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Let A be an arbitrary ring and B a subring of A. As in [2], we
shall say that A has a right dimensionality over B if B is a primitive
ring with a non-zero socle, that is, a ring having faithful minimal right
ideals and I'A is a faithful, homogeneous completely reducible B-module
for some miniaml right ideal I' of B. In this case the right dimension-
ality [A:B]; is defined to be the cardinal number of irreducible direct
summands of B-module I'A.

In this paper, we shall make some remarks on the results of [1, Th. 2
and its corollary] and [2, VI. §§6, 7] which are the study of dimension-
alities for primitive rings with non-zero socles, where this paper depends
heavily on [2].

Throughout the present paper, when M is a right A-module (resp. a
left A-module), we place ourselves in the situation described by the symbol
M, (resp. .M). Moreover, when A has a right A-module M (resp. a left
A-module M), we place ourselves in the situation described by the symbol
anA (resp. Aup). For a right A-module M, we have M, , where L is
the ring of all the A-endomorphisms of M; and by onA we denote the
ring of all the L-endomorphisms of M. If M is a faithful right A-module
then unA contains A, where for every aEA, aEu,A means the map-
ping x—zxa (x€M). If A,DB, and A;DB, are rings and there exists a
ring isomorphism F of A, onto A, such that B, is isomorphic to B,
under the mapping F then we write A,/B,=A,/B, (F); if, in particular,
B,=B,=B and xF=x (x=B) then we write A,/B=A,/B (F]I).

We note first the following lemma which is well known.

Lemma 1. Let M be a faithful right A-module and M=73 ;e/N; a
direct sum of A-submodules where all the N; are mutuaily A-isomorphic.
If N is one of the N; then unA]A=u,A]A (F/I) where for fEunA,
fF is the restriction of f to N.

37



38 Takast NAGAHARA

Throughout the rest of this note, we shall understand by a primitive
ring a right primitive ring, that is, a ring which has a faithful irreducible
right module. If A is a primitive ring having minimal right ideals then
every minimal right ideal of A is a faithful right A-module, which is
isomorphic to every faithful irreducible right A-module ([2, Prop. III. 5.
27); and the socle of A is the sum of the minimal right ideals of A ([2,
pp. 63, 64]). If A is a primitive ring having no minimal right ideals
then we say that the socle of A is zero ([2, p. 63]). If B is a subring
of A which is primitive and has a non-zero socle then, for any two mini-
mal right ideals I, I, of B, A is A-isomorphic to I,A ([2, Prop. IIL
7. 4, Prop. III. 9. 1]).

By the above remarks and Lemma 1, we have the following

Corollary 1. Let A be a primitive ring with a non-zero socle. Let
M and M' be right A-modules which are faithful, homogeneous com-
pletely reducible. Then, there exists a ring isomorphism F of unA onto
arnA  such that

@a) anA]A==unAlA (F|I), and
if B is a subring of A then

(b) wnAlenB=uAlwnB (F).

In case Coro. 1 (a), we write A=¢,A. This is a homogeneous dis-
tinguished ring of endomorphisms in the sense of [2, Def. VL 3. 1]. In
case Coro. 1 (b), if, in addition, M is homogeneous completely reducible
as B-module, by ADB we denote the situation unADunB.

For primitive rings, we have Dieudonné, two notions: Height and
index ([1], [2]) which are as follows: Let ADB be primitive rings.

(a) If A has a non-zero socle and some minimal right ideal 7 of A
is a faithful, homogeneous completely reducible B-module, then we define
the (right) height of A over B to be the cardinal number of irreducible
direct summands of B-module 1.

(b) If B has a non-zero socle and for some minimal right ideal I' of
B, I'A is a completely reducible A-module, then we define the (right)
index of A over B to be the cardinal number of irreducible direct sum-
mands of A-module I'A.

In case (b), I'A contains a minimal right ideal of A, and whence,
the soele of A is non-zero. Thus, the above definitions and [2, Prop. VI
6. 1] imply the following
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Lemma 2. Let ADB be primitive rings.

(@) Let the socle of A be non-zero. If there exists the height of A
over B then AD B, and conversely.

(b) Let the socle S' of B be non-zero. If there exists the index of
A over B then A has a non-zero socle S such that SDS', and conver-
sely.

Remark. Let ADB be primitive rings with non-zero socles S, S’
respectively. If there exists the height of A over B then the situation
AD B (resp. A=,,B) may be written as ADB (resp. A=B5). A right
A-module M is faithful, homogeneous completely reducible if and only if
MS=M ([2, Th. IV. 14. 1]). Hence, there exists the height of A over
B if and only if IS'=1I for every minimal right ideal I of A. If there
exists the index of A over B then the index is finite ([2, Prop. VI. 6.
1]).

The following corollary will be easily seen.

Corollary 2. Let ADB be primitive rings with non-zero socles S, S’
respectively, and let M be a right A-module.

(@) If there exists the height of A over B and M, is faithful, ho-
mogeneous completely reducible then the ring extension unB—unA coin-
cides with the composed ring extensions B—»B—A, B—A— A.

(b) When there exist the height and the index of A over B, M, is
faithful, homogeneous completely reducible if and only if sois Mj.

The following proposition is a slight variation of the result of [2,
Prop. VL. 6. 3].

Proposition 1. Let A be a primitive ring, and B a subring of A
which is primitive and has a non-zero socle S'. If [A: Bl exists and is
finite then A has a non-zero socle S such that SO S'.

Proof. Let I' be a minimal right ideal of B. Then I’A has a finite
composition series as B-module. Hence I'A has a finite composition
series as A-module. Therefore I’A contains a minimal right ideal of A.
Thus A has a non-zero socle. Then we have SDS' by [2, Prop. VI. 6.
3].

The following corollary is a direct consequence of Prop. 1 and [2,
Prop. VI. 6. 1].
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Corollary 3. Let A be a primitive ring, and B a subring of A
which is primitive and has a non-zero socle. Then, [A: Bl exists and
is finite if and only if the index of A over B exists and the height of A
over B exists and is finite; and when this is so [A:Bly is the product
of the height and the index.

The following proposition contains the result of [2, Coro. VI. 6. 1].

Proposition 2. Let A be a primitive ring, and B a subring of A
which is primitive and has a non-zero socle. Let T be an intermediate
ring of A/B which is primitive.

(@) If [A: Bl exists and is finite then the socle of T is non-zero,
[A:T1z and [A: Bl exist, and [A:Blg=[A:T]z(T: Bl

(b) Let the socle of T be non-zero. If [A:T]r and [T : Bz exist
and are finite then [A:Blr=[A:T]:z[T: Bl

Proof. Our assertion (b) is a direct consequence of Prop. 1 and [2,
Coro. VI. 6. 1]. The proof of (a) is as follows. Since [A:B]: is finite,
by Prop. 1, the socle S of A is non-zero and contains the socle S’ of B.
If I' is a minimal right ideal of B then {O}=I'TCI'A, and which are
faithful, homogeneous completely reducible B-modules. Hence [T :B]g
exists and is finite. By Prop. 1, the socle S* of T is non-zero and con-
tains S’. Moreover we have I'TCS* and I'ACS. Since S*N\S(DI'T
2={0}) is an ideal of S* and S* is a simple ring, it follows that S*CS.
Thus the index of A over T exists by Lemma 2. Let I be a minimal
right ideal of A. Then IS'=1, and so, IS*=1. Hence the height of
A over T exists by the remark of Lemma 2. Moreover the height is
finite. Therefore, it follows from Coro. 3 that [A: T]z exists and is
finite. Thus, by (b), we have our assertion (a).

Now, we shall prove the following proposition which is useful in the
rest of our study.

Proposition 3. Let A be a ring, and B a subring of A which is
primitive and has a non-zero socle. Then the following conditions are
equivalent.

(a) A is primitive, [A: Bl exists and equals to 1.

(b) BCACB.

(c) A=B (in the sense of the remark of Lemma 2).
Particularly we have [B:Blz=1.
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Proof. Let I' be a minimal right ideal of B. Then I'=e'B, where
¢' is a minimal idempotent of B ({2, Prop. III. 10. 1]). Moreover Hom
(e'Bg, e'Bj) is a division ring, and which is the ring of all the endomor-
phisms x—ax (xEe'B), a€e'Be’ ([2, Prop. III. 7. 3]). Now, we shall
give a cyclic proof of our proposition in the order (a)=>(c)=>(b)=>(a). As-
sume (a). Then e¢’A=(e/’B)A=e'B, and this is a minimal right ideal of
A. Since A is primitive, ¢’A is a faithful irreducible right A-module.
Since e’Ae’=e'Be’, we have Hom (¢'A4, ¢’A.)=Hom (e'B;, e¢'B;). Hence
we obtain A=B. This proves that (a) implies (c). Next (c)=>(b) is
obvious. Assume (b). Then B/B=(.»B/B (Coro. 1), and A has a fai-
thful irreducible right A-module ¢/'B. Hence A is a primitive ring. Let
S’ be the socle of B. Since e¢'B=e¢'S’ and is a faithful irreducible right
S'-module, we have S’=BDADBDS'. Hence, by Prop. 2 (a), it suffices
to prove that [S7:S']z=1. If fES' and g€S' then €'S'f is a finitely
generated left e'S'e’-module ([2, p. 75, Structure theorem for primitive
rings with non-zero socles]), and whence, by the density theorem for ir-
reducible modules ([2, p. 31]), the restriction of g to e'’S'f coincides
with the restriction of some AZES’ to ¢'S’f, which implies fg=fLES".
Hence S'S'CS’, that is, S'S'=S'. Then we have ( se'S'S'=.se'S".
This implies [S':S'],=1.

Proposition 4. Let ADA'DB be primitive rings and let the socle
of B be non-zzro. Assume that [A:Bly exists and is finite. Then
[A:Blza=1[{A":Blz if and only if A=A".

Proof. By Prop. 2, [A:A"lz and [A’: B, exist and [A:B]l,=
[A: A]r[A'":Blz. Hence [A:Blgz=[A":Blr if and only if [A: A"],
=1, and this is equivalent to that A=A’ (Prop. 3).

Proposition 5. Let A be a primitive ring, and B a subring which
is primitive and has a non-zero socle. If [A: Bl exists and is. finite
then [A:B),=[A:B]s.

Proof. Since ADADB and ADB>DB (Coro. 2), it follows from
Prop. 2 and Prop. 3 that [A: AJx[A:Blr=[A:Blzx=[A:B1;[B: Bl
Noting that [A: Alz=1 and [B:B]r=1 (Prop. 3), we obtain [A: B],=
[A:B]..

The following proposition contains the results of [1, Coro. of Th. 2]
and [2, Th. VL. 7. 1].
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Proposition 6. Let ADB be primitive rings such that B has a
non-zero socle and |[A: Bl exists and is finite. Let M be a right
A-module. Then, M, is faithful, homogeneous completely reducible if
and only if so is Mg. In this case, if L=Hom (M., M,) and L'=
Hom( My, Mp) then [L':L)z=[A:B]:z.

Proof. By Coro. 2 and Coro. 3, M, is faithful, homogeneous com-
pletely reducible if and only if so is Mz. Assume the conditions. Then
ADB are homogeneous distinguished rings of endomorphisms of M ([1,
Def. VI. 3. 1]). Therefore, by [2, Th. VI. 7. 1], we have [L':L]z=
[A:B). Since [A:Bl]z=[A:B]; (Prop. 5), it follows that [L': L]z
=[A: Bls.

Remark. Let A, B, M, L, and L' be as in the preceding proposi-
tion, and let M, (=M) be faithful, homogeneous completely reducible.
Then the index of A over B equals to the index of A over B and the
height of A over B equals to the height of A over B. Hence, by [1,
Th. 2] (or the proof of [2, Th. VI. 7.1]), the index of A over B equals
to the height of L' over L and the height of A over B equals to the
index of L’ over L. This is a generalization of [1, Th, 2].
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