NOTES ON A CONJECTURE OF P. ERDOS. II

MASATAKA YORINAGA and SABURG UCHIYAMA

This is a continuation of the previous paper [2] in which some
numerical studies have been made in connexion with a coniecture of P,
Erdés stated in [1]. For convenience’ sake we repeat our basic definitions
in[2]. Let @ and & be integers with 1<<g<C » and G.C.D. (g, 8)=1.
For any natural number # we denote by f(n) = f(n;a, b) the number of
those integers k satisfying 1=k <<(log n)/log (b/a), for which a&*n — b*
is a prime number. A positive integer # is said to have the property
P(a, b), if all of the integers

a'n — b* (1 £ k< (log n)/log (b/a))

are prime numbers. We conjecture with Erdés [ 1] that for any fixed pair
of integers @, b with 1 =X a < b there are at most finitely many natural
numbers having the property P(a, b).

1. Further numerical results. We shall present below for 2 <
a<5 a<b=<21l G.C.D. (q =1, tables of the number of natural
numbers #<x with the property P(a, ) for x=2"E 4, m=001)M (M =9
or 8).

In order to carry out computations relative to tabulating the number
of numbers n with a property P(a, ), one needs to factorize a great
many of so-called double length integers. We have disposed of this task
in the following manner. *’

Step 1° We represent a natural number » as A - 10° + B, where
A, B are integers in simple precision.

Step 2° We test the divisibility of #» by the numbers 2, 3, 5 and 7.

Step 3° By making use of the increment table with respect to the
number 23 +5+«7=210, we produce a sequence of positive integers which
are relatively prime to 210.

Step 4° We test the divisibility of # by each member p of this
sequence, by evaluating # = A - 10° 4+ B to the modulus p.

* This applies also in the computation of the ‘average’ of f(n) for the case of a=2, b=3,
in particular (cf. § 2 below).
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Number of natural numbers #=<<x with P(2, 8), 2<<b=21, (2,b)= 1, for x=2"E4, m= 0(1)9

5 1E4 | 2E4 | 4E4 | 8E4 | 16E4 | 32E4 | 64E4 | 128E4 | 256 E4 | 512E4 _mm%wmma
3 5 5 5 5 5 5 5 5 5 5 8
5 34 34 34 34 34 34 34 34 34 34 507
7 44 46 46 46 46 47 47 47 47 48 | 3305430
9 84 87 94 94 95 97 98 98 99 99 | 1594135
11 9 | 113 123 128 142 147 153 157 158 163 | 4373430
13 122 | 135 147 169 172 179 182 185 193 196 | 4534467
15 321 | 404 475 551 671 737 819 942 987 | 1039 | 5104333
17 337 | 393 492 529 576 627 661 689 723 751 | 4946795
19 163 | 187 208 240 260 297 334 377 416 476 | 5119215
21 393 | 460 496 560 657 703 770 898 950 | 1026 | 5074165

44

VINVAIHD 'S PU® VOVNIIOA "N



43

NOTES ON A CONJECTURE OF P. ERDOUS. 1I

TE0E68Y vae ¥1€ 362 8.8 655 €E¢ 163 061 <FAN 16T 02
06520SY 901 €01 66 96 G6 78 ¢8 SL 12 89 6T
2612187 691 191 181 €stT Ly )41 ¥eT 921 144! ¥01 LT
S¥49203 VA7 Ly Ly Ly Ly 9% 114 14 S¥ 1417 91
GEC969Y 18 98 a8 €8 18 LL 0L L9 €9 LS 14
808L€¢ €8 €8 €8 €8 18 18 08 8. 9L €L €1
0912 14 gz 514 14 14 s14 <14 14 14 14 Tt
60¥¥ A4 ¥y A7 rA 4 44 A% oy YAy oy oy )8
L6v 4! AN A4\ A\ A A4} A} at 4} A4\ 8
2se ST ST ST ST ST ST 1518 ST ST a1 L
¥e 14 14 14 14 14 14 14 14 ¥ 14 4
S € € ¢ € € € € € € g ¥
punog ] q

# 3s031e] VHCIS | vH9SE | vH8ST | ¥HP9 | ¥dgE | PHOT | ¥ HS8 1/4CH % ACk4 F4CH! .

6(1)0 = Yd.g =% 30} ‘T=1(9°¢) ‘TS ¢>¢ (¢‘€)d WM ¥=% SISqUNU [eINjeU JO JoqunN




M. YORINAGA and S. UCHIYAMA

44

se08¥%z | 91 | g1 | sl | et | Ozt | 6IT | €1 | €11 | 86 12
0TF97 9L ) 9L ) 9L 9L ) VL 1L 61
0L818 I T Te I 16 0g 0g 62 62 LT
6289L1 7a 79 ¥e va £g £g 28 IS 67 o1
agT 71 1 71 71 7T 71 71 71 ! e1
L7 Z1 21 21 21 a1 4l 21 21 a1 T
ev1 e1 €1 er e1 e1 e1 e1 €1 e1 6
0z g g g g g g g g g L
z 1 1 T T 1 1 1 T 1 g
usasie | VHO% | vaASEr | A | vage | vaOT | vAs | vay | vdE | VAl R/M

8(M0=% THZ=% 0] T=(¢%) T259>¥ (9 7)d UMM ¥*=u SIqWNU [BINJEU JO JSqUINN]



45

NOTES ON A CONJECTURE OF P, ERDOS. 11

8669 25 26 2 28
06168 or o1 o1 o1
TeLe o oz oz oz
ovaLT 74 72 74 74
£99 6 6 6 6
co1 6 6 6 6
99 9 9 9 9
12L 21 A z1 z1
14 ¥ 14 14 14
ov z z z z
g g g g g
— 0 0 0 0
— 0 0 0 0

v oiny | ¥E9SE | vaSET | vV | VaZE

cs (4] 1S 0s Ly [¥4
91 a1 1 § ST ST 61
514 T4 S¢ 54 14 81
(4 ({4 14 1£4 €¢ LT
6 6 6 6 6 91
6 6 6 6 6 148
9 9 9 9 9 g1
cl 4\ 4! (4} 41 4!
L4 ¥ 14 14 ¥ T
4 [4 4 4 14 6

€ € € € € 8

0 0 0 0 0 L

0 0 0 0 0 9

YHOI 748 vay 14CY ACH! %

8(T)0 = W ‘PHuZ=% 10] ‘T=(¢ ‘¢) ‘Te=¢>G (¢ 'S)d UMM ¥ Su SIeqUMU [2INJEU JO JOQUNN



46 M. YORINAGA and S. UCHIYAMA

2. The mean value of f(n). P. Erdos has proved in [1] among
other things that in the case of ¢ = 1, b = 2 the upper limit

g (f(n; 1,2))F

zIH

lim sup
N

is finite for every natural k. For %2 = 1 it is not difficult to show that
one has

(1) hm—\ﬁf(" L b=

oo N gb

for every fixed integral # = 2. Indeed, (1) is a simple consequence of the
prime number theorem in the form

du

(x =2),

(2) a) = | 5

where 7(x) denotes as usual the number of prime numbers not exceeding
x and where R(x) is the remainder term,

_ x

R(x)=0 ( (log x)‘)

for any fixed A>1. Thus, after a straightforward computation with
(2), we have for all sufficiently large values of N

1

=S5 1, b= - X w8
k

N .
1 1 (** logw ( 1 )
logd N L log(N— v)d v+ 0 log N,
1

I

1
log b * 0(log N) ’
where in the summation > . £ ranges over the integers lying in the interval
1<k <(log N)/log b.

For the general case of 1<<a<<b, G.C.D. (q, b)=1 we may expect
that the mean value

a log b
(3)  lim oy B Sie )= gt ton (2 )

exists, where ¢(g) is the Euler totient function. As a matter of fact,
if we denote by =(x: ¢, #) the number of primes p < x satisfying the
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congruence p = h (mod q), then we have
(4) S flrsa b= 5 3 al@N - b5 &, — ),
nSN N =%

where in the summation 2., % runs through the integers in the interval
(5) 1< k<< (log N)/log (b/a).

However, we have not succeeded in rigorously deducing (3) from (4) if
a >>1: the reason why we failed to prove (3) is due to the fact that the
maximal value of ¢*N — b* when % varies over the interval (5) is approx-
imately equal to

(@ — by N*
with

. = log ((log b)/log a) , = logd
log (b/a) ’ - log(d/a)’

the order of magnitude of which is strictly higher than N if ¢> 1.
Here we shall give a table of values of the average

F(Nia b= S7(a b

N nEy
for several pairs of integers ¢ and b with 1<a<<d, G.C.D. (g, b)=1.
In the table, the figures corresponding to NN = oo are the mean values of
f(n; a, b) expected from the formulae (1) and (3). We note that (1) is
the limiting case of (3) when a = 1.
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Values of 17(N : @, b) for some pairs of integers a, b
N f(N;1,2) f(N;1,3) F(N; 1, 4)
10E4 1.418090 0.880360 0.689240
20E4 1.418795 0.875425 0.683175
30E4 1.416786 0.881757 0.683590
40E4 1.419785 0.878857 0.692210
50E4 1.414068 0.872848 0.693326
60E4 1.418842 0.877855 0.692038
70E4 1.420786 0.882207 0.689506
80E4 1.420425 0.884135 0.686960
90E4 1.418361 0.884438 0.684220
100E4 1.414701 0.883383 0.681085
110E4 1.416012 0.882210 0.683137
120E4 1.419858 0.881127 0.687672
130E4 1.421067 0.879177 0.690288
140E4 1.421782 0.877436 0.692331
150E4 1.421661 0.875503 0.693688
160E4 1.420724 0.873776 0.694449
170E4 1.419985 0.877481 0.695131
180E4 1.418607 0.879735 0.695365
190E 4 1.417529 0.881686 0.695650
200E4 1.416008 0.883032 0.695592
210E4 1.414594 0.884083 0.695436
220E 4 1.417205 0.884843 0.695197
230E4 1.418934 0.885341 0.694883
240E4 1.419980 0.885574 0.694378
250E4 1.420706 0.885671 0.693840
260E 4 1.421500 0.885842 0.693433
270E4 1.421911 0.885810 0.692891
o0 1.442695 0.910239 0.721348
N f(N;2,3) F(N; 4,9
1E4 2.778100 1.334000
2E4 2.785550 1.341300
3E4 2.790000 1.346833
4E4 2.785500 1.342700
oo 2.876065 1.438033
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