ON GENERATING ELEMENTS OF SIMPLE
RING EXTENSIONS

Hisao TOMINAGA

Throughout the present note, A will be a simple (artinian) ring with
the identity element 1 which is represented as ¥ Dey; with a system of
matrix units E= {e;;} such that the centralizer V,(E) of E in A is the
division ring D. In subsequent use, a subring of A will mean one con-
taining the identity element 1 of A. Further, we use the following con-
ventions: B will mean a simple subring of A, and & the group of all
ring automorphisms in A which leave every element of B invariant. The
centers of A and B will be denoted by C and Z respectively, and we
use the notations V=V ,(B), H=V (V) and C,=V/NH(=center of V). If
the fixring of & coincides with B and V is simple, A/B is said to be
Galois (cf. [6]).

Concerning generating elements of a finite Galois extension A/B, we
have obtained a number of interesting results ([2], [3] and [9]), and seen
that the tools used in the respective cases [B:Z]=o0 and [B:Z]< oo are
strikingly distinct. In this note, we shall sharpen slightly the key pro-
positions for these respective cases which were given in [2] and [3], and
give as easy consequence of these sharpenings several results obtained
previously in [2], [3], [4] and [9] with some refinement.

1.

In this section, the preliminary results will be stated without proof as
lemmas.

Lemma 1 ([8; Lemma]). If[A: Cl<<oo then [B:Z]<<oo. The con-
verse is true, provided A is left (or right) finite over B.

Lemma 2 ([1; Theorem VIL. 11. 3] or [7]). Let A be a division
ring, and [A: Cl<<oo. If M is a maximal subfield of A and M= C[m]
then there exists an element a such that A=73% ,..m'am’C.

Lemma 3 ([6] and [2; Lemma 1.4]). Assume that A is finite Ga-
lois over B.

(a) If B' is a simple intermediate ring of A[/B and V.(B') is sim-
ple then A is Galois over B'.
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(b) If V is a division ring then every intermediate ring of A/B is
stmple, and conversely.

Lemma 4 ([2; Corollary 2.1]). Assume that A is finite Galois over
B and [{B:Z]=ce, If X is a B-B-submodule of A then X=BxB with
some x. In particular, every intermediate ring of A|B is singly gene-
rated over B.

Lemma 5 ([3; Lemma 7]). Lef n>2, and let x be a non-zero ele-
ment of D. If a is an element of A not contained in C then theve exists
a unit v of A such that ar=rar =23 xjey where x,=x and x%,=0

Jor every 1>>1.

Lemma 6 ([6; Lemma 1]). Let n>2, and let T be a left artinian
subring of A. If T contains a=2 % e (x;ED) such as %=1 and =z
=0 for every i>1 and u(E, d)=den+ 2 5ey., with non-zero dED, then
T is a simple ring containing E, d and xj's.

2.
We shall prove first the key proposition for the case [B: Z]=co.
Proposition 1. Assume that A is finite Galois over B and [B:Z]

= oo,
(@) If A' is an intermediate ring of A/B-V then A'=B[a'] with
some unit a'. In particular, A=B[a] with some unit a.
(b) IFf V is a division ring, then for every intermediate ring A’ of
A|B there exists a unit a' of A' such that A'=B[a'].

Proof. (a) As B-V=BR,V is simple and V (B:-V)=C, A’ is a
simple ring by Lemma 3. Accordingly, we have A'=3""D’e;, where E'
={e;;} is a system of matrix units such that V .(E') is the division ring
D'. Obviously, by Lemma 4, it suffices to prove the case n'>1. Moreover,
in virtue of Lemma 5, we may assume that B contains an element b=
>xiei; (x4, D) such as x,=1 and x,,=0 for every i>1. We consider
here the simple ring B,=B[E']=3!"D.e;, where D,=V,(E') is a divi-
sion subring of D’. If we set V=31Ug,, with a system of matrix units
I'={gyp) such that U=V,(I") is a division ring, then we may assume
further that E’ contains I. It follows then V ,(B))= V. (E)=Vy(E') is
a division ring, and therefore V.(E") is finite Galois over D, by Lemma
3 (a). Since D, is infinite over its center (Lemma 1), we can find a non-
zero element d' such that D'=D,[d"] (Lemma 4). Setting a'=1—u(E’,
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d"), a' is a unit of A’ and Lemma 6 proves A'=B[b, u(E', d")]=B[a'].
(b) As V is adivision ring, A' is simple by Lemma 3 (b) and the
proof proceeds in the same way as in (a).

3.

The next is stated in [9]. However, for the sake of completeness, we
shall give here the proof.

Theorem 1. If A is a separable simple algebra of finite rank over
a field @ then A=®[u, ur] with some units u and .

Proof. Casel. n=1: Asis well known, A contains a maximal sub-
field M which is separable over #. Since M=¢[x] with some %, by
Lemma 2 there exists a unit # such that A=Y u'ru’C=>u'(ur)’C=
Olu, ur].

Case II. »>1: As D is a separable division algebra over &, by Case
I there exist non-zero elements x, d =D such that D=¢[x, x&]. We set
t=> e {=t", u*=u(E, 1) and ¥ = gy f = >vei—y. Then, one will
easily see that e;,=u* 0¥ 'u*"Ww*1 (4, j=1,2, -+, n). In case D=, 1
—u* is a unit and @[1—u* (1—u*)t] =0[u* v*]=0[E]=A. Thus, in
what follows, we may restrict our attention to the case Ds=@. Under this
situation, if xd-x=1 then @[, 2d]=@[x, 1] and z-x1. Accordingly,
we may assume further that xc?-xaél. If u=u*+2xe, and v=udf=v* +
xdee, then w'=pv*+x7e,E0[u] yields (x7'—xd)e=u"'—vEd[u, v],
whence it follows (l—xd~ cx)em=@w—)ucs®(u, v]. Noting that x=wu" and
xd =0v" are contained in @[u, v], we obtain e,,=®[u, v]l, which forces e¢;
=" e, 0" 'E?[u, v]. Consequently, we have @[y, v] =0z, xcf, El=A,
completing the proof.

Corollary 1. If A is finite Galois over B and [B:Z]<<oo then A
=(BN\C)[u, ur] with some units u and 7.

Proof. Since [A:C]<oo by Lemma 1l and C is finite Galois over
BN\C, A is a separable simple algebra of finite rank over BMNC.
4,

The next is the key result for the case [B:Z]<Coo (cf. [3; Proposi-
tion 17]).

Proposition 2. Assume that A is finite Galois over B and [B:Z]
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<<oo, Let A* be a simple intermediate ring of AlB such that the center
C* of A* is contained in C,.

(a) If A* is commutative then A*=2Z[c,] with some c,.

(b) If a is an arbitrary element of A* not contained in C* then
there exists a unit @' of A* such that A*=Z[a, a'].

Proof. Let #=BNC and A*=Z’1‘*D*e?j where E*={e}} is a sys-
tem of matrix units such that V #(E*) is the division ring D*. In the
proof of [3; Proposition], we must complete only the case that D*C*
and »*=2. In any rate, we have known that A*=Z[g, ¢’] with some
a". Noting that ¢ is infinite, one will easily see that there exists an ele-
ment a¢E® such that ¢’=a'"—a is a unit of A*. Then, we obtain A*=
Zla,a"]l=2Z[a, a'].

5.

As the first consequence of Proposition 2, we obtain the following [4;
Theorem 1] with an extremely short proof (cf. also [3; Theorem 1]).

Theorem 2. Let A be a separable simple algebra of finite rank over
a field &. If a in an arbitrary element of A not contained in C then
A=d[a, a'] with some unit a'.

Proof. Asis well known, the centeral simple algebra A over C has
a finite Galois extension C* of C as a splitting field, where we may as-
sume further C* is Galois over @. Then, A*= AR, C*=(C¥*), is finite
Galois over &, and so we can apply Proposition 2 to A*/® and A to see
that there exists a unit ¢’ such that A=®[a, a'].

Next, combining Proposition 1 with Proposition 2 and Corollary 1, one
will obtain at once the {ollowing sharpening of [3; Theorem 5] and [3;
Corollary 2] itself.

Theorem 3. Assume that A is finite Galois over B.

(@) If a is an arbitrary element of A not contained in C then there
exists a unit a' such that A=Bla,a']. Accordingly, A|B is singly
generated if and only if either A=C or BZC. ’

(b) A=B[u, ur]l with some units u and r.

Moreover, the validity of Proposition 1 enables us to see the following
(cf. [3; Theorem 2]):

Theorem 4. Assume that A is finite Galois over B. If V is com-
mutative then for every intermediate ring A' of A|B there exists a unit
a' such that A'=B[a'].
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