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1. Introduction

1.1. In [4], E. Michael studied various topologies on the hyperspace
including the uniform topology and the finite topology; J. R. Isbell also
studied the uniform topology on hyperspaces in [1].

Given a quasi-uniform space (X, U), we define a quasi-uniformity 2V
on the hyperspace 2% in a natural way and investigate some of its stable
properties.

If we are given a topological space (X, ) and let P(J) be Pervin’s
quasi-uniformity, then the quasi-uniform topology Y(2%(9) is shown to
coincide with 29, the finite topology on 2%.

In § 3, we show that every quasi-uniform space has a compactifica-
tion.

We shall use the definitions and properties of quasi-uniform spaces as
developed by M. G. Murdeshwar and S. A. Naimpally in [5].

Finally, all spaces are presumed to be 7.

1.2. Let (X, 9) be a topological space; 2* denotes the set of all
nonempty closed sets and is called the hyperspace of X. For each ASX,
let CA>={E :E=2* and ESA}. 29 is the topology for 2 with {<0):
0O€ 9} as base and is called the upper-semi-finite topology. For each AS X,
let <X, A)={E:E€2* and ANE#@}; 29 is the topology for 2* with
{{X, 0> : 09} as subbase and is called the lower-semi-finite topology.
Finally, we let 25’=_2_9V§9; 29 is called the finite topology for 2%
We note that {x#}=2% for each x in X since 7, is presumed.

1.3. Let (X;U) be a quasi-uniform space (all axioms for a uniform
space hold except perhaps the symmetry axiom). For each UsU, we
make the following definitions :

(i) H(U)=1{(A4, B): A, BE2* and BSU[A]}
(ii) HWU)={(4, B) : A, BE2* and ASU"'[B]}
(i) HU)=HU)NHU).
We note the asymmetry in the definitions of H(U) and HW).
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Theorem 1.3.1. Let (X, V) be a quasi-uniform space. Then {H(U) :
UeU}, (HU): UsU} and {HWU): UsU} are bases for quasi-uni-
formities for 2% respectively denoted by 2V, 2V and 2U., These are
called the upper-hyper-quasi-uniformity, the lower-hyper-quasi-uniformi-
ty and the hyper-quasi-uniformity respectively.

Proof. The fact that {H(U) : UEQ} is a base for a uniformity for
2% follows from the identities :

(i) H(U)o HWU)SHWUoc U) when UsU
(i) ASH(U)SHYV) when USV, U, V.

Similarly for {H(U) : U U} and {H(U):U€U}.

We note that when (X, 9J) is a separated uniform space, then 2V is
the uniformity studied by Michael and Isbell.

Theorem 1.3.2. Let (X, V) be a quasi-uniform space and let U=
(U U=sU}. Then () (X, U™ is a Trquasi-uniform space (i) 2U™!
=@QVU)™! (iii) 2V '= QU (iv) 2U=2V V2V, V denoting supremum
(v) 2U-'=(2U)", '

Proof. (i) iscited in [5]. (ii) follows from the fact that H(U )=
(H(U))™" (iii) follows from the identity H(U™") = (H(U))™. (iv) H(U)=H(U)
NH(U) implies that 2U =2U V2U. (v) follows from (ii) and (iii) and the
fact that (UV @) '=U-'VV <Y when U and SV are quasi-uniformities
(see [5]).

1.4. In [4], Michael shows that when (X, &) is a Ti-space, the
function 7 : X—2" defined by i(x)={x} is a homeomorphism from (X, 9)
into (2%, 29), For a separated uniform space the function 7 :X — 2% is
a unimorphism from (X, U) into (2%, 2TU). In this sense, 29 is an admis-
sible topology for 2* and 2V is an admissible uniformity for 2%

We show next that in this sense, 2V, 2U and 2V are admissible
quasi-uniformities for 2" when (X, U) isa 7, quasi-uniform space.

Theorem 1.4.1. Let (X, U) be a quasi-uniform space. Then each
of the following are unimorphisms :
(i) i: (X, U)-GLX], 2UNI[XIxi[X])
(ii) 7: (X, U)—-(E[X], 2UNI[X] xi[X])
(i) ¢: (X, U)—-(E[X], 2UNI[X] xi[XD).

Proof. (i) follows from the fact that U=(@ X i) '[H(U)] and
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ExDH[UJ=HU)NI[X]xi[X] when U= U. Similarly for (ii) and (iii).
Note that the assumption of T, is vital here.

Theorem 1.4.2. Let (X, U) be a quasi-uniform space and suppose
that BET. The following are equivalent :
(i) Bis abase for U
(ii) {H(B):B=®B)} is abase for 2V
(i) {H(B):BE B} is abase for 2V
(iv) {H(B):B<= B} is abase for 2U.
Proof. (i) is equivalent to (ii) since BSU is equivalent to H(B)
C H(U). Similarly for the equivalence of (i) and (iii), and (i) and (iv).
The following example indicates that Theorem 1.4.2 cannot he
generalized to subbase.

Example 1.4.3. Let (X, U) be the unit interval with the usual
uniformity. Let S={UU {e¢}XX:U=U, a=0 or ea=1}. Then both
S and S°! are subbases for U. But {H(S): S=S} is not a subbase
for 27, {H(S™") : S7'€87'} is not a subbase for 2V and finally, {H(S):
S8} is not a subbase for 2. To see this, let A={0,1} and B=2X.
Let S=8. Then S[A]=X=S7B] and S ![B]=X as the reader can
easily see. Thus (4, B)EH(S), (B, A)EH(S™) and (4, B)YEH(S). Let
V={(x 9 :|x—y|<1/2}. Then VEU, but (A, BYEH(YV), (A, B)eEH(V)
and (B, A)EH(V).

Theorem 1. 4. 4. Let (X, U) be « quasi-uniform space. The follow-
ing are equivalent :
(1) U is a uniformity
(i) 2V=@2V)~
(iii) 2V is a uniformity.
Proof. (i) implies (ii). If U is a uniformity, then U=<U"". Then
2U=2U"'=(2V)"' by (ii) of Theorem 1.3, 2,
(i) implies (iii). 2V=2UVY2U=2U)'Yy 2U)"'=2U)" by (iv)
of Theorem 1. 3, 2
(iii) implies ({). If 2 is a uniformity, then 2UN:[x] Xilx] is
a uniformity and by (iii) of Theorem 1.4,1, U is a uniformity.

2. The Hyperspace of Pervin’s Quasi-Uniformity

2.1. For ASX, let S(A)=AXAUCAxX, C denoting the com-
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plement operator. In [6], Pervin showed that for a given topological
space (X, I), {S(0):0&4} is a subbase for a quasi-uniform space (X,
P(9)) with the property that J(P(D))=4.

In this section, we will show that if (X ) is a topological space and
P(d) is Pervin's quasi.uniformity, then 29=Y(29(D),

Several properties of Pervin’'s quasi-uniformity were developed by
Levine in [3]. Applications were also made in [5].

It is worth noting that S(A)=(S(CA))™" for all sets ASX.

Theorem 2.1.1. Let (X, U) be a quasi-uniform space and I=
I(U). Then

(i) 9@V)c29 and (i) 29€9(2V).

Proof. (1). Let E€0€9(2%). There exists then a U U such
that HWU)[E]SO. But E=IntU[E]>SH(U)[E] as the reader can
easily show.

(ii) It suffices to show that <X, 0>€9(2V) when O€Y. Let
AELX, 0>. Then ANOF*Q ; let a= ANO. There exists then a U= U
such that Ufe]<O. We show now that A€H(U)[A]<<X, O). Let
BEH(U)(A]. Then ASU'[B] and hence @*U[a] NBEBNO. Thus
BeLlX, O).

Theorem 2.1.2. Let (X, 9) be a topological space and suppose
that P(9d) is Pervin's quasi-uniformity. If S={S(0):0&€9}, then (i)
{H(S) : SES} is a subbase for 22D, (ii) {H(S): SE S} is a subbase for
29D and (i) {H(S):SE S} is a subbase for 29D,

Proof. (i) Let 0,€9 for 1={<n and for @431, -, n}, let
0s;=U {0, :i€4}. It suffices to show that N{H(S(Oy)) : @30S {1, -, n}}
CH(SO)N--NS0,)). Let (A, B) be a member of the left side and take
bEB. It suffices to show that there exists an 2 in A such that (g, b &
S(0;) for 1<i<n.

Casel. b0, for each /. Then any « in A will do.

Case 2. bEN{0;:1<i<n}. Let 6={i :beE0;}.
Then (A, BYEH(S(0,)) and hence there exists an ¢ A such that (g, b)E
S(0s). I (¢, b)&S(0), then ¢=0; and b&O; and hence a€0; It
follows then that #=0,, a contradiction.

(ii) Let 0,9 for 1<i<n. For each 43S {1, .-+, n}, let Gy=
N {0, :1=6d}. It suffices to show that
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N{HS(G)) : @540<= {1, 2, ---, n}} SH(S(O)N---NS(0,). Since CG=U
{CO; : i€}, it follows that N {H(S(CGy)) : @F48< {1, -+, n}} SH(S(CO,) N
-+ N8(C0O,)) using the argument in (i) above. Recalling that S(A4)=
(SCCA)™! (see §2.1) and H(U™M)=(H(U))"", we have
N{H(S(Gy) : @F0< {1, -+, n}} = N {H(SCG)) ™) : @FIES {1, -+, n} }
=N {(HSCG)) " : @F0CS {1, -, n}}
=(N{HSCG)) : GFISAL, =+, i} )™
S(HSCO) N - NSICOIMN
— H(S(0) N = NS(0.)
(iii) Let 0,€9 for 1=i<n Let O, and G; be defined as in (i)
and (ii) above. Then
N {H(S(Oy) : @0 {1, -, u}} N N {H(S(GY) : @FIS (Y, -, n}}
S NA{HSOs) : GF6S {1, -+, m}} N N {H(S(G)) : @FAIC {1, -+, n}}
S H(S(0) N -+ NS(0.)) N H(S(0) N --- N S(0.))
= H(S(0,) N +-+ N S(0,)).

Theorem 2.1.3. Let (X, ) be a topological space and suppose
that O€Y., Then

(i) H(S(0)=5K0>»
(ii) H(SO0)=SKX, 0))
(iii) H(S(0))=SK0» NSKX, O0)).
Proof. (i) It suffices to show that H(S(0))=<0> x<0>ULX, CO)»x 2*.
Let A, B bein 27,
Casel. ACO. Then (A, B)EH(S(0)) iff BSS(0) [A] iff BSO
iff (A4, B)e<0>x<0) iff (4, B)E(0)>X<0D>ULX, CO>x 2"
Case 2. AZO. Then (4, BYEH(S(0)) iff BSS(0O)[A] iff BSX
iff (A4, B)ELX, CO>x 2% iff (A4, B)ELOY*L0>ULX, COYx2".
(i) H(S(0))=(H(SCCON'=(SKCOM ™ (by (i))
=S(CLLO»)=8(KX, O)).
(iii) H(S(0))=H(S(0)) N H(S(O))
=S(X, 03)NSKO)

Corollary 2.1. 4. Let (X, I) be a topological space.
Then () 29DC PRI (i) 2PDS P29 and (iii) 2PDC P(29),

Proof. (i) Let 0O€49. By (i) of Theorem 2. 1. 2,,
H(S(0)) is subbasic in 29D, But H(S(0))=S(0>) by (i) of Theorem
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2.1.3, and SKO))E P(@29).

(ii) Let O€949. By (ii) of Theorem 2. 1.2, H(S(0O)) is subbasic in
29D, By (ii) of Theorem 2. 1.3, H(S(0))=S(KX, 0>)= P(29)

(iii) Let O0€d4. By (iii) of Theorem 2. 1. 2, H(S(0)) is subbasic in
29(D, By (iii) of Theorem 2. 1.3, H(S(0))=S(0>) NSKX, OY)e P(29).
Theorem 2.1.5. Let (X, d) be a topological space. Then (i)

GEED =29 (i) TFRLD)=29 and (i) FEP(D)=29,

Proof. (i) By (i) of Corollary 2. 1. 4, G@22(D)<29. Hence it
suffices to show that 29C J(22(D) or that (0> T(2P(D when O=TI. Let
AE{0> ; by (i) of Theorem 2. 1.3, H(S(0))[A]=S(KOY)[A]<(O>.

(i) By (ii) of Corollary 2. 1. 4, JQRL(D)<S29 and from (ii) of
Theorem 2. 1.1, 29SS G(2FD),

(iii) Since 2P(D=2P(D\/2PD), it follows that T2L(D)=T(2 P(D)
V IQI(D)=29\/29=29,

3. A Compactification of a Quasi-Uniform Space

Lemma 3.1. Let (X, 9) be a topological space. Then (2%, 29) is
compact.

This fact is well known and the easy proof is omitted.

Theorem 3.2, Let (X, U) be a T\-quasi-uniform space. Then (X,
V) has a compactification.

Proof. By (i) of Theorem 1.4.1, i: (X, U)—(@G[X], 2VNI[X]Ix
i[X]) is a quasi-unimorphism and by (i) of Theorem 2. 1.1, g@U)&
29U), Thus 9(2V) is a compact topology by Lemma 3.1 and hence (i,
¢(Z[X])) is a compactification of (X, U).
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