZJ.(aJ),(bj)aJm)# bR aPb P @ aPb®
= (Xasnr @ 1)X 45 S (x)
= (1 ® NXss1)(2)
= (21 @ b)Xasn f Q A(h.)) (x)
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and

(> (1 ® hr)x.azuf® e(h,)) (x)
= X‘,,,mj),(,,l,af“) #5,° R e(a,",")
=2 a,4b; = f(x).
Therefore X is an H-comodule structure map. Moreover if 4(x)=3Y,3:RQz,,
F(9:) = Zncin#din and glz,) = X, m,8v:p,, then

X (£)x(g)) (=)
=(Zd1 @ hf)Xaan f Q )1 R b} )X ring @ h)(x)
= E« kA L(l ® h*)xamf(xk)(l ® h})XA:Bg(xk) ® hlhj
= 2tmp. Cpm) g Gr ). (o ) (% (o))(uto) (D)) Qcin ‘Qu%?vﬁf

= 201 @ ) X aen (f(3r) 2(2:)) @ b
= X(f+g)(x)

and

(1R Xaee @ b ) (x) = e(x) D 1.

Thus X is an algebra map. Finally we have

(21 @ A )Xaws ) R kil (x)
=2 (1 Q 1 )Xaen ) (xh) Q b
=2 (1 Q r)Xauslhf)(x) Q hy
=[Z0Q h!) X as(Bf) @ h(x).

Hence Homugx(H, A% B) is an H-dimodule algebra.

Proposition 1.6. Let H be a Hopf algebra which is a free R-module
with a free basis {h}, and let A, B be Galois H-dimodule algebras.
Regard Homupgu(H, A%B) as an H-dimodule algebra as in Lemma 1.5.
Then Homgagn(H, A%B) is a Galois H-dimodule algebra. Moreover
Homyugx (H, A% B) = (A-B)* as Galois H-dimodule algebras, where
(A-B)'={Za:#b, € A$ B|>Z:ha;$b, = X, #hb, for any h € H} and the
H-action and H-coaction of (A- B)* are those of A- B,

Proof. Let f be in Homugx(H, A#B), and let f(1) = 3 .a.4b,be
in A%B. Since f is an H ) H-module map, we have

2iha b = Xa:$hb, for any k€ H,
andso f(1)= 2,4, ® b, isin A-B. Conversely, let >.a; @ b; be in
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A-B. If we defineamap f: H— A$B by f(h)=>.ha;#%b; then f is
an H Q@ H-module map. Therefore the map

p: Homuygx(H, A%B)— A-B

defined by p(f)=f(1) is an H-module isomorphism. A brief computation
shows that p is an H-module algebra isomorphism from Homuaex(H,
A%#B) to (A B)*, and by Prop. 1. 3 Homzgis(H, A%#B)= A- B is a finitely
generated projective faithful R-module. Now we must show that the map

r:(4-B)®(4-B)— (A-BY @ H*

defined by 7((a$8) Q (c#d)) = 2 i(atd) (hc#d) Q b = Xiara(dPhe) &
bd @ ki is an isomorphism, where {h., Ahf} is a dual basis of H. First
we claim that if a#b = (A4-B)', then a#b;, = (A-B), where Xz(d) =
b @k (Note that 1 R1 Qe ® 1) Xup(hatid) = 1RQ1R R 1)
X.us(a#hb).) Since

(A-BY®(A-By=A-BRQA-B=A-BQH"=(A-B)Q H*,
we denote the composite of the above maps by 7, that is,
7((a#d) ® (c#d)) = Lalhc)#bd Q hi .
Noting that e#8;, and A(k)c#d arein (A-B)', we have
1(Zs(a#dy) @ Ahy)ckd)) = 7((a#h) @ (c#d))

by the same calculation as in the proof of Prop. 1. 4. Therefore Im e
Im(y) and y is an epimorphism. Counting ranks, r is seen to be an
isomorphism, and thus (A- B)* is a Galois H*-object. Since A#B is an
H-comodule algebra via X(a#5) = . a® Q 8°RQ a6 € AQ BQ H,
(A- B) is sub H-dimodule algebra of A#B by the proof of Prop.1.3.
Hence (A-B)* is a Galois H-dimodule algebra and the map p is an H-
dimodule algebra map, completing the proof.

The next lemma will be easily seen.

Lemma 1.7. H* is a Galois (H, K)-bimodule algebra with respect o
the following structure: For h,x € H, f,g € H*,

(1) H-action: (hf) (x) = f(xh),

(2) K-coaction is trivial,

(3) algebra structure: (f+g) (h) = Zuof (W) g(h®).
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Proposition 1.8. Let A be a Galois H-dimodule algebra. Then
(A-H*Y is isomorphic to A as Galois H-dimodule algebras.

Proof. We define amap ¢: (A-H*)*— Aby ¢(X.ash?)=>ahrr(1).
Then by Lemma 1.7 (2) and the definitions of the H-action and the
H-coaction on (A4-H*)*, ¢ is seen to be a Galois H-dimodule algebra
homomorphism. Thus by [1, Lemma 1.1], ¢ is an isomorphism.

Theorem 1.9. Let H be a Hopf algebra which is a free R-module.
Let Gal,(R, H) be the set of H-dimodule algebra isomorphism classes of
Galois H-dimodule algebras. Then Gal.R, H) has the following monoid
structure :

[A] [B] =[(4-B)] ([4], [B] € Gal,(R, H)),
and [H*] is the identity in Gal, (R, H).

Proof. By Prop. 1.6, (A- B)* is a Galois H-dimodule algebra. Since
A-B=(A-B)* as R-modules, the associativity of the product is clear by
[1, p.689] and T3, Th. 3.3]. Moreover by Prop. 1.8, [H*] is the
identity in Gal, (R, H).

Remark 1.10. Let Gal(R, H*) be the set of H-dimodule algebra
isomorphism classes of Galois H*-objects. Let A be a Galois H *-object.
Since A is an H-comodule algebra with the trivial H-coaction, A is an
H-dimodule algebra. Therefore we can easily check that the canonical’
map f: Gal (R, H*) — Gal, (R, H) defined by f((4)) = [A] is a monoid
monomorphism.

2. Examples. In this section we give two examples for which
Gal, (R, H) has a group structure.

2.1. Let H be a Hopf algebra, and A an H-dimodule algebra. We
define A to be the R-module A with multiplication given by

a- Z — E (a)(a(n b) a©®

and with H-action and H-coaction inherited from A4, where @ denotes a
regarded as an element of A. Then A is really an H-dimodule algebra
([3, Th. 3.5]).
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Lemma 2.1, Let A be a commutative Galois H-dimodule algebra.
Then A is a Galois H-dimodule algebra.

Proof. By the definition of A, it suffices to prove that y: A® A4
— AQ® H* defined by 7(z2 ® b) = Tia(hd) Q@ hf = Ty (@)O(h:8)a® R bt
is an isomorphism. First, we assume that H is a free R-module with a
free basis {h}. Since A is a Galois H*-object, there exist elements «x;,
and y; in A such that X . (Ay) = 65, (Kronecker’s delta). Then

7 (Zisap 2@ @ (2PN = Lo s(yi) 2y @ b =1 Q h}

and hence by the definition of 7, 7 is an epimorphism. Counting ranks,
7 is an isomorphism. In case H is general, the localization argument
enables to see that A is a Galois H-dimodule algebra.

Lemma 2.2 ([4, (7.1) Lemma]). Let A be R-algebra. If A is
projective of rank 2 as an R-module, then A is commutative.

Lemma 2.3. Let A be a Galois H-dimodule algebra, and a @ b in
AR A. If ha@b=aQ r(h)b for any h = H, then (ha)b = a(i(h)b)
isin A" ={c € A\ hc = e(h)c for any h < H}.

Proof. Let x bein H. Then
D Pha @ xPb = A (x®)xPha @ b = e(x)ha R b.
Hence
x((ha)b) = L(xVha) (xPb) = <(x) (ha)b) = &(x) (a(2(h)b)),
namely, (ha)b = a(A(h)b) isin A"

Let G=<{¢) be a group of order 2, and H = RG. Then RG is
a Hopf algebra with the following coalgebra structure and antipode :
o) =0 R o, e(s) =1, Ao) = a.
If A is an RG-dimodule algebra, then for any ¢ € A, we have

2.1 X@)=a@1+a Q¢ (a0, a1 € A).
Therefore for any @, b & A, we obtain the following
2.2) a=a + a (unique),

(2.3) (ab)y = aby + arby, (ab), = ah, + aby,
(2.4) a(ay) = (aa),, ao{a,) = (ca).
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Let A be a Galois RG-dimodule algebra. By Lemmas 2.1 and 2. 2,
A is a Galois RG-dimodule algebra. Then by Lemma 2. 3 and the definition

of (A- A), we candefineamap ¢: (4- A)*— (RG)* by $(T.a.4d)(z)
= Ya7(b) (r € G), and we have

¢ (X Ka:#b:) (c;#d) ()
= ¢ (s (aic, #m + aa(c) $o(d;) (b)) (7)
= 3 aic;z(d)z((8:)0) + aio(c))ra(d)z (D))
= 2@ t((do + v (B)i)es7(d))) (since Tiicsz(d,)E R and G=<0))
= LT db)e;sT(d;) (by (2.2))
= (P (Zia:$8))* (D(T e 4d))) ()

and

Ho(Xia: 4 E,)) (7-') = (Eiﬂ(ai) # Ei) (T) = Zio'(at) r(b{)
= > at(b) = 2ia(Pla,$8:)) (7).

Therefore ¢ is an RG-module algebra map. Since (A- A)* and (RG)*
are Galois (RG)*-objects by Prop. 1. 6 and Lemma 1.7, ¢ is an RG-module
algebra isomorphism by [1, Lemma 1.1]. Next we show that ¢ is an
RG-comodule map. Let a=a,+ a, b= b, + b, and (a%d), = a,#b,+
@ 4b. Then ¢(atb) = H((atd)), because ar(b) = a)(th), + a(zh), +
ay(th), + a(zb), isin R. Since ¢ is an isomorphism and X1 ((e#D)) =
(a38) ®1, (A A) has the trivial grading. Hence ¢ is an RG-comodule
map. Thus we have obtained the following

Theorem 2.4, Let G={c) be a group of order 2. Then Gal.R, RG)
is a group.

Remark 2.5. Let @ be the field of rational numbers,' and a5 b
nonzero elements in . We set

QIX]/(X*—a)=Q[x] and Q[Y]/(Y*—0)=Q[y],

where x = X+ (X’ —q) and y =Y + (Y? — #). Then @Q[x] and Q[ y]
are G-Galois extensions of @ with o(x) = — x and o(y) = — x, respec-
tively. The gradings of @[x] and Q[y] are defined by

Xx)=2R ¢ and X(y)=y&1.

Then it is easy to see that
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(QLx1-Q[y]) = QD Q(x%y),
(Q[y]-Q[x1)= QD Q(y#x).

If f: QP Q(x%y)— QP Q(y#x) isa Q-algebra isomorphism, then
flx#y) =7 +s(ygx) (s Q and s+0)
and hence
ab = r* + 2rs(y#x) — s* ab.

Since 250, we have » =0 and s*= — 1, which is a contradiction.
Thus Az B, which means that Gal,(@, QG) is not abelian. While, it
is known that Gal (@, QG) is abelian.

2.2. Let %k be a field of characteristic 2, and H = kP k5 a free
k-module with a free basis {1, #}. Then H is a Hopf algebra with the
following structure :

=0 40)=66Q14+1Q3 @ =0, 21)=o7

If A is an H-dimodule algebra, then for any @, b & A4, we have
(2.5) 3(ad) = (0a)b + a(ob),

(2.6) Xe)=aQ®1l+ a Q7, Me) =a Q1 (a, E A),
@7 (ab), = aib + ab,,

(2.8) X(a) =6a@ 1+ 6a: R4, 6ba), = da.

(2.9) a,=01f ac k.

Let A be a Galois H-dimodule algebra. By Lemmas 2.1 and 2. 2,
A is a Galois H-dimodule algebra. If > .a;#b: is in (A- A), then it
is easy to see that
(2.10) 2iab, 2:(0a)b; = 2.a(ob) € k = A'={a € A|da = 0},
(2.11) 0 = (2:a(66:), = Zi(a)i(6b,) + 2:ai(oby),,
(2.12) 0 = 2:6((0a)b,) = X (da:)(0b,).
Define a map (P . (A. . A)’ land H* by ¢(ziai #Z() (h) = Z{dzh(bi) (h = H).
For X ,c,;4d, € (A4- A, we have
(Zfac#E-) (chj#zj)
= Zi.j(aicj#%i + dicj#(adj) (b'l)] + at(o“ CJ)#dj(bi)l)
= ¥ fac, bdb; + aid(c,d)4(8),) (since dc;, d,< k and (2. 5))
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= Zi.Jatc ) #aﬁ (by 2. 10)).
Hence we obtain
4’((2401-#51) (chj #ZJ)) (1) = Zi.Jat(dej)bi

= Zi,jaib(CJdJ (by (2. 10))
= ¢(Zia#b)* H(24cy #zj) 1)

and

d((Zia#8:) (Xyc,8d)) (0) = 2 sac,0(db;)
= 3@ (8b.)csd; + abicod) (by (2.10)
= (X a4 )« d( e, 4b;) (9).

Moreover
¢‘(5(Zzai #Ei)) (1) = Zi((}ai)bt
= 2 (3bf) (bY @ 10))
= [5(4’(2:61:#13:))] (1)
and
H(6(Xa:tb,)) (9) = 2dar) (85,) = 0 (by (2.12))

= [¢ (¢‘ (Z:tat # 3.))] (3)

Therefore ¢ is an H-module algebra homomorphism, and by [1, Lemma
1.1] ¢ is an isomorphism. Finally we show that ¢ is an H-comodule
homomorphism.

Xp(2lia#d) (@ 1) = Tia:ih(d) @ 1,
(PRVX(Z:a#5,)(hQ1) = Tia:h(b) Q1 + (X a.)h(b,) + alhb)) Qo
= 3.ahb)R1 (by (2.9) and (2. 11)).

Thus we have proved the following

Theorem 2.6. Let H be the Hopf algebra defined above. Then
Gal,(k, H) isa group.

REFERENCES

[1] M. BeaTtTie: A direct sum decomposition for the Braver group of H-dimodule algebras,
J. Alg. 43 (1976), 686—693.

[2] S.U. Cuase and M.E. SweepLer: Hopf Algebras and Galois Theory, Lecture Notes
in Mathematics 97, Springer-Verlag, Berlin (1969).



MONOID STRUCTURE OF GALOIS H-DIMODULE ALGEBRAS 177

[3] F.W. Lonc: The Brauer group of dimodule algebras, J. Alg. 31 (1974), 559—601.

[4] C. SMmaLL: The Brauer-Wall group of a commutative ring, Trans, Amer. Math. Soc.
156 (1971), 445—491,

[5] M.E. SweepLeEr: Hopf Algebras, Benjamin, New York, 1969,

DEPARTMENT OF MATHEMATICS
OKAYAMA UNIVERSITY

(Received March 22, 1978)



