ON SEPARABLE POLYNOMIALS OVER
A COMMUTATIVE RING

TAKASI NAGAHARA

Throughout this paper B will mean a commutative ring with
identity element and all rings will be assumed commutative with identity
element, where all ring extensions of B will be assumed with identity
element coinciding with the identity element of B. Moreover, X will be
an indeterminate, and B[X] will denote the ring of polynomials in X
with coefficients in B where 0X=Xb (bEB). In [5], G. J. Janusz
introduced the notion of separable polynomials over a commutative ring,
and established several properties of separable polynomials.

The main purpose of this note is to prove that for a polynomial f(X)
€B[X], if there is a ring extension of B which contains elements a,,
*+, @, such that f(X)=(X—a,)---(X—a,) and TTss(a,—a,) is inversible
in B then f(X) is a separable polynomial over B, thatis, B[ X]/(f(X))
is a separable B-algebra (Theorem). As corollaries to this result, we
include also some several results about separable polynomials over B.

In this paper, if ® is a set of ring automorphisms in a ring A, then
J(®) denotes the fixring of & in A, and moreover, for a subset T of
A, G|T denotes the restriction of @ to 7. As to other notations and
terminologies used in this paper, we follow [8]. We now begin with a
lemma which plays an essential réle in the proof of our theorem.

Lemma. Let A be a ring extension of B and J(&)=B for a group
O of ring automorphisms in A. Let a be an element of A such that
{a(@)|c=8) is a finite set and for axol{a) (cE®), a—o(a) is inversible.
Set {ay, -+, a,} ={0(a)|cE8} where axa; for ixj, and f(X)=(X—a,)-
«(X—a,). Then

(1) TTiesla;—a,) is inversible in B,

(2) Bla, -, a,] is a Galois extension of B with a Galois group
@IB[dl, v, 2],

(3) B[X]/(f(X))=Bla] (as B-algebras),

(4) f(X) is a separable polynomial over B.

Proof. Set u=TTwja;—a;). Then u=B and is inversible in A.
Hence we have u# '€ J(®)=B. We now set T=B[a, -*,a,] and D=
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S| T. Since u 'TTiss(a:—a(a;))=0,, (¢c€9), we can find elements u,, -,
Uni Uy s, Um of T suchthat 3u0(,)=6,, (¢€9). Hence the asserticn
(2) follows immediately from [4, Th. 1. 3]. To see (3), we consider a
B-algebra homomorphism ¢ : B[X]—>B[a,] mapping g(X) onto g(a,).
Let h(X)EKer ¢. Then h{a)=0 (i=1, --, n). Hence we can find ¢,(X)
e A[X] with A(X)=(X—a)q,(X). Since a,—a, is inversible, g,(a;)=0
so there is a g, (X)EA[X] with ¢(X)=(X—a,)¢.{X). Continuing this
way we reach A(X)=f(X)g.(X). Since AX), f(X)=B[X] and f(X)
is monic, we have ¢.(X)EB[X]. Thus we obtain Ker ¢ =f(X)B[X]=
(f(X)) which implies B[ X]/(f(X))=Bla,]. As to (4), we first consider
a left 7, right B[a,]-module

M=Td,D--PDTd.

where Td.=T (as left T-modules) and d;g(a,)=g(a)d; (i=1, -, n, g(a,)
€B[a]). Set e=d,+---+d, Then ea/’=a'd + --+a,'d,(i=0,1, -,
n—1). Since the determinant of the matrix [le/|| (0<i<n—1, 1<7<n)
is *+TT«(a:—a,) which is inversible in 7, the matrix |lz,| has an in-
verse in the matrix ring (7).. Hence the submodule 7eB[a,] of M
contains elements d, :+-, d,. This implies M=TeB[a,]. Since bd.=d;b
for all B (=1, +--, n), we have a left T, right B{a]-homomorphisin
r: TQuBla]—> M mapping >#:Qg(a)) onto X tegla). By (3),
Bla,] is a free B-module with a free basis 1, a, -+, "', This enables
us to prove that +» is an isomorphism. Hence we obtain T®,B[a,]=
TE-®PT (as (TQ®pB[a,])-modules). Thus T®B[a,] is separable over
T so by [1, Prop. 1.7] (or by [3, Prop. 7.1, p.177]), Bla.] is separable
over B. Since B[ X]/(f(X))=B[a], it follows that f(X) is a separable
polynomial over B. This completes the proof.

Now, let R=B[X, ---, X,] be the ring of polynomials in indetermi-
nates X, +--, X, with coefficients in B, and S the ring of symmetric
polynomials in R. Then U=TT.(X;—X;) is an element of S which is
not a zerodivisor in R. By U™'R (resp. U'S) we denote the ring of
quotients of R (resp. of S), formed with respect to the multiplicatively
closed set generated by U. Then SCRCU'R, SCU'SCU'R, and U
is inversible in U™'S ([2]). Let &, be the symmetric group on letters
1, ---, n. Then, for every element ¢ of &, we have a ring automorphism
¢*: U'R—> U'R mapping g(X, -, X») onto g(X,c», =+, Xow). By
&,* we denote the group of the automorphisms o* (¢&S,). Then we
obtain J(&.*)=U"'S. Moreover, it is obvious that {¢*(X))|0*ES,*}==
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(X, -+, X} and for i3¢j, X,—X, is inversible in U'R. Hence if we
set F(X)=(X—X)---(X—X,) where X, X, :--, X, are independent, then,
by Lemma, we obtain the following

Corollary 1. U™'R is a Galois extension of U™'S with a Galois group
&.*, U-'S[XINF(X)=U"S[X.] (as U 'S-algebras), and F(X) is a
separable polynomial over U'S.

We now have enough information to prove the following

Theorem. Let f(X)EB[X1. If there is a ring extension of B
which contains elements a, -+, @, such that f(X)=(X—a,)(X—a,) and
TTis(ai—a)) is inversible in B then f(X) is a separable polynomial over
B.

Proof. We consider the polynomial ring U'R[X] where X, X, -,
X, are independent. Then we have a ring homomorphism ¢: U'R[X]
—>Bla, -, ¢,][X] mapping Xg.(X,, -+, X)X* onto >,g:a, -, @) X"
By the fundamental theorem on symmetric polynomials ([9, p.90]), it
follows that ¢(U'S)=B. This implies ¢ (U'S[X1)=B[X], and
o FX)U'S[X])=Ff(X)B[X_ where F(X)=(X—X,)---(X—X,). Hence
¢ induces a ring homomorphism ¢: U™'S[X]/(F(X))—> B[X]1/(f(X)).
By Coro. 1, U™ 'S[X]/(F(X)) is separable over U™'S. It is obvious that
#(U"'S)=B. Then, by the following remark, B[X]/ ('f (X)) is a separable
extension of B which implies that f(X) is a separable polynomial over B.

Remark 1. Let aring A be a separable extension of a ring C and
¢: A—> A’ aring epimorphism. Set C'=¢(C). Then A’ is a separable
extension of C'. The proof is as follows: The C'-algebra A’ is turned
into a C-algebra by the homomorphism ¢|C: C—> C'. Then ¢ induces
a C-algebra homomorphism A—>A’. Hence by [1, Prop. 1.4], the
C-algebra A' is a separable algebra, that is, A’is a projective (A’QA')-
module, the operation being given by (x@y)z=uxzy (x, y, zE A’). Since
A'ReA = A'QA' (as rings), A’ is a projective (A'QXA"-module.
Therefore A' is a separable C'-algebra.

Now, as a direct consequence of Theorem, we obtain the following

Corollary 2. Let f(X)EB[X]. If thereis a ring extension A of
B which contains elements a., -+, a, such that f(X)=(X—a)(X—a.,)
and u=TT @, —a;) is not a zevo-divisor in A then f(X) is a separable
polynomial over w'B (the ring of quotients of B, formed with respect
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to the multiplicatively closed set generated by u).

In Theorem, Bla, :*, @,] is a homomorphic iinage of a strongly sepai-
rable B-algebra B[Xi]/(f(X)QRs - QB[X,1/(f(X,)) where the X, are
indeterminates ([1, Prop. 1.5]). By a similar way, we have the fol-
lowing

Corollary 8. Let A be a ring extension of B. Let f(X)EB[X],
and suppose A contains elements a,, -, a, such that f(X)=(X—a,)--
(X—a,) and TTwjfe.—a;) is inversible in B. If a, - a,* (m<<ov)
are roots of f(X) in A then Bla,*, -, a.*] is a homomorphic image of
a strongly separable B-algebra.

As an application of Theorem, we shall prove the following

Corollary 4. Let B be an algebra over a prime field GF(p) (p=<C).
Then, for every element b of B, X"—X-+b is a separable polynomial
over B.

Proof. Let f(X)=X*—X+b e B[X](bEB), and Y an indeter-
minate where X, Y are independent. We now consider the B-algebia
B[Y1/(F(Y)=B[Y] where Y is the residue class of ¥ modulo (f(X)).
Then B[?] is a ring extension of B, and elements ?, Y+1, o Y4p
—1 are roots of f(X). Since (f’»l—z’)—(l_’-l—j) (i=xj) is inversible in 13,
it follows that F(X)=(X—Y) (X—(Y+1)-(X—(Y+p—1)). Hence by
Theorem, f(X) is a separable polynomial over B.

As to separable polynomials over a ring B without proper idempo-
tents, we shall present some corollaries to Theorem. If f(X) is a sepa-
rable polynomial over a ring B without proper idempotents then, by [5,
Th. 2.2] there is a strongly separable B-algebra without proper idempo-
tents which contains elements @, -+, @, such that f(X)=(X—a)-«(X—ea,
and TT.;(@;—a,) is inversible in B. Combining this fact with Theorem,
we obtain the following

Corollary 5. Let B be a ring without proper idempotents, and
f(X)YeB[X]. Then, f(X) is a separable polynomial over B if and
only if there is a ring extension of B which contains elements a,, -+, G,
such that f(X)=(X—a)(X—a,) and TTfa:—a;) is inversible in B.

Remark 2. It is a result of G. ]J. Janusz that if A is a separabie
B-algebra without proper idempotents and f(X) is a separable polynomial
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of degree # over B then f(X) cannot have more than 7 roots in A;
and moreover, for distinct roots @, b of f(X) in A, a—b is inversible
in A ([5, Lemma 2.1]). However, in the result, the assumption of sepa-
rability of A over B may be omitted. For, if a, -, a, (m<Coo) are
distinct roots of f(X) in A then B[a, -+, a.] is a separable B-algebra
without proper idempotents. Applying Janusz’ result to Bla, -, a.], we
have m<» and for i=j, @,—a; is inversible in A.
Now, we shall prove the following

Corollary 6. Let A be a ring without proper idempotents which is
a ring extension of B. Let f(X)EB[X], and suppose A contains
elements a,, -+, a, such that f(X)=(X—a) - (X—a,) and TTufa,—a,)
is inversible in B. Then, every root of f(X) in A coincides with one
of the a,. Moreover, for T=Bla, -, a._, the following conditions are
equivalent,

(@) J(D)=B for a group © of ring automorpisms in T.

(b) T is Galois over B.

(c) T is projective over B.

Proof. The first assertion follows immediately from Theorem and
Remark 2. Since T is finitely generated, and separable over B, it
follows from [7, Th. 1] and [4, Th. 1.3] that (a) implies (b) and (b)
implies (c). We now assume (¢). Then by [5, Th. 1.1], T is imbedded
in a Galois extension of B without proper idempotents. The Galois group
will be denoted by &. Then for every a, we have f(a{a,))=0 (c€®);
hence o(a;) coincides with one of the ;. Thus we obtain ¢(T)=T (c=®).
This implies (a).

Remark 3. Let B, e, ‘-, @, be as in the preceding corollary, If B
is a separably closed domain then B[a, -+, ¢,] is projective over B;
hence Galois over B ([8]). However, in general, B[a, ---, @.] is not
always Galois over B. To see this, we shall present an example. We
consider a ring B=Z*+Z*/5 where Z* is the ring of rational numbers
m/5" (the m, n are rational integers). We set f(X)=X"—X—1. Then
fX)=(X—a,) (X—a,) where a,=(1++5)/2, a.=(1—+5)/2. Clearly
(a,—a)(a;—a)= —(a;—a,)*=—5 and is inversible in B. Hence f(X)
is a separable polynomial over B. Moreover, from a,&B, f(X) is
irreducible in B[X], and so, B[a,] is a homomorphic image of a strongly
separable B-algebra without proper idempotents, However, since v 5 €
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BCB[a]=B[a, a. and the quotient field of B[a,] is a field generated
by 45 over the field of rational numbers, it follows that RB[az,] is not
Galois over B and hence not projective over B.

The following corollary contains the result of [5, Lemma 2. 7].

Corollary 7. Let A be a ring without proper idempotents which is
@ ring extension of B, and J(&)=B for a group & of ring automor-
phisms in A. For an element a of A, the following conditions are
equivalent.

(@) {o(a)|e=®} is a finite set, and for a>o{a) (cEB), a—ala) is
inversible.

(b) a is a root of a separable polynomial over B.

(¢) Bla] tis finitely generated, and separable over B.

Proof. Assume (a). If we set {a, -, a,} = {5(a)|c=®} (¢;5a; for
ixj) and f(X)=(X—a,)-(X—a,) then f(a)=0 and by Lemma f(X)
is a separable polynomial over B. Thus we obtain (b). It is obvious that
(b) implies (¢). Assume (c¢). Thenby [7, Th.1], {¢(a)|c=®} is a finite
set and the B-subalgebra of A generated hy {«(a)]c=®} is Galois over
B; hence as in the proof of [5, Lemma 2. 7], it follows that for a=ce{a)
(ce®), a—a(a) is inversible.

Remark 4. In the proof of the preceding corollary, f(X) is an
irreducible polynomial in B[X], Blai=B[X]/(f(X)) and is a free
B-module (Lemma).

Recently, K. Kishimoto presented a theory of cyclic extensions of
rings ([6]). Lately, one will have a chance to see that Coro. 4 plays an
important role in studying cyclic extensions of commutative rings.
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