3-PRIMARY COMPONENTS OF STABLE
HOMOTOPIES OF CP~

TETSUYA AIKAWA

1. Introduction

Let p be an odd prime, A the mod p Steenrod algebra, M and N
the reduced cohomology groups of CP® and K(Z, 1), that is, M=
Zy[(y)]Z5 Mi=Z,[y"""] -y 0<k<p—2,M,=Z,[y* "] /Zm deg (y)=2; N
=(Z,[3x] R E(x))/Z,, where E(x) is the exterior algebra with one gene-
rator & of degree 1 and j is Bochstein operator with 3.x=p3x, N, the
left A-submodule of N and the Z,module generated by x(Jx)*+<*-b,
Br)e+1+ie=b =0, (p—2=k=20). Then M and N are isomorphic to the
direct sums of M, and N, (0Zk<p—2) as left A-modules.

The main purpose of this paper is to determine 3-primary components
of stable homotopies of CP™ by Adams spectral sequence. Liulevicius
[5] determined ={(CP>; p), i<12(p=3), i<6p—4 (p=5) and de Carvalho
[4] determined =f(CP=;3), i<17. Theorem 2.15. in Liulevicius [5]
imply that =5 (CP~), i=1, is isomorphic to the direct sum of Z and a
torsion group and =5.,(CP%) is a torsion group.

We want to determine odd primary components of stable homotopies
of CP® and K(Z,, 1) in the paper to appear.

The author is grateful to Profssor H. Toda and Professor N. Shimada
for their kind advices.

2. Ext'(M, Z,)

If i=Yr,ip®, 0=i,<p, then the p-th set [7/] and the p-th number
£[i] of i is defined by

) =(io i1y ***, im 0, 0, +++) (ordered set), #[i]=27 o7,

If j=2li-0jup" 0=7.<p, then [{J=[j] means the condition:
D 0t 0 Fuy O=¢t<max{m, n}.

Proposition 2.1.

Ay =Z,{y i=j, [I1=04], $[i]=£07]1+c(p—1), c=0}.

Proof. Let e be an integer such that e>j, [el=[j] and f[e]=4[7]
+c(p—1), for some ¢=0, and e=31%..e.p*, 0=e,<p. Then for some a
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and b, e,=j.(u>a or u<lb), e, >j. €<jw a@>b: and for some f, e,,, >0

(set f=b+1), or e, >0=¢, ,=--=¢e,.,, a=f=b-+2, We wish to determine
¢' such that P“y ~""""=cy" 0stcEZ,.

2.1) a>f.

(2.2) a=f and e,=j.--2 (set d=a—1)

(2,3) a=f and ex=F,1; Jur= =+ = jun=p—1>j, (a—2=d=b),
Joor=-=f=p—1 (set d=b), or j,.,<p—1, (set d=a—1).

In (2.1) let e'=p""+--+p*% In (2.3) with 7, >0 and d>b, let ¢’
=p"". If otherwise, let ¢'=p".

Proposition 2.2. We obtain the following direct sum decompositions:
M.=A M.+ Z,{y**""~'; n==0}. (Replace with »>0 if k=0.)
M=A-M+Z{y"" ' 0<k<p, n=0, (k, n)54(1, 0)}.

Let A-maps fi:A—>M,_., fo: Li=ker fi—>M,, and fi: A—>N,_,
be such that f(P*)=(—11y*>=, £@PY=(—1yy", f(PY=(—1)"
2(Fx) P07 f(3PY=(—1)"(3x)*""®, and f, f; and f; are trivial on other
admissible monomials, Let L,=ker fi=Kker f.

Let B be an algebra and L a left B-module, %, -+, 2, are in L. Then
we denote ay B{=x, -+, x,} and B{{x, ---, x.}} the B-submodule and B-
free module generated by x, ---, x,, respectively. Sometimes we denote
by P"“--P™ by P(a, ---a.), when (a, -, a,) is complicated.

3. Exty(L, Z,), i=1,2

Theorem 3.1. We obtain the following (not necessarily direct sum)
representations:

Li=A-L--Z,{3; BP(p"+ -+ p41), u>0; P(p p"), a>b=0 }.

Li=A-L.+Z,{3; P(¢" "), a>b=0}.

Proof. The first half is proved by Propositions 3.3, 3.4, 3.5, 3.6,
and the second half is proved by Propositions 3.3, 3.4, 3.5, replaced A-L,
with AL, and 3.7. The following formulas are used to prove these
propositions.

Proposition 3.2.

(1) a=2,

P(p"+l, (a__l)pn-t-l +pn) —_— (a___ l)P(aer—l _}_pn) ‘l"‘ P(apn«r 1’ Pn),

2) m=n=0, a=2,

P(p"-+oe 4", (@—1)p")=aPlap™+p™ "+ 4 p) 4+ Dt Toal —1) (¢
=ty oy tay g LY P(@pT A T e b P p T A, P e T 1),
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where there is only the first summand in the left hand side in the case
n=0, (t,—ts, ---, t,) stands for the polynomial coefficient, a;=a, (in),
a,=1, and t runs over the set of t satisfying the following condition;
t=0 or
=4, p" b et T, p>t12_...2tq>0, 1 >p >0, HE)

(The following (3) and (4) are special cases of (2) and in them t runs
over the same set as in (2).)

(3) Pl(p", (a—1)p*)=aP(ap")+ Plap"—p"~", p"™")
(=1t by ey b —E L) Plap™—p* ' -8, pR 1), a=2.

4) e>m=n,
P(p" ek, pr b e ™) = P(p+ +p")
+0n,(—1) (tl—t;,'- — gy b)Y P(p e b pT =" P A
L pri—p).

(5) a>0,2>0, P(ap™'—p", ap*) .
= (=1t — sy e, Eyr—ty L) P(ap"™ ' — P8, ap”—t),

where t runs over the set of t satisfying the condition:

F=t p et P P>t >tz = >0 or
t=+=t=1, (n=q>0).

(6) PBP*=aliP**-I-P*, a>0.
Proof. We prove the formula (3) here. The others are similar.
P(p" (a—1)p") =20 ’(—1)’@ P(ap™—t, 1),

where Q,E—( P l*(z(p,l.)(pu - 1) (mod p).

If 0<t<p""!, then we can represent
Pt =t p et —222m > >me=0, 08P

We denote m,=n—1. If thereis r such that m,_,—2=m.=Zm.,+2, ¢>
¥ >0, then

Ql=(...+(z,.—1)p T (p—-1)p" i ) 0 (mod p).

'll+l

R tp ;
If there is » such that m,.,—2=m,=m,,,-+1, then

_(""[‘tri)mr+l+(t;-+1'—tr)pmr'l‘.")zo
% I S A VA

(or replaced #,.,—¢#, with ¢,.,—¢—1) in the case #..=¢, or

¢
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Q —("'+(t.-—1)p’“"”+<1>+tm—tr)!>m'*'”)Zo
] . e trpm,,+1 + tH—lpmr e =\

(or replaced p+t..,—t, with p-+#,.,—£,—1) in the case ¢,,,<t. Therefore
Q.=£0 (mod p) implies the condition (x).

Proposition 3.3. If a=b=2, b==0 (mod p), then P(ap"*', bp")E
A-L,.

Proof. By Proposition 3.2 (1), (3),

P(p" (a—=1)p""+p", (b—1)p")=(a—1)P(ap""'+p", (b—1)p")

+ P(ap™*!, bp*) (mod A-L)).

It is reduced to Proposition 3.4. that the first summand of the right
hand side isin A-:L,. Thus the proof is completed.

Proposition 3.4. If a=bp, a£0 (mod p), b >0, then P(ap", bp")E
A’L].

Proof. By induction on #n. But this inductive hypothesis is of ir-
regular type in the sense that if the proposition holds for m<n—2, then
it holds for #. So we must prove it for #=0,1 at the first step. We
point out that a=bp, =0 (mod p) implies a—1=bp.

By Proposition 3.2. (3)

P(p", (a—1)p", bp")y=a P(ap™, bp*)+ P(ap"—p*, bp"+p"")

+ e Plap*—p" '+t bp"+p"'—¢t) (mod A-L,),
where Os4¢,&Z,, and ¢ runs over the set of ¢ satisfying the condition
(*¥). The second summand is not admissible only in the case a=bp, when
we can make it a sum of admissible monomials by applying Proposition
3.2. (3) toit.

Proposition 3.5. If ¢3£0 (mod p), a1, m >n, then P(ap™ p*)E
/’i . L;-

Proof. By Proposition 3.2. (2)

P(p™ (a—1)p™, p™)y=aP(ap™, p")+ P(ap™—p"", p"7", p")

+ZC[P([me'—pm—l+i, pm—l__t’ pn)’
where ¢, €Z,. In the second summand P(p™ " p*} is not admissible only
in the case m—1=#n, when

Pap™*—p", p", p")=2P(ap""*—p", 2p")+(mod A-L,)
and is reduced to Proposition 3.4. The third summand is not admissible
if m=n+tl; m=n+2; 3Em—mZq-+1, ==ty ,3=p—1, when
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Plap™— p™'+t, p™ ' — ¢, p)+cP(ap™—p™ '+t prT P — 1), OFcEZ,.
The problem is reduced to Proposition 3.3. if m=n+2, ¢=1, {#,=1;3=<
m—n=q+1, =--=f_,=p—1,t,=1; and is reduced to Proposition 3.4.
if otherwise.

Proposion 3.6. P*¢&A-L, implies b=p"-+--+p+1, for some n=0.

Proof. Let b=ap"'+ip"+p" '+ p+1, a=0, 0<i<p, n=0.
Then P”3P'=i3P** (mod A-L).

Proposition 3.7. a=pb-+1,5>0 implies P3P’ SA-L,

Proof. By Proposition 3.2. (4), we have P'3P* 'P’=(a—1)3P*P’
+ P°3P",

4. Exti(M, Z,)

We denote by %, the element in Ext%(M,, Z,) and Exti(M, Z,) cor-

responding to y**P*"-'&M,. In particular we denote %, ,=h, We
utilize the exact sequences (4.3) and (4.4) induced by (4.1) and (4.2) for
determining Ext,(M;, Z,), k=0, p—2;

4.1)) 0 —L,—A—M,,—>0

o
(4.2) O0—> L, —» Li—>M,—>0
L Is
(4.3) - e—Ext{" M,y Z,) «—Exti(L,, Z,)«—Exti"{(Z,, Z»)
F,
~— Exti " (Mp_y, Zp)e— -
) 1

(4.4) v <——Exti My Z,) —— Exts(Ly, Z,) «—Exti(Ly, Z,)

F

< Exti My Zp)<— -

We denote by «, g, the elements in Ext%(L,, Z,) corresponding to
3, P(p% ") in L. Thenin (4.3), Fo(k.)=—bh,, I(ct;)=c,.

For the next proposition we introduce some notion. In general, let
A be an algebra over a field, M a left A-module and M the K-submodule
of M determined by M= M- A- M (direct sum).

Definition. Let R(M)=ker(AQM—>M)and R(M)= A - R(M)-+R(M)
(direct sum), then generators in R(M) are called basic relations and we
have

Tor{( K, M)=R(M), Exti(M, K)=R(M)*
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Proposition 4.1.  P(p"+ -+« +p")y@ 0¥ 1=0 s an basic relation in
M.

Proof. We have only to prove the following :

(1) There is no Adem relation such that

BP*=cAP(p"™+ - +p+1)+--, 054cEZ,, a< pb.

(2) PP =cP(p™-+ --+-p")+--- (Adem retion), m >n, implies a=p™
“eee - p', m=i>n, for some i

(3) We have the following three equalities :

PPttt p'—=p b, o5 e pr = )y 2120

(for ¢ satisfying the condition () in Proposition 3.2. (2))

P(p-i ek )y 0,

m_+1 m niy+1
r X} 2

P(p e p™ p v p T e p ™

Pt ye-0rl-irg (e>my > >m,=n, r=1).

For the proof of (1) and (2), express a=a'p™" 1-a'p™, 0=<a"'<p, a
=0 and a=a/p"t'-Fip™4-pm e+ p -1, 256D, a! 20, m<n,

We denote by e, in Exty(M,_., Z,) corresponding to the basic rela-

e+1_

tion in Proposition 4.1. In particular e,= g,

Proposition 4.2. ([6]1). Indecomposable elements in Exti{Z,, Z,)
are in the following :

(Massey product) (representative in the cobar construction)
— b o B> DpD [E 18T +1/2[87 8]
—lhian, hivs B> D23 [E7 | 1/20E0 7 £

b Iy > DpD  [E]n]+1/20E %]

pr 1 oo s
va wm(B)ereriat

In case p=3,

—2<h by h> D23 (881 + 8 8]

Proposition 4.3. In Ext (M., Z,), 0=k=p—2, h, :0,5~0, n >0, =0,
n=0:h, 550, i>n,i<n—2: I, 5Fh b, iSn—2.
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Theorem 4.4. A basis for Exti(M,_,, Z,) is

generator

degree range of indices

bk, | 20p—1)(p'+p)—2 0=i<j, i—2=j=0
hit, 2(p—1)p'—1 i=0

e 2p**1—3 i>0

1 4p—5

A 20" (p—1)—2 i=0

i 20 (p—1)p+2)—2 i=0

v 2 (e—DEep+)-2 | i=0

Proposition 4.5.

linearly independent set;
_’_z_ihjhit; i+2§j§k—2) (_]_Zjhikln _IZA:hlhj)r _hi.""_ir i %j) j—'ly j+2 (.’_l:jhl)’ _I_“vj’

izz'_l—j::]-; ]'“‘"Z(Eiht), Iyp,, =2, (f_zhi)» llchj("u, O%igj——Z, (szktao); YKy, i?éoy
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The following elements in Ext(M, Z,) form a

4, 1550, A, b, i40. Here so is the set, for example, replaced Il

with hhhy or hih; in the parventheses.

Proof. By the similar result on Exti(Z,, Z,) by Liulevicius [6].

5. A formula on the Steenrod algebra

Theorem 5.1.

(1) u=0,

A=A{f; P, iztu; P(0" p)}+Z,(F P e=0,1, b=15ilbet', b0
= Zbe=e=0, b, >01}.
A=A{P¥,iz0; P'8}+Z,{B).
(2) If we denote by A the mod 2 Steenrod algebra only in this part,

then for u=0

A=A{Sq2i, is=u; Sq(2'*, 1)} +Z,{8q"; b=2"-1- -+- +2°, u=v=0}.

We denote by K the first summand of the right hand side of (1). All

congruences mean “mod K.

5.3.

Lemma 5.2. Let b=3bp", 0=b<p. PP pr=0. pritr ..

relation) if and only if (1) bi=-+=b,b.-y, i>m>0,
= s :b,;;>bz:l—1) Z.>”l>oy

or (5) bi=p—1,bioy=-=b,

(3) bit1l=bi = - =by

The proof of this theorem is by Proposition

(Adem
(2) b,"l‘l:b,'_l
(4) i=0, by=p—1,
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For b and e¢ in Theorem 5.1, we can construct 3°P® by Lemma 5.
2: P, =, 1, p, oo, P, e, P o+, p*), where O05%4cEZ,, and p; are
b{‘fold.

Proposition 5.3. Let b be as in Theorem 5.1. (1) bpirbn for
some m implies P'=0. (2) P™ pP*=0, P”WI;?P”EO. (38) When we
ask all (not necessarily admissible) monomials if they are in K, we can

omit P*P® and P*BP’(i=u+2).

Proof. (1) By Lemma 5.2. P >=cP(p™, =+, p™, p™F1, or, p™11, oon, D%, oo,
P4, 0)=0, 0s5c=Z,, where they are (b,-+1), bnir, -+, by_r, (b,—1)-fold,
bl=p*—p™+203'b, p', and b,=-=b,<b._.. (2) Itis sufficient to prove
the following three congruences: P(p*™, b)=c, P(p*'+b)P(p* "' +b—p",
), O=P(b—p", p**, p)=coP(p**'+b), 0=P(b, p**")+cs P(p**'+b), 05
CEZ,.

6. Tables

We can determine Ext,(M, Z;) by determining Ext,(Z, Z;) and Ext,
(Li, Zp), i=1,2. We denote by x;; the generators in Ext (Z, Z;) in j-th
order of total degree in irreducible generators of cohomolodical dimension
1(=3), except %7,=2%31%51, Xs3=2X31%1 and %, ,=2s,%;. The partners of
a in Exti ,Z;) mean «lf, alia, ailp, aiih, i=0 and «', if exists
(which is the generator satisfying aa,=a'h,).

Horizontal and slanting segments mean ‘“multiplied by «, and #,”,
respectively, in the tables. Some generators are missing in the table of
ExtyZ; Z;) in May [8] and Table 2. is different from May’s. Ext%(L., Z5),
t—s<52, is generated by «, gio Zu0 b A<i=<4), bk, b1 Qo, by,
and g, (0<{<2), where g;,®; and b; ;& are of same digree as g; &
and a;,o; in Ext,(L, Z;) and the images of those by
the homomorphism induced by the inclusion L;—>L,.
The upper element (small circle) in the form of the
right figure in our tables means the generator «po in
Ext, ,Z,), if « is a generator in Exti , Zy).

We only show some typical cases to determine
the differentials d, in the Adams spectral sequence.

(1) By factorizations by products: dx(¢hs) = du(kotte) = ko(dstte) = hohop
=2ph. If doyt,=0, then di(h,)=0, which contradicts the above result.
Therefore duyty=210. If d.Jy=0, then d.(k’)=0, which contradicts the
above result, since f4o= %k, (Remark: We determined d./z,=Ai«, by

@l
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purely algebraic method, but Liulevicius [5] did by the definition of d,
on the secondary cohomology operation.) This method is the strongest tool
to determine d, for generators come from Ext,(Z,, Z,) such as partners
of A %5 Han Xue Xue Xsalo Lss HeXsy FoXen 2y fhy Yo etc.

(2) By factorizations by Massey products: d.a;,==dy%s.%, o, &>
:<dzw, ho, @t >=<ds by, hey Q0 >=%51tey hoy Xo>>=x510=Ho¥s,10%.
d231,1a3=d2<03.1, ho, “o>=<llox3.1ag, o, d[.>=p_x3_1a3=a1,1a8. Therefore
de..1= a4

(3) By secondary cohomology operations: d.,=g¢/n%,. See de Car-
valho [4].

Table 1,
i l 2 3 4 5 6 7 8 9 10 11 12 13
7§ (CP=;3) | Z 0 Z 0 Z 0 Z Z3 Z 0 Z+Z3 Z
14 15 16 17 18 19 20 21 22 23 24 25

zZ Z3 zZ Z3 zZ Z3+ Z; V4 Z3 Z+ 23 Z3 VA Zy+ 23

26 27 28 29 30 31 32 33 34 35

zZ (29 Z Zo+ Z3+ 23 zZ (Zy Z (Z3) Z Z3+ Za+ Z3

36 37 38 39 40 41
Z+Z3+Z3 Zy+ Z3+Zy  Z+Z3tZs ZatZ3t+Zg Z+Z3 Z+2Zy
(i=3,4) (i=3.4,5) BLigl)
42 44 46 48 50

(Z+2Zy) (Z+23+Zy) Z+2Z3 Z 2

In Table 1., (Z,) and so on mean the groups which is strongly imagined
by the analogy of the algebraic structure; Z;+Z:+Z ({=3,4) means
eithel‘ ZII+Z3+Z‘,,8 or Za'!‘Zs'i‘Zsp
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