ON THE DIFFERENCE CURVATURE OF
SURFACES IN EUCLIDEAN SPACE

BANG-YEN CHEN

We consider a closed oriented surface M?® and an immersion x: M’—
E**Y into the euclidean space E**" of dimension 2+N. Let B, be the
bundle of unit normal vectors of x(M?), so that a point of B, is a pair
(p, @), e is a unit normal veotor to x(M?) at x(p). Then to (p, e)E B,,
we put

(1) I=dx-dx, Il,=dx-de,
where dx, de are vector-valued linear differential forms in B, and“.” is the
scalar product. [ and II. are called the first and the second quadratic

forms in B,. The eigenvalues k(p, ¢) and ki(p, e) of II, relative to [
are called the principal curvatures at (p, ). We call

(2) S(p, &)= (k5 )=k, &)

the difference curvature of the immersion x at (p, e).
The main purpose of this paper is to get some global theorems for the
difference curvature S(p, e).

1. Preliminaries

Let M?® be an oriented closed surface with an immersion % : M*—E*",
Let F(M?* and F(E***) be the bundles of orthonormal frames of M* and
E*¥ respectively. Let B be the set of elements b=(p, e, ¢, €z -**, €2.+x)
so that (p, e, e)) € F(M?) and (x(p), e;, -+, €2.x) €E F(E**") whose orien-
tation is coherent with the one of E**¥, identifying e, with dx(e), i=1,
2. Then B-— M? may be considered as a principal bundle with fibre
SO(2)xSO(N), and x:'B— F(E*") is naturally defined by %(d)=(x(p),

ey €2+1v)-
The structure equations of E™*" are given by
dx=72>104e des= %!H:men
B
( 3 ) d(]A = ;01:/\03.4: doAB = ;040/\505, Oant0p,= 0,

A: B) C’ RS =1, 2, M) 2+Ny
where 6, 0,, are differential 1-forms on F(E**¥). Let w, w4 be the
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induced 1-forms on B from 0, 04, by the mapping ¥. Then we have
(4) w,=0, Wy, = ?Arlj”)j, A=A
i,j, k, ...=1,2; 7, S, i, ...=3,...’2+M

The principal curvatures k(p, ¢) and k(p, ¢) are the eigenvalues of the
matrix (A.; where e=e. The mean curvature K,(p, ¢) and the total
curvature Ky(p,e) are given by

(5) Kb, e)=5(k(p )+Eip e, Kip )=hip Okdp,e)
Hence we have
(6) Ki(p, e)=%trace(A,U), KA p, e)=det(A.)).

Let dV be the volume element of M® There is a differential form
do of degree N—1 on B, such that its restriction to a fibre is the volume
element of the sphere of unit normal vectors at a point p € M*; then
do/\dV is the volume element of B, In fact, we have

( 7 ) av= (U]/\(Uﬁy d“":‘U2+N.3/\"'/\“’2+N,1+ Ne
We call the integral

(8)  S*(5)=(S(p,0) do

over the sphere of unit normal vectors at x(p) the difference curvature
of M:? at p, and define as the difference curvature of the immersion x

itself S . S*(p)dV, if it converges.

2. Some Global Theorems of the Difference Curvature

In [1] and [2], we have proved the following :

Lemma 1. Let M® be an oriented closed surjface immersed in E**.
I¥ N

(9) [o K5, ¥4V Ndo=2¢1,
then M* is imbedded as a sphere in a 3-dimensional linear subspace of

E**™ where cy., denotes the area of the unit (N+1)-sphere.
The main aim of this section is to prove the following :

Theorem 1. Let M*® be an oriented closed surface immersed in E**",
Its difference curvature satisfies the inequality :
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(10) [, .5 (Pav=2gen,

where g is the genus of M*. The equality sign holds when and only when
M?® is imbedded as a sphere in a 3-dimensional linear subspace of E**",

Proof. Let M? be an oriented closed surface immersed in E**¥, Let
(p, ey, €s, 3, *++, €:24x) be a local cross-section of B— F(M’) defined on U
and for any e in S}, pE U, put e=e,y=2.Fe(p). Denoting the
restriction of A.; onto the image of this local cross-section by A.; We
may put ’ A

A2+m; = ;ErA_rU-
From (6) we get
(11) Kz( b, e) = det(.sr_-"ErA-ﬂj) = (;Erﬁru)(gﬁﬁszz) - (;E: /'-l-m)a-

The right hand side is a quadratic form of &;, ---, £&..». Hence, by choos-
ing a suitable cross-section, we can write Ky(p,¢) as

(12) K?(p; e)= ZAT—ZE‘IEYI 212122."2'{‘\"
Thus, by (12), we have

(13) SK( 5, YAV Ado= SB,,(‘I( P)COS0,+ e+ A p)cos0x)dV Ada

=Cév‘:lg , (ll(p)-l- .o +7~(P))dV-
T )

On the other hand, we have [4]
(14)  G(p)=h(p)+ - +2x(p),

where G(p) denotes the Gaussian curvature of M* at p. Hence, by the
Gauss-Bonnet theorem, we have

@ |, Kp &) dVAdr=2—2g)enun
On the other hand, by an inequality of Chern-Lashof [3], we have
16) |, | Ko, )|aVNdo=(2+2g)crmn

Therefore, if we put
(17) V4-={(p, ©)EB,: Ki(p,)=>0}, V—={(p, e)E By: Kip, )<0}.
Then, by (15) and (16), we have
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a8 = K,V do=2g0v.
Therefore, by (2), (5) and (18), we get

@) | st wav={,sts eavade=( s, eravade
=|,_mp 0= K5, DV Ao
2517__ — Kz(ﬁ; e)dV/\d‘72 2gCxsr

This proves (10). Now suppose the equality of (10) holds, then, by (19),
we get

@ —| K dvAdo=2ger,
and
(21) S(p,e)=0 on V+, and K(p, e)=0 on V—,
By (15) and (20), we have
(22) Sw Kip, e)dVNdo=2cy 1.
Therefore, by (2), (5), (21) and (22), we have
23) §BDK1( p, &)d V/\d«r=L+ Ki(p, eydV Ndo= S“Kg( b, )V Ndo
=2Cy41.

Thus, by Lemma 1 and (23), we know that M?* is imbedded as a sphere
in a 3-dimensional linear subspace of E**¥, Conversely, if M*is imbedded
as a sphere in a 3-dimensional linear subspace of E®*¥, then it is easy to
verify that the equality of (10) holds. This completes the proof of the
theorem.

From theorem 1 we can easily get the following :

Theorem 2. Let M’ be an oriented closed surface immersed in E**¥,
If the difference curvature satisfies the inequality :

24) Lgs*(p)dvgzcm.,

then M* is diffeomorphic to a sphere.
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Theorem 3. Let M?® be an oriented closed surface immersed in
E*¥, If the difference curvature satisfies the inequality :

@) | STV Sdon,

then M*® is either diffeomorphic to a sphere or a torus.
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