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1. Introduction

The main object of stratification in the current sampling survey has
been thought to improve the precision in estimating the population mean
and the most of the current studies on the stratified random sampling
seem so far to have been made within its limitation. But in practice we
consider the problem of estimating several population characteristics
including mean, variance, covariance, correlation coefficient, etc.

Yanagawa and the author [2] proposed the stratified random sampl-
ing theory for the estimation of some functional #(F) of the population
distribution E including the population mean, variance and covariance.

The author [3] proposed the stratified random sampling theory for
the estimation of the correlation coefficient of the population having the
bivariate distributions. In this paper, we deal with the problems con-
cerning the estimation of the multiple correlation coefficient of. the
population based on the stratified random sample,.

The principal purpose of this paper is to indicate :

(i) A consistent estimator of the population multiple correlation
coefficient P,y together with its mean sqare error (Theorem 1).

(ii) When the stratification is preassigned in a way, the precision
of the estimator of 0,¢..4, in the proportional allocation, is better than
one in the simple random sampling (Theorem 2).

(iii) When the allocation of the sample is preassigned as’ the
proportional allocation, the optimum stratification is determined by a
number of simple quadratic hypersurfaces (Theorem 3).

2. Notation and preliminary

Let F (x,, ---, %) be the distribution function. The number L of
strata is preassigned and the population with F is classified into L
strata, the é-th of which has the distribution function F; (x,, -, %), i=
1,---, L. Then we have

2.1) F=3, wF;, forall (x,, -, x)

>
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where w, is a positive constant such that 3%, w,=1. The value w; is
considered as a weight or a ratio of the i-th stratum to the whole popula-
tion.

P
Let () and M=(s,) be the population mean vector and the

A
)
population covariance matrix given by

(2'2) Iu'P':SxP dF) 1):1’ "',k
and
@3) qu:S(x,,-—'up) (x—m) dF, p, g=1, -, k,

respectively. Then the multiple correlation coefficient of the population
between x, and (x,, -+, %) is defined by

2.4) Pra-n=_(1 ‘——M—,{l—)”a ,

G110 13

where 7,, is the cofactor of ¢,; in M.

Ay
Let ( : ) and M;=(s,,) be the mean vector and the covariance

ik
matrix of the ¢-th stratum (¢=1, ---, L) given by
(2.5) /z,,,=jx,, dF, p=1,-- k
and
(2‘ 6) oipq=g(xp—,uip) (xq_;ulﬂ) dFi) p} q=19 " kv
respectively.

From (2.1), (2.2), (2.3), (2.5) and (2. 6) we have the following rela-
tions :

(2‘ 7) /‘eI’:ZiL-l wf:u‘P! pzly et k
(2.8) o=k Wb+ T8y wil(ttn— ) (Pe— ), D, 9=1, , k.
Throughout this paper, we shall denote the expected value of a
random variable T by E(T).

3. A consistent estimator A, and its mean square error

Let (X, ++, Xow), =+, (Xinp, **, Xine) be m independent and iden-
tically distributed random variables having a distribution function F,
i=1,-,L. Let n be total sample size such that >, n,=n. Let U,
=(U,,) be the covariance matrix given by
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(3- 1) =20 T—EKZ (Xthp Xup) (qu an)

1)
+ZtL<I f:‘:fj Eh=l 2:21 (me'_‘ijp) (Xinq"'Xﬂq) f
17e 5 .
p, q=1! .‘.) k'
Then we propose a consistent estimator of p,e.., given by
1f2
3.2) h:=(1—Lf~l) ,
Usl 1 Usll

where ﬁm is the cofactor of U,,, in U..
We define the mean square error (MSE) of h, by

(3. 3) MSE(]L,) =F {(h;"‘ Pl(g...k))z} .

Then we have the following theorem.

Theorem 1. The MSE of the estimator h, is given by

(3.4  MSE(h)=3"%ce Sz (a“’ 108 "’ a“’—" '“’ [EL i

0oy, 60',,,,, =
{S (xp"' ."ip) (xa'— f“iq) (xp’ - /‘H") (xq’ - /“iq’) dFl— TipqFip’q’

(= 11) || oo ) G 1) (= ) dF,
+ (/‘w'—' ) S (xp'— Hip) (%, — i) (xu”— ti) AF;
+ (14 »—tt) S (25— 1) (20— p2i0) (o — ) dF,
+ (e — ) g (0p— 1) (20— 1) (% — i) A F
+ Gipy (/‘iq'—.“u) (/‘iq"—/‘q’)
+ Oipe (ﬂip’ - .Mp') (f‘iq - /‘q)
+ 5 (f“ip_ -up) (/‘z‘a’ - /‘v’)
+ g (1= 1) iy —p2y) + O ( L)}]

P N i 0 ni .

Proof. From (3.2), we have the following equation using the Taylor
expansion.

" oh, oh,
(3.5) MSE(h)=E { pST ~ip’ST U, )o (aUsp’q’)°

(Uwq'—"'m) (Ucp'q"_o'p'a’)""R} s
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where the suffix 0 denotes the value at the point (o,,, ***, o, 022, ***, Guty
-+, o) and R denotes the term of higher order.

From (3.1) and (3.5), after some culculations we obtain the equa-
tion (3. 4).

4. Improvement of the precision of estimator due to proportinal

allocation

In the case of proportional allocation (n;=wm, i=1, ---, L), from
(3.2) we have the following estimator of p,c.x:

1) h-=(1—aif§Tlm)m,

where U;=(U;y) is the covariance matrix given by

Ui {2,_

iw) (Xihq —X, izq)

+ 2.2, Tt Tt (Xons— X) (Xara— X}
b, g=1, -, k
and f]:--ll is the cofactor of U.,, in U
On the other hand, we consider a consistent estimator of P,
based on a simple random sample of size # drawn from the population.
Let (X4, =, Xu), **+, (X, -+-, Xu) be independent and identically

distributed random varables having the distribution function F. Then
a consistent estimator of p,..4 is given by

(4.2) _(1 'U )'

where U,=(U,,) isthe covariance matrix given by

Urm ZK.? (sz' Xjﬂ) (Xm on) )

p’ q=1’ .'.) k

n(n —1)

and U, isthe cofactor of U, in U,.
From (3. 4), (4.1) and (4.2), after some calculations we obtain the
following theorem.
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Theorem 2. For any stratification of the population having the
distribution function F (x,, -, %), we obtain the following equation :

(4.3) MSE(h,)— MSE(#;)

0
=—'— Z i<y W, l:zpsq ——"—p];? 2 {Gine— 0154

rq

=) (= 1=t ) G ) | +0 ().

5. Optimum stratification in the case of proportional allecation

From (2. 1) we have
F (xl'", xk)=EiL\;1 Fi (xls A xk)a

where Fi=w,F; for all (x,, -+, %), ¢=1,---, L. Then we call {F,} “a
L-decomposition of F’. Among all poss1ble L-decompositions {F,}- of
the distribution function F, the one which minimizes MSE (k;/ {F.}) is
called “optimum stratification .(OS)” for the estimation of p,u... For
any given #, L and F, to show the existence and the form of OS in
the case of proportional allocation, we must show the existence and the
form of OS {F’} such that

MSE(hs/ {F¥})=inf MSE(hi/ {F}) .
7y »

Let us consider a vector valued function ¢=(¢,, -+-, ¢;) such that

(5. 1) dF1=¢z (xly "';Vxlé) dFy i=17 AP E
and
6.2) Lobi=1, 0=b=<1.

T.et @ and 7 be the set of all vector valued function satisfying
(5. 2) and the set of all decompositions of F, respectively. Then, there
is the one-to-one correspondence between @ and ¥. Therefore, we can
consider such a vector valued function ¢ to be a stratification, and the
MSE of h; is given by MSE(h;/$) instead of MSE(ks/{F}).. An OS
¢* in @ is defined as the one at which attains

(5. 3)A sup 7 {MSE (h,)— MSE (hs/)}.

For any given #, L and F, from (4 >3) and (5.3) an approximate
OS (A0S) ¢, in @ is defined as the one at which attains
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0
L % 300k
sup E£<J Wil 5 I:Zpﬂ %1( 2 (00— 150
¢c0 G

+(ptip— rp) (ttie— 1) — (35— t5) (psa— )} ]2,

where
w6 dF, po=L\npdF, p=1,k
and
Oipe ™ wi‘ S (%p— t11p) (Xg— ) b dF, p,q=1, -k,
for ¢=1, ---, L.
Put

Utrq (¢) = S (xp—#l’) (xﬂ—pﬁ) ¢i dF, p,q=1,--, k,
for §=1, - L.

Then after some calculations we obtain

13 6P1(2
pS

ook
2 {Uim"'aqu
Opq

sup EtL(J w,w,l:
s

A (o 1) (i 12)— (35— ttp) (30— 14)} ]2

. aPs 9ok
=sp Tty (D et om 01}

Therfore the AOS ¢, in @ is defined by the one at whiéh attaines

(5.4) s#‘ée 2 — ( &) Zqu {_%a—t Uipg (¢)}

From [2, Lemma 1. 3], it is easy to verify that ¢, in @ at which
attains the expression (5. 4) exists.

Now, to show the form of ¢, in @ at which attains the expression
(5. 4), we use the useful result of Isii and Taga [1].

We state their result in a version suitable to our present situation.

Lemma. Let ¢=(d,, -, ¢1) be a vector valued function such that
k. b.=1, =0, for i=1,--, L, let S be a closed set in R™ and let
y(@P) = (9,(P), *+*, (D)) be a linear mapping from @ into S. Suppose
that G(y) is a continuous mapping from S into R' and that G(y) is
continuously differentiable on S.

If there exists ¢, such that

G{y(®,)} =sup G{y(@®)},
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then
sup X7 ¥5(d)
dED

is attained at ¢, where

9G{y(@)} | .
ayj “# =op,’ J

Moreover in case G(3y) is a convex function with respect to y, if
there exists, for the point ¢, in O, a point ¢' in @ satisfying

201y @) =271 95 (&) ay,

ay= :1, e m

then we have
Gy =G{y(d,)}.
By putting

Clg: @), -, gu(®), wi (@), -, w, ()} = f.l-g*g‘g ,

where g;(P)=2t<. ap 138 9,..(®), in the above lemma, we find that ¢,
m

in @ at which attams the expression (5. 4) also attains

0
(5. 5) gggf P2 2a;{ bsq Pa’" B (25— tp) (g pe)— }95 dF,
where
00,cs..
E;sq %l%p:) Vspq (¢n)
w; (¢’o) ’

Since G(gi, ***, gz, W, -**, wy) is convex, from the lemma, ¢** in
@ at which attains the expression (5.5) also attains the expression
(5.4). Therefore, from (5. 5) we obtain the following theorem.

a;= =1

, o, L.

Theorem 3. In the case of proportional aliocation, for any given
n, L and F(x, -, %), an AOS ¢** in @ is given by

1, {(xl, <, %) such that

a [ZY;g ‘0 1G8) (g — 11 Y (g — /Aq)-—%:'

3“1[2 m(x — 125 (2~ /@)——-—]

Sor all J(évz)} ,

b (o, oo, )= |

0, otherwise,
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where

00 o
Zﬁgq % Vipg (‘i’o)

@= w; p(q(i)o) ’

i=1, s L.
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