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The problem of finding the number of representations of a positive
integer as the sum of the square of an integer and a squarefree integer
has been discussed by Th. Estermann [1; § 1]. A positive integer = is
called squarefree, if » is not divisible by the square of any prime. He has
shown that if G(IV) denotes the number of ways of representing a positive
integer N as the sum of a square and a squarefree integer, then we have
for any fixed e=>0

G(N)=C(N)N*" 1

EI

(1 —) oW,

PN
where
CN)= T (1—+(N) ™)
with
CLH(—DER (=2
LN)=1 N
[‘_ 1+ (T) »>2)

for primes p not dividing N, and where the constant implied in the symbol
O depends only on e. In particular, every sufficiently large positive
integer can be represented as the sum of a square and a squarefree integer.

In the present paper we shall consider the number of representations
of a positive integer as the sum of a powerful and a squarefree integers.
A positive integer »n is a powerful integer, by definition, if p* divides
whenever the prime p divides # (cf. [2]).

We shall denote by P the set of all powerful integers and by S the
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set of all squarefree integers. It is clear that the intersection PN\S
consists of one element, the unity.

For every positive integer N we denote by E(N) the number of ways
of representing N in the form

N=a+b
with
«=P, b=S and (@ b)=1.

. We shall prove the following
Theorem. For any fixed positive number < we have

EWN)=KWN) N IT (1=—)+ OVo) - (V>0),

where

K(N)= 32 L0 ¢y

m?

(m, =1

and the O-constant may depend only on e.
In particular, every sufficiently large positive integer N admits a

representation of the form
N=a-+b
with v
1<ge P, 1<<beS and (aq, b)=1,

since we have

K(N)gr}(l— j,)>o

and

1 c
pll_i' 1_7) >log log 3N

for some absolute constant ¢>0.

1. Lemmata. In order to establish the theorem stated above, we

require some auxiliary results.
The letters d, &k, m, n, N denote positive integers and p a prime
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number, and ¢ is used to denote an arbitrarily small but fixed positive
number. As usual, z(n)is the Mobius function, ¢(n) is the Euler totient
function and =(n) is the divisor function giving the number of positive
divisors of #. Also, v(n) denotes the number of distinct prime divisors of
n.

Lemma 1. Let d=S and suppose that n is a quadratic residue (mod
d®). Then, the number s(d) of the incongruent solutions z of the congruence

z=n (mod d°)
is given by
s(d)=2"9,

For a proof of this lemma one may refer e.g. to [3; Theorem 47].
We note that the integer # is a quadratic residue (mod d*) if and only if »
is a quadratic residue (mod p) for all prime factors p of d, and further
n=1 (mod 4) when d is even. Thus, if we write

ed(n)=27"" 11 v,(n),
pld

then e,{n)=1 or 0 according as » is or is not a quadratic residue (mod d?.

Lemma 2. Lef a and b be positive integers and let Q(N; a, b) denote
the number of pairs of positive integers m, n satisfying
am®+bn’=N.
Then, we have
Q(N; a, b) < 2=(N).
This is [1; Hilfssatz 1].

2. Proof of the Theorem. Using the relation

1#£(n) =2 u(d)
d2[n
and noticing that (a, b)=1 is equivalent to (¢, N)=1 when N=ga-+b, we
have
EN)=%2 (N—a)= 3 3 p(d).
asy GEN gy

aE€P a€EpP
(a,N)=1 (a,N)=1
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It is not difficult to see that every integer ¢ P can be uniquely written
in the form

a=n*m
with meS (cf. [2]). Hence, we may rewrite
E(N)=2(d)+ 2p(d) + 2ap(d),
where >, X, and > ; respectively indicate the summation over the posi-
tive integers d, m, n satisfying the conditions
{ d<t, m=x, p(m)70, w'm’<N,
(mn, N)=1, d*|N—n*nd
d<N'"® x<m=< N u(m)40, n'm*’<N,
{ (mn, N)=1, d&*|N—n'm®
and
{ t<<d<N'", m<zx, n(m)70, n*'m*<N,
(mn, N)=1, d*|N—n’m’,
where ¢ and x are fixed real numbers such that
1<t<N'" and 0<<s<N'
Firstly we have
Spld)= L wd) T,

(1,N)=1
where
Ty= 2 #£m) 2 1
msx ‘"5(!&71!”:‘)1/3
(m,dN)=1 (n,N)=1
dzl,\«‘--nzm3
1 N )”2 )]
= N 22 ' AN —
=" (m)zzgg.wz)([ng(( ) )
(m,dN)=1 (2, )=1
0LeS N
- ¥ , ¢(N)s(d) _I\L)”g -
= ,,.“;—;; 12 (m)emN )—_JJW_( povc +0 (m; S(d))
(m,dN)=1
_ann o(N) s(@) & i(m)edmN)
=N N & mgl m*?
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+0 (s%) N 27+ 0 (s(d)x).

Hence, noticing that

s 5@ _0@) and 5 s(d)=0(t log 20),

izt d¥
we find
Shu(d)= N sf(N ) > /z(d)sq(d) i ,u"'(m)e.t(_,mN )
fl St d“ m=l 7}131'
@, N)=1 Gl dN)=1
+0(N1/2 —1I2F s(d) )+O(x Y‘S(d))
NN & ,rf(zz) o .u(d)s(d)zed(mN )
m=1 m d=1 d
n, N)=1 {d,mN)=1
+ O(N‘ e ,*' 27+ O(xf log 2¢)
N elN) & wi(m) v(mN)
N N Z m 312 P hm\(l p )
Cn, N)=1
+O(N' )+ O(N 257+ O(xt log 2¢),
by Lemma 1.

Next, we have

emd)= 3 p(m) X 2 d)
_1:<m§;\'1/2 né(;\’,’ma),,: s ’\]Iq
(m,N)=1 (n,M)=1 a2\ N—n2m?

=0(X > o(N— n%z"))

m>r s(C A\'."mg)] 12

=o(N ¥ s 1)

m>x nE NSy
— O(N(UD'H! x—”?)’
since

msagc =(n)=O0O(N?).

Finally, writing
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R+ w’n*=N
for d*|N—un*m®, we find
Sud)=0( X T QWN; b m))

l.vg,r\ft—"' mg.r
=O0(N'"*t %)
by Lemma 2.
We thus obtain

E(N)=K(N) N** ‘fgi,") +R(N),

where
R(N)=O(N"* ") O(x¢ log 2¢)
S O(NWDTe p =) L O(N' 72 1)
= O(NCI+e),
on taking

t=N' and z=N'.
This completes the proof of our theorem, since

-3

3. A Dual Problem. Estermann [1;§ 2] has also given an asymp-
totic formula for the number H(x) of squarefree integers not exceeding x
and having the form »*-+/, where / is a given non-zero integer. Indeed,
he has proved that

2

H(x)=C(— )2 T (1——11)—)4—0(:5"'“ log 22) (x=1),
It
where the O-constant is dependent only on /.

An analogous formula can be found for the number F(x) of positive
integers ¢« satisfying
a€EP, a+leS and (a =1,

where / is again a fixed non-zero integer. By the method employed
above, with [1; Hilfssatz 2] in place of Lemma 2, one may easily obtain
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for any positive number e
F(x)=K(—)2" T1 (1~L) OGO (1>0),
ple P
where the O-constant depends on / and e.

A Final Remark. S.W.Golomb [2] gave an asymptotic formula for
the number of powerful integers not exceeding a given limit, whereas
much finer and more general results had already been obtained by P.T.
Bateman and E. Crosswald : On a theorem of Erdos and Szekeres, Illinois
J. Math., 2 (1958), 88—98.
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