ON N-REGULAR GROUPS OF AUTOMORPHISMS
IN SIMPLE RINGS

Takast NAGAHARA

In [1], N. Jacobson introduced the notions of N-groups and reduced
orders for groups of automorphisms in rings, and which was used in his
Galois theory. Recently, in [6], the present author introduced the notion
of reduced indices for N-groups of automorphisms in division rings, and
showed that reduced indices can be used for a characterization of groups
of automorphisms. In §1—6 of this paper, this consideration will be
extended to simple rings, and moreover, in the study, we shall present
some relative Galois correspondences which are of interest, where §1—2
contain notations and preliminary lemmas. In simple rings, the notions of
N-regular groups and regular groups for groups of automorphisms are used
in studing groups of automorphisms, which will be defined later (§1), and
the regularity of N-regular groups may be posed as a problem in Galois
theory as well as in the theory of centralizers of simple subrings in a
simple ring. In the last section 7, as an application, we shall study the
regularity of N-regular groups of automorphisms in simple ring extensions
with local finiteness. On these groups, we have a study [3, §2], which
will be sharpen in this paper.

1. Notations. Throughout the present paper, A will be a simple
ring with minimum condition, and we set 2l=Hom(A, A) (acting on the
right side of A). If € is a subset of 9, we denote by Vy () the centrali-
zer of & in 9, and then V4 (€)=Homy(A4, A). For any element @ of A4,
we denote by a; (resp. a,) the left (resp. right) multiplication determined
by a, and for any regular element # of A, we denote by <«) the inner
automorphism #,-#;' of A. Moreover, for any subset E of A and for
any set & of (ring) automorphisms in A, we shall use the following con-
ventions: E, (resp. E,)=the set of left (resp. right) multiplications deter-
mined by elements of E ; {E):=the set of inner automorphisms determined
by regular elements of E; V (E)=the centralizer of E in 4; VXE)=
VAVAE)); I(E)=the group of (ring) automorphisms in A which leave
the elements of E fixed; I(&)=the subring of A generated by the regu-
lar elements # such that {u) €&; J(&)=the fixring of & in A. Further,
given rings S, R, we shall understand by an S-R-module a two-sided
module which is treated as a left S-module and as a right R-module; and,
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if an S-R-module M is irreducible as S-R-module then M is said to be
S-R-irreducible.

In subsequent use, subring of A will mean subring which contains
the identity element 1 of A. Now, let B be a subring of A. If A is
B-V 4B)-A-irreducible then B will be called an M-subring. Moreover,
B will be called respectively

simple, if B is a simple subring with minimum condition ;
Mryegular if B is a simple M-subring ;
regular, if B and V,(B) are both simple.

Next, let © be a group of (ring) automorphisms in 4. If <I(D))HCTH
then © will be called an N-group. If © is an N-group and A is
I(D) - J(9)-A-irreducible then  will be called an M-group. Moreover,
» will be called respectively

N-regular, if © is an N-group, and I(9) is simple;

M-regular, if 9 is an N-regular M-group;

regular, if J(9) is regular, and <V (J(D)H>CD.

Now, we shall make some remarks on the regularity of subrings
of A. First, we shall show

(1) Let B is a subring of A containing A, B'=Vyx(B), and B'=
{reA; x,=¥'}). Then B’ is a subring of A, which is anti-isomorphic
to B, If A is V-B'-irreducible then B’ is simple.

In fact, since BD A, our first assertion is obvious. By the minimum
condition for right ideals of A, there exists a minimal B-submodule M(=0)
of A. If A is B-B'-irreducible then A= cxg-M’, and Mi=0 or M2
is L-isomorphic to M. Hence A is a completely reducible homogeneous
B-module, and this is a direct sum of a finite number of irreducible
B-submodules each of which is B-isomorphic to M. Therefore B! is a
simple ring with minimum condition.

By (1) we have

(2) If B isan M-subring of A then V,(B) is simple, and J(B) is
M-regular. In particular, an M-regular subring is regular.

3) If $ is an M-group of automorphisms in A then J(D) is
M-regular.

Finally, we shall give some notions w.r.t, indices for groups and
dimensions for modules, For a subset £ of A and for a subset & of ¥,
we denote by E|& the restriction of & to E; and, for a group  of
automorphisms in A, if for o, €8, E|e=(E|)d (: ES> A A) for
some ¢ in 9, then we write E|s~E|: (mod ). Evidently, the relation
~ is an equivalence relation in E|&, and the number of the equivalence
classess w. r. t. ~ is denoted as (F|&:%). Moreover, for a subgroup 9,
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ple ring S, M is a left (resp. right) S-module then we denote by [M|S],
(resp. [M|S],) the uniquely determined number of irreducible direct sum-
mands of left (resp. right) S-module M. In particular, if M is a left (resp.
right) S-free module then the left (resp. right) dimension is denoted by
[M: 5], (resp. [M:S],). lf B is a subring of A containing a simple
subring S then B is left (and right) S-free. Moreover, [B:S],=[B:S],
if and only if [B|S],=[B|S],; in this case, they are denoted by [B:S]
and by [B|S] respectively. Finally, for any set E, we denote by ¥ E the
cardinal number of E.

of a group ©,, we denote by (£::%,) the index of £, in .. If, for a sim-

2. Preliminaries. Throughout the rest of this paper, ©, ©, 9,
etc. will mean groups of (ring) automorphisms in 4. In our study, Jacob-
son’s theory for completely reducible modules [1, Chap. VI] will be used
freely. Otherwise, the paper is self-contained.

Now we shall begin our study with the following lemma which con-
tains [7, Lemma 1.3, and Lemma 1.4]; in the same ways as in those
proofs, our lemma is proved, however, for the completeness, we shall
present the proof.

Lemma 1. Let B be a subring of A such that A is B-A-irreducible.
Then

(@) Let o be a (ring) automorphism in A. Then, for each non-zero
e= A, (B|lo)a,A. is B,-A,-irreducible and x,—> (B|o)ax. is an A,iso-
morphism of A, onto (B|ea)a, A,

(b) Let &, - be (ring) automorphisms in A, and M a B,-A, sub-
module of Hom (B, A). Then (B|o)A, is B,-A-isomorphic to M if and
only if M=(Bls)a,A, for some non-zero a€A. Moreover, (Bls)A, is
B,-A,isomorphic to (B|2)A. if and only if Blo ~B|: (mod {AD).

(c) For any subset W of A, B|W, is linearly independent over A,
if and only if W is linearly vight-independent over V 4B). Particularly,
in case W is consisting of regular elements, B|\{W is linearly indepen-
dent over A. if and only if W is linearly right-independent over V.(B).

Proof. (a): Leta, x be arbitrary non-zero elements of A. Then,
by our assumption, there holds that B,(B|s)ax.A.= (B|¢)a(Bs-xA).=
(BloYa((B+xs7' A)s),=(B|s)a,A., whence our assertion is obvious.

(b): If (Bls)A, is B,-A,-isomorphic to M and if B|s <& under the
above isomorphism then x,¢ < x{B|s)=(B|s)(xs). < e¢(xs). for each x=B.
Hence x,.6=¢(xs),, and so, xe=1(x.e)=1(e(xs).)=(1e)(xs)=x¢{1lc).. There-
fore M=¢A,=(B|s)a, A, with a=1¢e (==0). The converse part is an easy
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consequence of (a). If (I3|a)A. is B.-A,-isomorphic to (B|=)A, then (B]|z)A,
=(B|s)a, A, for some non-zero element ¢ of A. Hence B|-=(B|s)ab, for
some bE A. This means 1=ab; whence « is regular and B|-=(B/|s){a).
The converse is obvious.

(c): Assume that B| W, is linearly dependent over A, and 3B |vu)x:r
=0 (s, W, 2,50 A) is a non-trivial relation of the shortest length.
Then, by (a), without loss of generality, we may set x,=-—1. Hence, we
may assume that Blv,= 37 (Bles)x.,. Now, for arbitrary y € B there
holds

0=y/B [oy) —(B I r)y,=2>5(B| Uil)(yxf’—xiy)r-
Since our relation is of the shortest length, it follows that %€V (B) (i=
2, --»,m). Ccnsequently, we have v,=>7vx,(x;EV.B)). The converse
will be almost trivial. For the last assertion, note that in case W is con-

sisting of regular elements, B|{W) is linearly independent over A, if and
only if so is B| ..

Corollary 1. Let B be a subring of A. Then

(@) if A is B-A-irreducible and if B’ is a subring of B such that
B is a free left B'-module with base X then

ZX>(BIJ(B) : KVAB'))) [VAB"): VAB)I.,

(b) if © is an M-group such that J(D)CB then J(D) is regular,

and
[B: J(M]:=[(BIMA.|A]./[A|A],

provided we do not distinguish between fwo infinite cardinal numbers.

Proof. For (a) note that

#X=[Homy (B, A)| A 1,/[A| A]>[(B|I(BNA:: 4]

Then, from Lemma 1, our inequality readily follows. If & is an M-group
then J(®) is reguar as in the remarks (2)—(3) of §1. Our second asser-
tion (b) is a direct consequence of [1, Th. VI. 2.1 (Density theorem for
completely reducible modules)].

Corollary 2. Let © be an M-group. If ' is a subgroup of O then
(L: 9> LT : J(D],
provided we do not distinguish between two infinite cardinal numbers.
Proof. Weset B=J(£), B'=J(®"), and H=H¢\J:--\UD's,, where
n=(9:9). Then
(B'|D)A, =B |6)A..
Hence, by Coro. 1 (b), we obtain [B':B],=[(B'|9)A,|A,],/][Al A]< .
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The following lemma contains the result of [6, Lemma 2].

Lemma 2. Let S be a subset of A, and ©=(S). If N is a nor-
mal subgroup of a group © then (S|H:N) =(H: (HNS)N).

Proof. Letas, €9. Since (DNS)Ne=(HDNS)sN, we have S|(HN
&)Ne =S|(HNS)aN=(S|e)N. Hence, if (HNG)No =(HNS)Jr then
S|AN=S|ONS)Re=S|(DNS)N:- = (S|-)N. This implies S|e~S|=
(mod M). Next, suppose S|o~S|z (mod N). Then S|s=(S|z)o for some
6EN, and this is equal to S|z8. Hence there exists an element ¢EJ(S)
=& such that s=¢(c8). Clearly e€EHNS, s=¢e(cd- )z and e(d:7)E
(ONS)R. Thus we obtain (PNE)Ns = (DNES)N:-. We have therefore
proved that (9: (HPNS)T)=(S[H: N).

3. The notion of reduced indices for N-groups. In [6], we intro-
duced the notion of reduced indices for N-groups of automorphisms in
division rings. Now, we shall generalize this notion to simple rings as
follows :

Definition. For an N-regular group ©, and for an N-group
containing £, we denote by [£|9.], (resp. [9,]] .],) the product
(D21 D, KT(O) LI 2 T(D1)], (resp. (D, : DKT(OD)I(DY) : I(D0)]),
which is called the right (resp. left) reduced index of $, in .. In case
[2:/]9:], =19, |l $1]; they are denoted by [9,][H:].

If §={1} then [Daf]{1}]=(Ds: IO I(H2): C], where C is the
center of A. This is the reduced order of %, which has been introduced
in [1].

For reduced indices, we have the following lemma which contains the
result of [6, Lemma 3].

Lemma 3. Let $,C9H,CD; be N-groups. Then
(@) If O, . are N-regular then
[Dsl191]r = [Ds[19:1.[D: 1| £1].
(b) If &1 is N-regular and [9:]D:],= [Ds]|D1],<<oo then
@z:'g?s-
Proof. (a): Since <{I(95)) is a normal subgroup of $; and
LIODND,=LI($,)>, we have
(Dsl191], = (£33 : DLI(D)D) [ L{Ds) 1 1(D)]-
= (D3 : QT(DIDHOLI(D5)D : DTN [T(D9) : (D)1~
= (‘?33 : '@2(K®3)>)(‘@2 . @1(1 (592)>)'
[I(Ds): I(‘bz)]r[l('@z) : I(D)]»
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= [g:’.” 'f?z] T[‘Qb?”@l] o
(b) : Note that
LI(D:) 2 (D)1= [9:]1D1]./(9:: DLI(.)D)
= [Ds]9:1,/ (DLID)D : DLID)D)
=(Ds : DLIO)D) [1(Ds) : T(D)],-
Then I(D:)=1I(9;) and (Ds: D:.(I(D)))=1. Hence H=9,
Mocreover, we have the following

Lemma 4. Let D:C9, and $,C9, be N-groups. If 9, is N-regular
and I(9:)=1(D,) then DN\D, is N-regular, [9)]9:ND],<[D.]|D17,, and
if, in addition, [DNDNDI,=[D)]D]. then £,=9.9,=09%

Proof. Since I(D:ND)=I1(D), 9:N\H, is Nregular. Clearly
(DND)KKI(D)> C DN OLI(H,)).  Conversely, if o€ HiNDKI(D:)) then
c=0=0lv), where o,€EP;, «EH, and P> I(D)); and then,
m=alv)'E9D,; whence o~ (OND)CID)>. Thus, we obtain
D:NDI(D.)) =(H:N D) I($.)). From this, the rest of our assertion
follows immediately.

4. On free dimensions and reduced indices. Firstly, we shall prove
the following

Proposition 1. Let B, be a subring of A, and B, an M-subring of
A containing B, which is a free left Bi-module with base X. 1 f O isa
sugroup of Y(B.) containing <V (B))) then

¥XSIO19NI(B],

provided we do not distinguish between two infinite cardinal numbers.

Proof. Let {fi;;1<i, j<n} be a system of matrix units of V ,(B,)
such that the centralizer of {f;;} in V,B,) is a division ring. Then B;=
23:.sBsf3; is a free left B-module with base {x.f;; € X, 1< i, 7<n}, and
A is BgA-irreducible. Then

(1) 7~ £X>(By|D: VBV ABL): ViBy)]- (Coro. 1(a))

=D : (ONI(BIKV (BN V(B): Vi(Bs)], (Lemma 2)
= [DIDNI(Bs) ]
If, in (1), we take B, and 9N\J(B.) instead of B, and $ respectively,
then
7 > [DNI(B)[|DNI(B,)],
> IONJ(B) : IONI(B,))], =,
and so
2 n'=[HDNI(B) [1DNI(By)].-

Hence, from (1) and (2), we obtain
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3) 2X>TOI0NI(B)]. (Lemma 3 (a)).

Proposition 2. Let B, be « simple subring of A, and B, an
Msubring of A containing B, If © is a subgroup of J(By) containing
KVAB)y such that DA, is dense in Vyu(By) in finite topology then

[B.: B.]:=[D9NJ(B)]~
provided we do not distinguish between two infinite cardinal numbers.
Proof. Let B; be as in the proof of Prop. 1. Then
n*[B.: B, =[(B;|D)A.: A.],
=(B3| 9D KV (BD)V.UB)) : V.(Bs)], (Lemma 1).
Hence, in our case, the equalities of (1) (as in the proof of Prop. 1) hold
for all, and so, the equality of (3) holds. This means our assertion.

Theorem 1. Let B, be a simple subring of A, and B, an M-subring
of A containing B,.. Let O, be an N-regular group, and $. an M-group
containing £,. Then

(a) [B:: Bi], > [S(BIII(B2) 1
(b) (D4 9.T- > [T : T(D)1s

provided we do not distinguish between two infinite cardinal numbers.

Proof. Our assertion (a) is a direct consequence of Prop. 1. We set
Sz:]('?:)t) (i=1, 2), and S:](&1<I($?2)>). Then

[S: 8], < (D:: DLID))) (Coro. 2).
Since $,{I(D,)) is an M-group, we have
[Si: STo=[(Si|9:<I(D:))) A1 A,/ [A] A] (Coro. 1 (b))

=[(SIKHDN) AL AL [[AIA]
=[(S:] I(@Z)I)ArlAr] r/ [A |A]
<[I('©2) : I(9))- (Note that I(9,)C V.(S)).
Therefore
[Si:S:]i=1[S::S1:[S:S:].
LI ¢ I(D) (D21 DI = [Da]1 D]

Theorem 2. Let B, be an M-regular subring of A, and B, an M-
subring of A containing B,. Let , be an M-wegular group, and .
an M-group containing 9, Then

(@) [B:: B, ] Z>[(BIIII(BI]-=L[J(F(B) : (BN (If J((B))=
B, then the equalities hold for all.),

(b)  [2l9.].>[J(®) : J(©) )= [JUTEONNITON]- (If JT @)=
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D\ then the equalities hold for all.),
provided we do not distinguish between two infinite cardinal numbers.

Proof. Clearly 3(B)), J(I(B)), J(9), and J(J(9)) (i=1,2) areall
M-regular, and moreover, J(B:)=x3(J(J(BY))), J(9)=J (I D)) (i=1,2).

Hence the theorem follows from Th. 1.

5. The regularity and duality of M-subrings and M-groups. The
following proposition contains the result of [8, Th. 1].

Proposition 3. Let B, be a simple subring of A, and B, an M-
subring of A containing B, which is left finite over B, Suppose that
Y(By) contains a subgroup O containing {V.(B.\)) such that DA, is dense
in Va(By) in finite topology. Then the following hold :

(@) Bi=JONI(B.), and Bs is regular.

Let B be an intermediate ring of B./B.
(b) If B issimple then A is a completely reducible B-A-module.
() B is an M-subring of A if and only if B is regular.

Proof. (a): We set Bi=J(®ONI(B:)). Then B,CB; SNIJ(B)=

DYNJ(B), and B, is an M-subring of A. Hence, by Poop. 2, we have
[Bs: Bi]:=[DIIONI(BI], = [DIIHNJ(B)], = [B:: Bil..

Therefore B,=B,. Then B, is regular as in the remarks (2)—(3) of §1.

(b): If { £;;} is a system of matrix units of V ,(B,) such that the cent-
ralizer of {f,;} in V.(B,) is a division ring then B;=3);;B.f:; is an M-
subring of A containing B, such that [B;: B,],<<e and A is Bs-A-irredu-
cible. Hence, in case that A is By A-irreducible, it suffices to prove our
assertion ; whence, we may assume that A is B,-A-irruducible. Let B be
a simple intermediate ring of B,/B,, and let BaA be a minimal B-A-sub-
module of A such that the composition series of BaA as A-module is of
the shortest length among minimal B-A-submodules of A. Since B, is a
simple ring by (a), there exists an element & of A such that B,bDa,
and B;b is B,isomorphc to B, under the mapping ¢:xb —> x(x E B,).
Then Homy(B,b, A)=ee'Hom,(Byb, A)CeHomg (B, A)C Hompg(Bsb, A);
and this gives ¢Homj (B, A)=Homg(B:b, A). Hence Ba|cHomz(B, A)=
Ba|Homy(B,b, A)=Hom s(Ba, A), and there follows

Ba(eHomy, (B, A))= A.

Since J(B,)A, is dense in Vy(By) by (a), there exists an element ¢*&
J(Ba)A, such that Bb|e*=¢; e*=T5a,, a.EJ(B), a.€AG=1, -, m).
Moreover, since Homy (B A)CHomnll(Bz, A)=B:|J(B)A,, by Lemma 1,
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we may write Hom,(By A)=B.| Zi-und, -, EJ(B), m,EA(j=1, -
«+», ). Therefore it follows that
A=Ba(3r.a:) Xz unlr)
=33 (Ba)a:cupA, =2 u{(Ba)ey)A.
Since u,((Ba)siz)A=u,((BaA)srs), we have
tu(Ba)s.-)A| A],<[BaA|Al..
Furthermore, as B.|cu, € Hom,(B;, A), we have that for every xEB,

uxr)=x(zuz)=(x1)(z ) = 2(1zu)=2u;, and hence,
w((Ba)a;-;)A=uyB=;)ac:;=;)A= Buac:;)A.
Therefore u,((Ba)sr;)A is 0 or an irreducible B-A-module. Thus 4 is
completely reducible as B-A-module.
(¢): Let B be an intermediate ring of B./B:.. If B is regular then
B is an M-subring of A by (b). Conversely, if B is an M-rubringof A
then B is regular by (a).

Remark 1. Let B be a subring of A, and let A be completely reducible
as B-A-module. Then A is completely reducible as B- V (B)-A-module, and
the homogeneous components of BV ,(B)-A-module A are irreducible and
non-isomorphic. Hence A is completely reducible as V,(B)-A-module.
Hence, if B=V%B) and, is a simple ring then A is an irreducible
B-V (B)-A-module, and so, V,(B) is a simple ring too (, that is, B is
regular) ([1, Th. VI. 1. 1—27).

Theorem 3. Let B,CB, be M-subrings of A such that J(§(B)))=B,
(then B, is regular) and [B:: B.li<<oo. Then an intermediate ring B
of B./B, is an M-subring of A if and only if B is regular. If the condi-
tion holds then J(J(B))=B and [B:B.,=[JIB)IIB)], Particularly
s0 s for B,

Proof. As in the remarks (2)—(3) of §1, B, is regular and
M-regular. Since (B) A, is dense in Vy(By) in finite topology, the
theorem follows from Prop. 2 and Prop. 3. (Our last assertion is too a
direct consequence of Th. 2 (a): [B.: Bil,= [IB)III(By)],=
[J(S(B2)) : J(&(B))]=[J(I(B) : Bilw.)

The following tbeorem is similar to the result of [9, Th. 3].

Theorem 4. Let B, C B, be M-subrings of A such that V(B =
Bi (then B, is regular) and [B.: Bi],<co. Then an intermediate ring B
of B./B, is an M-subring of A if and only if B is simple. If the condi-
tion holds then B is regular, Vi(B)=B, and [B: B, i=[V.(B): V.B)],.
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Particularly so is for B,

Proof. By our assumption, {V,(B))A,(=V . (B)A,) is dense in
Va (By) in finite topology. Hence, by Prop. 2, Prop. 3, and Remark 1, it
suffices to prove that V%(B)=B for every simple intermediate ring B of
B/ B,. Since Vi(B.,)= J(KV.(Bsy)))=B, (Prop.3), BCV4B)CB.. Let a be
an element of B, which is not contained in B. Then, there exists some
FEVy(B;) such that a,f> fa,. Now, let {f;;} be a system of matrix
units of V,(B,) such that the centralizer of {f;;} in V.(B,) is a division
ring. Set here B;=3),,B.f;;, Then A is ByA-irreducible. Hence, by
Lemma 1, we have Bs|Vy (B))=Bs| Vi(B.):A,DBs| Vu (Bi)=(Bs|u)A. ®--
@ (Bs|un)A, (direct sum)= Bs|f. Clearly u, €V (B)(i=1, -, n). Since
a, f>¢fa,, there exists some #; such that au;3wu;a. Thisimplies V*(B)=B5B.

Theorem 5. Let $,C9, be M-groups such that J(J(9))=9, (then O,
is regular) and [9.)19,],<<oo. Then an intermediate group O of ./
is an M-group if and only if 9 is regular. If the condition holds then
SUTON=9 and [DID],=[J(D): I Particularly sois for D

Proof. As in the remarks (2)—(3) of §1, $, is regular and M-regular.
Then, by Th. 2 (b), we have

00>[9,||9,],= [](@1) . ](?91)]1

= [ITEONNITEON], = [STEN D]

Since J(J(£.))29., it follows from Lemma 3 (b) that J(J(9,))=9.. Hence
9, isregular. Let © be an intermediate group of 9./9,. If  isan M-
group then [9]/9,],<[D:][D1],<<oo, and whence D is regular. Conversely,
suppose that $ is regular. Then J(9) is a regular intermediate ring of
J(®)/J(D,). Since J(9.)’s are M-subrings of A, J(9) is M-regular by
Th. 3. Hence 9 is an M-group. Then J(J(H) =9 and [H|H:]. =
[J(9) : J(9)]w

Corollary 3. Let £,C9, be M-groups such that J(J(D))=9. and
[9:1|D1]r<<oo, and let D, be a subgroup of O, such that ©;2I(D,)) and
J®D)=J(D,). If © is a regular intermediate group of 9./, then J(D)=
J&:ND), 17®©): ()= [£:1191,=[2N9:N D= [J(O:ND): J(E)].,
[D119.].=[DINDINDNDT,, and £,=9.9=599.

Proof. By Th. 5, we have J(J(9))=9. Since $:4, is dense in
Vo (J(92),) in finite topology and [J(9): J(9)].=[J(D): J(9)1.=[H:(19].<
oo (Th. 5), it follows from Prop. 3 that J(9)=J(2:N\IJ(D))=J(OND).
Combining this with Prop. 2 and Th, 5, we obtain our second and third
assertions. Our last assertion is a direct consequence of Lemma 4.
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Remark 2. Let B and I be M-subrings of A such that B,=V (I)
CB and I,=V(B)CI. Then B, and I, are regular, and we have the
following (a)—(c’).

(a) ':B : Bo]z= I:[ Ilw

(al) [B:B(\]r:[I: In]l,
provided we do not distinguish between two infinite dimensions.

(b) If one of (a) and (a') is of finite dimension then V3(B)=B8, ViI)
=T and, are regular.

(c) If (a) is of finite dimension then; an intermediate ring B’ of B/B,
is an M-subring of A if and only if B’ is simple (Th. 4); whence, an
intermediate ring I’ of /I, is an M-subring of A if and only if V,(I')
is simple and Vi{(I)=1"

(c) If (a’) is of finite dimension then there holds the statement which
is symmetric to (c).

In fact, as in the remark (2) of §1, B, and I, are regular. Then, by
Th. 1, we have

[B: B, i >[Vi(By): L], >[I 1],

Moreover, since I,A, is a subring of 9 which is dense in Vy (B.,L) in
finite topology, we have

[I: I&]r>[(B| Il)Ar|A1] 1'/ [A|A] ZEB H Bu]la
Combining this with Th. 4, we obtain our assertion.

6. Relative Galois correspondences. Our first result is the next
theorem which is a combination of Th. 3 and Th. 5.

Theorem 6. Let ©,C 9, be M-groups such that J(J(O)=9, and
[9:|10,<<oo. Then there exists a 1—1 dual correspondence between
regular intermediate groups of 9./9, and regular intermediate rings of
J©D/J(D.), in the sense of the following

O=J(B) © B=J(.

Remark 3. In view of Th. 3, we have the following

(i) Let BiC B, be Msubringsof A such that J((B,))=B, and
[B::B,],<<oo. Then there exists a 1—1 dual correspondence between
regular intermediate rings of B,/B, and regular intermediate groups of
X(By)/J(B.), in the sense of that B= J(D) © H=](B).

Particularly we have the following

(ii) Let B be an M-subring of A such that J(J(B))=B, and let B'
be a subring of A containing B such that V,(B)=V (B') and [B': B],<
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co, Then B’ is an M-subring, and there exists a 1—1 dual correspon-
dence between intermediate rings of B//B and intermediate groups of
J(B)/J(B"), in the sense of that B''= J('") < H'=J(B").

Lemma 5. Let SCR be subrings of A such that J(J(R)=R and,
is an M-subring of A which is an irreducible S-R-module. Then A is a
completely reducible S-A-module. If J(X(S))=S then S is a simple ring,
and [R: S],=[JS)|F(R)], provided we do not distinguish between two
infinite cardinal numbers.

Proof. Clearly A is an irreducible R-3J(R)A.-module. Let M be a
(non-zero) minimal J(R)A,-submodule of A. Then A=>:xM, and zM
=0 or isomorphic to M as (R)A,-module. Hence A is a homogeneous
completely reducible J(R)A,-module. Let M’ be a non-zero X(R)A,-sub-
module of A. Then A= M'@M" (direct sum) for some J(R)A,-submodule
M" of A, and then 1=e¢'+-e", where Oxe'e M', ¢'eM". For every
sE3(R), we have 1=1s=¢'s+e''s, e'eEM', ¢"s&M", and whence, e's
=¢'. Since J(J(R))=R, it follows that ¢'eM'MR. Thus M'N\R={0}.
If N is a non-zero S-J(R)A,-submodule of 4 then N is an J(R)A,-module,
and whence, there exists some non-zero element @ of N\ R. From this,
we have 1€R=SaRCN. Thus N=A. Therefore A is an irreducible
S-Y(R)A,-module. Let S¢A a minimal S-A-submodule of A such that the
composition series of BaA is of the shortest length among minimal S-A-
submodules of A. Then A= exmS(ac)A, and [ S(as)A|A],=[SaA|A],.
Hence A is a completely reducible S-A-module, Cleary A is an irreduci-
ble S-3(S)A,-module and, hance, is a homogeneous completely reducible
X(S)A,-module. Hence, if J(J(S))=S then S=V,(J(S)A.), which is a
simple ring, and (S)A, is dense in V4 (S;) in finite topology; then, by
Prop. 2, we have [R:S],=[J(S IR,

The following theorem contains the fundamental theorem in finite outer
Galois theory.

Theorem 7. Let © be an M-group such that J(J(9)=9, and let
D' be a group containing O such that (D) =1I(D) and (9': H)<<oo. Then
9! is an M-group, and there exists a 1—1 dual correspondence between
intermediate groups of D'/ and intermediate rings of J(D)[J(®'), in
the sense of the following

SQ”:S(B") PN B = ](@H)

Proof. By Th. 6, it suffices to prove that ' is an M-group. By
general theory of groups, there exists a normal subgroup 9t of 9’ such
that MCH and (D': N<Too. We set S=J(9), R=JNI(D)>), and Y=
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J(JOKID))). Then R is simple, RAID)HCTRCH, (D':T)<oo, J(O)
=R, J(JOW))=N, and N, is an M-group. Since N{I(P)> is a normal
subgroup of 9, Re=R for every +=9'. Hence N, is a normal subgroup
of ©' and, since J(J(R))=N, R|9’ is a finite group of automorphisms
in R which is isomorphic to the factor group of ' relative to N, If, for
€9, R|e=R|<{a) for some regular element a of A, that {a)e'EN,
C®', and so, <a)EP'¢=9". This implies <a) € [(P') = I(I,). Hence
R|<{a)>=1. Therefore R|9' is a group of outer automorphisms in R. Then,
by finite outer Galois theory, we have

(1) S is asimplering, [R:S]=(9':%), and

(2) R is anirreducible S-R-module.
However, for the reader’s convenience we include the proofs of (1)—(2).
We set §=R|9', and let & be a non-zero two-sided ideal of FR,. Then
90 contains an irreducible R,-R,-submodule M. By Lemma 1, M=qsu R,
for some ¢ § and for some non-zero ¥ R. Then %R, CWCHFR, and
w R, is R, R,-isomorphic to R,. Since % is outer, R, is a homogeneous
component of FR.. Hence #,R,=R,21, and this implies W=FR,. There-
fore §R, is a simple ring with minimum condition. Then, by general
theory of simple rings, S is simple, [R:S],;=[3R.: R,],, Homs(R, R)=
%R,, and R is S-FR,-irreducible. This contains [FR,: R}, =[Vx(S)TR, :
R,],=[Homs(R, R): R,].. Since ¥ is outer, we have 2%=[8R,:R,],=
[V(S)BR,: R1,=4F - [V(S): Va(R)] (Lemma 1), so that, [R: S],=£F=
(9:Ny) and Vi{(S) coincides with the center of R. Noting that R is a
completely reducible S-R-module, R is S-R-irreducible. This completes
the proofs of (1)—(2). Now, from (1)—(2) and Lemma 5, it follows that
(D1R], =D : N)=[R:S]=[IJ()]|9%],. Since H'CI(S), We have H'=
X(S) (Lemma 3). Hence V.(S)=I(9") and, is a simple ring. Therefore,
by Lemma 5, A is homogeneous completely reducible as S-A-module, and
so, A is S-I(9')-A-irreducible. Thus ' is an M-group.

Next, we shall present a generalization of a theorem w.r.t. centrali-

zers in central simple algebras, which is a direct consequence of Th. 4 and
Remark 2.

Theorem 8. Let B,C B, be M-subrings of A such that V(B,)=B,
and [B,:Bil,*[B,: B],<oo. Then Bi's are all simple, and there exists
a 1—1 dual correspondence between simple intermediate rings of B./B,
and simple intermediate rings of V (By)[V AB.), in the sense of the follow-
ing

B=V(I) o I=V,B.

Corollary 4. Let £,C9, be M-groups such that J(J(O.)=9; and
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(D100, [I(0,) : 1(D,)]<<oo (which is equivalent to [Dul] D11, [D:]1 9] 1< 00.)
Let © be an N-regular intermediate group of D./9.. Then V,(I(D)) is a
simple ring, and there exists a finite subset F of V (I(D)) such that
VAFINI(:)=1(D). Let {f,} be a system of matrix units of V. (I(D))
such that the centralizer of {fi;} in V(I(D)) is a division ring. If the
ring J() [F, {fis}] which is generated by F and {f} over J(D.) is
left finite over J(9)) then © is regular, and J(J(D))=9.

Proof. By Th. 5, we have I(9)=V3i(I(:)) (i=1,2). Since I(D) is
Mregular (7=1,2) and [1(D.): I(D)]).[I(D,) : I(D)], < oo, it follows from
Th. 8 that Vi(I(D))=I1(H) and V,(I(9)) is a simple ring. Hence there
exists a finite subset F of V,(I(9)) such that V (F)NI(D)=I1(D). We
set B;=](9) (i=1,2), B=J(®), Bi=JD)LF, {fi;}], and D= J(Bo).
Then B,CBCB,CB, and £,2929 2%, Now, we shall prove that if
[Bo: B)]:<<oo then N(J(9))=9 and, is regular. Since 9,299 I(D)
DOLI(O)> DD, in virtue of Th. 5 and Th. 7, it suffices to prove that 9,
is an M-group, J(J(D))=9Dy, [9:[|9].<oo, HKIH)) is regular, and (D)
= I('©0<I(“‘i))>> Clearly 3(](@0))=®n Since I(SQO):V;I(BU):VA(BI): I(S?l)
and A is I(9,) - Br-A-irreducible, A is I(9,)+ B, A-irreducible ; whence
B, isan M-subring of A, and 9, is an M-group. Hence, it follows from
Th. 3 and Th. 5 that J(£,)=B, and «=>[B,: B,],=[£. || D.),. From
VI(ON DT OLION)=BNV (IONDBLF, {fis}], JOKI®)) is a sim-
ple ring, and V.(J(DLIHH)))=1(D); whence HI(D)) is regular.

For a subring B of A, if, for each finite subset F of A, the subring
B[F] of A generated by F over B is a finitely generated left B-module
then, the ring extension A/B will be called left locally finite.

Now, in Th. 6, if, in addition, the following condition is imposed :

(L) A/ J(D.) is left locally finite,
then the conditions of Coro. 4 are fulfilled by Prop. 5 which will be proved
later. Hence, in this case, the result of Th. 6 takes the place of the next

Corollary 4'. Let D,C9, be M-groups such that J(J(D))=9, and
[9:019:1],<<oo, and let the condition (L) be satisfied. Then there exists a
1—1 dual correspondence between N-regular intermediate groups of 9./,
and regular intermediate rings of J(9.)/J(D.), in the sence of the follow-
ing

$=J(B) < B=J®)

Moreover, we have the following

Corollary 4". Let 9, be an N-regular group such that J(J())=9,
and . an M-group containing 9,. Let the condition (L) be satisfied.
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@) If [D:1] 9., <<oo then I(J(D) =9, and D, is an Mgroup Hence,
there follows the same result as in that of Coro. 4'.

(b) Let [I(D:): I(D)].<oo and J(J(0.))=9.. Then an intermediate
N-group 9 of 9,/ with T9||9,],<<co is N-regular if and only if O is
an M-group, (particularly 9, is an M-group,) whence, in this case, there
holds J(J(9))=9.

In fact, if {e;} is a system of matrix units of A such that V ({e;})
is a division ring then [J(9)[{es}]: J9)] =[O ISIO) [{ei DI,
(in the sense of Th. 2) and J(J(£.)) 2909, 2J(J(®) [{en}1). If [L:lID:].
<oo then [J(D1)[{es}]: J(9.)]:<<oo (Th. 1), whence, by Coro. 4’ and
Th. 5, 9, is an M-group and J(J($.))=9.. Our assertion (b) follows from
Prop. 4, Th. 9 and Th. 10, which will be proved later.

The situation of Coro. 4" will be contained in the next section. In
Coro. 4/, if, in particular, A is a division ring (or [9.|| {1} ]<<c0) then
we can omit the condition (L) ([6]). In view of this point, one will be led
to conjecture that the condition (L) is omitted from Coro. 4'. However,
this is an open question.

7. Applications to simple ring extensions with local finiteness.
In this section, we shall discuss the regularity of N-regular groups of auto-
morphisms in simple ring extensions with local finiteness whose extensions
contain #-Galois extensions and ¢g-Galois extensions ([3]—[10]). Moreover,
in the study, the results of §1—6 will be well applied to obtain some shar-
pening of the results of [3, Lemma 5 Lemma 6, Th. 2, Coro. 5 and
Th. 3] and [10, Th. 11, and Th. 13].

Throughout this section, B will be a subring of A. We abbreviate
V=V 4B), and H= Vi(B). Moreover, let E={¢;} be a system of matrix
units of A such that V,(E) is a division ring. For an intermediate ring
B' of A/B, if B' is regular and [V :V (B')],<{co then B’ will be called
f-regular. For a subgroup © of J(B), if O isregular and [V: [(D)], <o
then © will be called f-regular. Moreover, for a subring S of A4, if S is
an M-subring of A and J(J(S))=S then, the extension A/B will be called
ii-Galois.

Now, we shall make a remark on f-regular subrings of 4#-Galois exten-
sions which is frequently used in our subsequent consideration. This was
given mainly in the previous paper |7]. However, we include here the
proof as an application of Th. 3.

Remark 4. Let A/B be A-Galois and left locally finite. Let B’ be an
intermediate ring of A/B. Then (a) if B'CH then B’ is f-regular. (b) If
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B' is regular and [B’: B},<<oo then B’ is fregular. (c) If B' is f-regular
then B’ is M-regular, and so, J(B') is M-regular.

The proof is as follows. (a): Clearly B'=\UJ.H; where H; runs over
all the subrings of B’ finitely generated over B. Since BC H;,C H, H;
is an M-subring of A. Hence, H; is simple by Th. 3. Then, from [H;|H;]
<[A|A], one will easily see that B’ is simple. Thus B’ is f-regular. (b):
Since B’ is contained in the M-subring B'[E] of A with [B'[E]: B].<
oo, it follows from Th. 3 that co>[B/[E]: Bl,= (I(BII(B'[E])].>
[V:V(B'[E])], whence B' is fregular and, is M-regular. (c): As is
easily seen, there exists a regular intermediate ring B* of A/B such that
B*CB', [B*:B],<<co, and V,(B*)=V(B'). Then B* is M-regular as in
the proof of (b). From this, it follows that A is B’- V,(B')-A-irreducible.
Hence B' is M-regular.

Now, as in [7, p. 34], we may place the finite topology on the group
J(B). Here a basis for the neighbourhoods of +&J(B) consists of the sets
U, F)={z€J(B); Flr=F|cs), where F runs over all the (non-empty)
finite subsets of A (or subrings of A finitely generated over B). Then
J(B) is a topological group which is totally disconnected, and U(s, F) is
not only open but also closed. For a subset & of (B), we denote by &
the closure of & in the topological space J(B). If & is a subgroup of J(B)
then & is a subgroup of J(B) too. Moreover, if S is a subset of A
containing B then J(S) is a closed subgroup of J(B). Hence, for every
subset & of J(B), we have that SCI(J(€)) and J(B)=J(&).

Throughout the rest of this note, we set Hy= J(3(B)). If V is simple
then BCH,CHCA. Now, we shall prove the following

Proposition 4. Let B be M-regular, and A|B left locally finite.

(@) If © isasubgroup of J(B) then AlJ(OINH is h-Galois and
left locally finite. In particular, AJ/H and AJ/H, are h-Galois and left
locally finite.

(b) IF© is an N-regular subgroup of Y(B) with [V : [(D)],<oo then
[J(©) : J(O)INH] <eo.

(c) If © is an fregular subgroup of J(B) then AlJ(D) is h-Galois
and left locally finite, © is M-regular, and J(J(D))=9.

Proof. (a): Weset H*=J(O)N\H. Then J(§{V))=H" and, is an
M-subring of A. Hence A/H* is h-Golois. For a finite subset F of 4, we
set B'=B[E, F]. Then B' is M-regular. Hence, by Th.1, we have oo >
[B': B],>[J(B)!J(B"],. Since V=IZ(B))=KI(H*), it follows from
Lemma 4 that [JH"IIHHINJ(B)]. <. Noting that J(H*) is M-
regular, we have oo >[J(JH*NJ(B') : J(FH), > [H*[E, F]:H*],
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(Th. 1). Thus A/H* is left locally finite.

(b): Since $<V) is Mregular, it follows from Th. 1 that oo>
[XV19]-> [ J(D) : J(KVI) ] =[J(D): J(DINH]..

(c): By Remark 4, J(9) is M-regular; whence, © is M-regular and
A/ J(9) is h-Galois. Moreover, by (a) and (b), A/ J(9) is left locally finite.
Now, we shall prove that (J(9))=9. For a finite subset F of A, we
set R=J(D)[E, F]. Then J(9) and R are M-regular, and o> [R: J(9)],=
[I(J®NIIR)], (Th. 3). Hence, by Coro. 3, we have J(J(D)N=J(R)-D;
then F|J(J(9)=F|J(R)-H=F|9. This implies J(J(9))=9.

Proposition 5. Let B be M-regular, and AlB left locally finite.
If W is a simple subring of V such that [V : W],<<oco agnd Vi(W)=W
then [(W': W), =[W': W), for every intermediate ring W' of V/W.
(If W' is simple then, there holds additionally that Vi(W)N=W' and
W' is M-regular.) Moreover, if © is an N-regular subgroup of (B)
such that [V: I(9)],<oo and VII(D)=I(D) then [9D),=[DD], for
every intermediate N-group ' of J(B)/9.

Proof. For W, there exists a finite subset F of A such that V,(F)
CW. Weset S=B[E,F]. Then V,(S)CWcCW'CV, and V,S) is a
division ring. Let U be a subring of V containing V.S), and, for a
finite subset X of U, we set R=B[E, F, X]. Then, by Th. 1, we have
o>[S: B]z> [Vz(B): VR(S)]T>[VR(S)[X] : VR(S)]r: [V(S)[X]: VH(R)]/
[Va(S) : Vi(R)] = [Va(S)[X] : Ve(S)]:. This implies [S:Bl.>[U: V(S)].
=[U:V(S)],=[U:V(S)]. Hence [W': V.(S)]/[W:V.(S)]=[W'. W].
If W’ is simple then, since V and V,(S) are M-regular, it follows from
Th. 4 and Th. 8 that V3(W')=W' and, is M-regular. Our last assertion
follows from [I(D"): I(9)].=[I(H): I()], and the definition of reduced
index.

The following theorem plays important roles in our study.

Theorem 9. Let B be M-regular, and A[B left locally finite. Let
9 be a closed f-regular subgroup of J(B). If 9'is an N-regular subgroup
of (B) containing 9 such that [D'|9].<<oco then D' is closed and
fregular.

Proof. By Prop. 4, we have J(J(9)=9. Clearly HKV>D2H'DH,
and V) is fregular. Hence (V) and $ are M-regular (Prop. 4).
Since [HCVH|[D],=[HXKVD||H],<<oe (Prop. 5) and A/ () is left locally
finite (Prop. 4), it follows from Coro. 4 and Prop. 4 that 9’ is regular
and ©'=J(H(HN=9"

Now, for a group © of (ring) automorphisms in A4, if V (J(D)) is
simple and {V.(J(D)>CH then O will be called (*)-regular. Clearly, an
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N-regular group © with I(D)=V,(J(9)) is (*)regular, and conversely.
Particularly, every regular group is (¥)-regular. For a (*)-regular subgroup
D of J(B), if [V:I(D)],<co then © will be called (*)regular.

The following theorem contains the results of [3, Th. 3] and [10, Th.
11 (a)].

Theorem 10. Let B be M-regular, and A|B left locally finite. Let
O be a (*))-regular subgroup of I(B). Then

(@) © is fregular.

(b) If Wisasimple subring of V containing I1(D) such that W9
C W, then OXW) is fregular, and D{Wy={W>.

Proof. Weset 9'=3(J(9)) and £,=J(J(9)[E]). Then $'D9, and
S(J(£0)) = Do Moreover, 9 is a (*¥,)-regular subgroup of J(B) with I(H") =
I(D), and &, is a closed regular subgroup of J(B). Since co>[J(D)[E]:
HNJ(9)].= [FHNTONITOLED T > [SUTON D6 -= (91190 - (Prop.
4, and Th. 2), 9, is fregular. Hence ©' is fregular by Th. 9. Thus
J(®)=J(D") is a simple ring. Therefore $ is fregular. Next, we shall
prove our second assertion (b). From WHC W, we have WHC W.
Clearly [DXW)||D],<<oo, and H{(W) is N-regular. Hence, by Th. 9,
(W) is fregular and closed. Since J(DKWD)= J(H(WD) is simple and
W=IO<WY)=IOLW)), DWD is fregular.

The following theorem contains a sharpening of the results of [3, Th.
2] and (10, Th. 13].

Theorem 11. Let B be M-regular, and A|B left locally finite. Let
O be an N-regular subgroup of J(B). Then the following conditions are
equivalent.

(1) 9 is fregular.

2) I®Y=I9), and O contains a (*))-regular subgroup of J(B)
which is of right-finite reduced index in 9.

@) I(O)=I(D), ViI(D)=IO), and [ VH(PND)IID)] <o
for every open subgroup . of J(B).

Proof. (1)=>(3): Let  be fregular. Then, it is clear that (D)=
I(9) and Vi(I(D)=I(D). Let ; be an open subgroup of J(B). Then,
there exists a finite subset F of A such that J(B[F])C ;.. Then oo>
J(DLE, F1: J(9)],=[DIIJ®)E, F1)], (Prop. 4, and Th. 3). Hence,
by Coro. 3, we have [DIIJ(J(D)[E, FI)ND],<eco. Since J(J(D)[E, F])
CITEONNI(BIFNTOND,, it follows that J(J(D)E, F1I)ND C
PNOND=9MND. Hence [D] (DND)HD)Y],<oo. Therefore
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[DHVIONDIT O], = X VOO IONEND)UIGN], = [V I(H)],
(DI ND) IO ],< o0,

(8)=>(2): Clearly [V: I(9)],<<oo. Hence, from Vi(I(9))=I1(D),
there exists a finite subset F of V,(I(9)) such that Vi(F)=I(®). Since
OSNJIBLF) DKI®) and JENIBIFD))DF, DNJ(BLF]) is a (*p)-
regular subgroup of (B) such that I(ONJ(BLF])) = I(H). Clearly
S(BTF]) is an open subgroup of J(B). Hence [D|ONI(BIF])], <
[XVYIONJBIF])] <oo.

(2)=(1): From I(D)=I(9), » is an N-regular group. Let D, be a
*)-regular subgroup of J(B) such that $,CH and [H||Hy],<<oo. Then
9, is f-regular by Th. 10. Since H{V) is fregular, it follows from
Prop. 4 and Th. 2 that oo >[DV D], > [J(D) : J(OVI)], =
[SUTEIONS (J®@NT- = [V 190, > [D]. Dol Hence D is fregular
by Th. 9. Then, noting ID)=I®), O is fregular.

The following corollary is a direct consequence of Th, 9 and Th. 11
2=1).

Corollary 5. Let B be M-regular, and A[B left locally finite. Let
HCO' be N-regular subgroups of J(B) such that [9'|D],.<oo. If D is
fregular and if D=9 or O'=9' then ©' is fregular (and closed).

If V is finite over the center of A then there exists a finite subset
F of A such that V(F) coincides with the center of A, and moreover,
every regular (resp. (*)-regular) subgroup of J(B) is f-regular (resp. (*,)-
regular). For this case, we have the following

Corollary 6. Let B be M-regular, and A]B left locally finite. Let
V be finite over the center of A, and F a finite subset of A such that
Vi(F) coincides with the center of A. Then every subgroup of J(B[F])
is (*)-regular, and, for an N-regular subgroup O of J(B), the following
conditions are equivalent.

(1) © isregular.

@) I®=I1(9), and [DIDNI(BIFI)]<eo.

3) I(D=I(®), and (D:(ONPIKIDN)< oo for every open
subgroup D, of J(B).

Proof. Our first assertion is obvious,

(1)=(3): By Th. 11 (1=3).

(3)=>(2): By the fact that J(BIF_) is an open subgroup of J(B).

(2)=>(1): By Th. 11 (2=1).

Remark 5. Let B be Mwvregular, and A/B left locally finite. For
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an N-regular subgroup $ of I (B), we consider the following conditions
as in Th. 11.

(@) 1(D)=1I1(9).

(b) © contains a (*,)-regular subgroup of Y(B) which is of right-
finite reduced index in .

(¢) ViI(D))=I(D), and [HLVH(ONDIKI(H)>],<<oo for every open
subgroup 9; of J(B). (If V is finite over the center of A then the
condition Vi(I(9))=I(9) may be omitted.)

First, we shall show that conditions (b), (c) are equivalent.

(c)=>(b): The proof proceeds as in that of Th. 11 (3=2), and it
may be omitted.

(b)=>(c): Let 9, be a (¥*,)-regular subgroup of J(B) such that $,CH
and [D]|9Do],<<oo. Then 9, is fregular (Th. 10), and Vi(I(Dy)) =
I(D)C I(DYCV. Since J(D) is simple, we have Vi(I(D))= I(D) (Prop. 5).
Let ©: be an open subgroup of J(B). Then, by Th. 11 (1=>3), there
holds that

LDV HOMND) TS o0,
Then
[DVIIOND)HON L LXKV HUDNDIT(D) ]
= [DV DLV DL LDLV I IDNDIKI(DN 1
K[RNDo]r [De KV H1(DND) L I(D0)) ], << 00

Secondly, we shall present an example which implies that conditions
(a), (b) are independent to each other.

Example. In pp. 23—24 of [2], G. Kosthe proved that there exist a
(countably) infinite number of central and cyclic division algebras over the
rational number field @ of which the degrees are prime to each other:
{K», K K, ---}. Then each K; contains a maximal subfield M; which
is a cyclic extension over @ with the cyclic Galois group [sy] generated
by a:; where o;=M,|<{a;> for some element a; of K;,, We may suppose
that n=[M,: Q] is odd, and «} is a positive number of Q. As is well
known, K, QK & &K (tensor product) is a division ring. Hence,
the following limit

K= li_r)n Ki Qo My Qg+ Q oM,
is a division ring. The center of K is C=lim M, ®-+Q M, Clearly K/Q
is locally finite, #-Galois, and [V(Q): C]=#% As is easily seen, J(Q)
(the group of (ring) automorphisms in K) contains the following automor-
phisms
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c=1m1, e @ R s
o/ =limL@LQ -+ R O @Ln®@ -~ QL (i>1)

where 1;s are identity maps. Now, under this situation, we shall present
two types of N-regular subgroups of (@) such that one is with (a) but
not with (b), and the other one is with (b) but not with (a).
(i) Let $ be the cyclic group generated by <{a@,+1>+s . Then, asin
[6, Example]l, © is an N-regular subgroup of J(Q) which is closed
but not regular. Hence © satisfies (a) but not satisfies (b).
(ii) We set )
l':<ao> co, T=\UL [‘71’] oorree [O's,] ,
H=["1-2, and H,=[-]-T .

Then, since ¥ is a group of outer automorphisms of finite orders which
commutes with outer automorphisms ”*(m=£0) of infinite orders, it follows
that £, C 9, are groups, (£.:9)=n<<oce, ID)=I(9.)=C, 9, is regular,
and 9, is N-regular; however, 8.0 T 306, and whence O, 36 1={a:
thus, we obtain 7(9,)3C=1I1(9.).

REFERENCES

[1] N. JacoBsoN: Structure of rings, Providence (1956).

[2] G. Korue: Schiefksrper unendlichen Ranges tiber dem Zentrum, Math. Ann., 105
(1931), 14—39.

[3] T. Nacasara: On Galois conditions and Galois groups of simple rings, Trans. Amer.
Math. Soc., 116 (1965), 417—434.

[4] T. NAGAHARA: Quasi-Galois extensions of simple rings, Math. J. Okayama Univ., 12
(1966), 107 —146.

[57 T. NacaHARA: Supplements to the previcus paper “Quasi-Galois extensions of simple
rings”, Math. J. Okayama Univ., 12 (1866), 159—166.

[6] T. Nacauara: On N-grcups of automorphisms in division rings, Math. J. Okayama
Univ., 13 (1967), 29—34.

[7] T.NacarARA and H. TomiNaGA: On Galois theory of simple rings, Math. J. Okayama
Univ., 11 (1963), 79—117.

[8] T.NacanArRA and H. ToMINAGA : Some theorems on Galois theory of simple rings, J.
Fac. Sci. Hokkaido Univ., Ser. I. 17 (1963), 1—13.

[9] H. Tominaca: On Nagahara's theorem, J. Fac. Sci. Hokkaido univ., Ser I, 18 (1965),
153—157.

[10] H. TominaGa: On q-Galoiz extensions of simple rings. Nagoya Math. J., 27 (1966),
485—507.

DEPARTMENT OF MATHEMATICS,
OKAYAMA UNIVERSITY

(Received June 1. 1968)



