ON ISOMETRIES IN AN AFFINE SYMMETRIC
SPACE

KENJT HOKAMA

In this paper we deal with the group of affine transformations in an
affine symmetric space with an indefinite metric and an affine connection.
An affine transformation is defined to be a transformation which keeps the
connection invariant in the sense of K. Nomizu [21*. We prove in the
paper that every affine transformation is isometric and the group of all
isometric transformations has a finite number of components. Our results
are applicable to the case of non-compact Riemannian symmetric space,
since our case is non-compact and pseudo-Riemannian.

§1. We explain some preliminary concepts and prove a lemma neces-
sary for the later. Let G/H be an affine symmetric space i. e. there exists
an involutive automorphism Y of G whose fixed point set Hs contains H
and its connected component of the identity (Hs), is contained in H. We
always assume that G is a connected semi-simple Lie group and each ele-
ment of G acts on G/H left and effectively. We denote by & and © the
Lie algebra of G and H respectively and by & the differential of 3.
According to the eigenvalues +1 and —1 of &, ® is decomposed into &=
9+ M, and as usually M is identified to the tangent space of G/H at the
origin p, (=H). Let p be the Killing form of &. Then its restriction to I
gives rise to an invariant indefinite metric of G/H. We denote this metric
by g for the simplicity of the notation.

According to K. Nomizu [2] and A. Lichnerovichz [3], if G/H is
effective, then the connected component of the identity of the affine trans-
formation group of G/H coincides with G. Next we prove the following

Lemma. Inthe decomposition @ = L+M, the number of involutive
automorphisms, such that their restrictions to O are identity, is finite.

Proof. Let A be an involutive automorphism as said in the lemma.
Since M is the orthogonal complement of $ with respect to the Killing
form ;2 and § is invariant under A, 9 is also invariant under A. By
virtue of the assumption we have a decomposition 9 =M., + WM_, accord-
ing to eigenvales +1 and —1 of A. We then have

[Hyma]ci.,, [H, M JCW_,, (M., M_;] =0,
From this relations it is easily seen that [9R,,, 9..] +9M,, and [M_,,

*) The numbers of bracyets refer to the references at the end of the paper.
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M_,]+I_, are ideals of & and ([Pyy, V] +DL)N (Mo, M, ]+Dy)
is an ideals of ® contained in . On the other hand, by the assumption
G/ H is effective. Hence this ideal is zero. As we see in [2], [T, W] =9,
we thus get

G = (l—_le, SJR.H] +9M.,) (‘B ([‘.DL], m—l] +9—R—1)'

The direct decomposition of & into s-invariant ideals is finite in number.
Since © is semi-simple, each of the above two ideals is expressed as a direct
sum of simple ideals and further since the automorphism A is determined
by such decomposition, the lemma is proved.

As we stated before the purpose of the paper is to prove the following

Theorem. Let G be a connected semi-simple Lie group and G/H an
effective affine symmetric space with a pseudo-Riemaennian metric and
the connection induced from its metric. Then the group of all affine
transformations of G/H coincides with that of all isometries. Moreover
the number of components of this group is finite.

We conveniently divide the proof into two parts. The first part is
proved in § 2 and the later in §3.

§2. Let A (= A(G/H)) be the group of all affine transformations of
G/H and A,(= A, (G/H)) its connected component of the identity. We
define a homomorphism # from A into Axt(A,), the group of automorph-
isms, in such a way that ¢(a)()=a 247}, ac A, xe A,. The homomorph-
ism # induces a homomorphism 0:

Al A,—> Aut (A))] Int (A,).

As stated in §1, we can assume A,=G. To prove the theorem we study
the kernel and the image of &.

1). The kernel of &.
At first we put
B={«|lacA and ax = za for any xeA,!.

We further denote {a(p.)| « e B} by B(p,) where p.=H. If a(p,) =k -H,
then a(g+«H) =g+ k- H, that is, the transformation « is completely de-
termined by the image point «(p,). Therefore the set B(p,) and B is in 1-1
correspondence. Let A(p,) be the set of fixed points of the isotropy sub-
group H, then we can easily see B(p,) CA(p,). Let K be the normalizer
of H in G. We then see A(p,) =K/H. For any k-H ¢ A(p,) we define a
diffeomorphism o of G/H by a(g-H)=g+k+H (g ¢ G). « is commutative
with any element of A4,, since for any element x=-(/) ¢ A,, / ¢ G we obtain

ax(g-H) = a(l-g*H)=1-g-k-H = z2(g-H).

Next we show that « is an isometry of G/H. In fact. from % ¢ K, it follows
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that Ad(%)H = 9 and M is the orthogonal complement of $ with respect
to the Killing form p, hence we see Ad(k)M =M and
te-n(daX, da¥)=u(d(k7) daX, d-(k"")daY)
= Ad(EHX, Ad(EY)
=X, Y) for X, Yedn
i.e. « is isometric. Since an isometric transformation is affine, a ¢ B and
k-HeB(p,) and therefore A(p,) = B(p,). From the above the corre-

spondence: k-H —> ' is an isomorphism of K/H onto B. On the other
hand we have

A7 (Int(A,)) = B- A,.

In fact, if oo ¢ @7'(Int(A,)) there exists an element «, of A, such that 8(a)=
6(a,). Then a; '+ ¢ B and o ¢ B- A,. We thus see that 0~ *(Inf(A,)) consists
of isometries.

2). The image of &.

Now consider an automorphism ¢ of A, (= G) such that {(H)CH and
define a diffeomorphism « of G/H by a(g-H) =¢(g)- H, ge G. For any
element x =:(/) (/ ¢ G) of A,,

axa (g -H) = ax(g) H) = a{l-£(g)-H)
=t(0)-g-H=<(tD)g-H.
It follows from this that axa™ =:(£(?)). We further see that « is an iso-
metry and 8(a)=¢, in fact
pdaX, daY) = pdX, dtY)
=u(X, Y) for X, Yen,
because of d{(P)=M.

Next choose an element a ¢ A, a(p,) =p. from a class of A/A,, if we

put 9(a)=¢, ara'=:(£()) where x=:(/) ¢ A,, ¢ G. For any heH we see
¢ H=a-(ha** H=aq--(h)-H=a-H| H.

Hence we have {(H)=H. From these facts #(A/A,) consists of the
classes of Aut(A,)/Int(A,) such that each of these classes contains an
aatomorphism &, such that {(H)DH. If we denote by Aut(G: H) the
group of automorphisms of G which preserve H. We then get

p=[Img 6 :1] = [Aut(G: H): Ints(K)),

where Infs( K) means the subgroup of Ixnt(G) by elements of K. We can
now conclude that the affine transformation group coincides with the iso-
metric transformation group because the kernel of 6 consists of isometries
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and an image § by & is also an image of an isometry . This proves the
first part of the theorem.

§3. We now prove the later part of the theorem. By the assumption
G is semi-simple and then Au#(G)/Int(G) is a finite group [4]. This
implies pz<<oo. On the other hand we can see from the facts said in §2
that ker&=0""(Iut(A,))/ Av=B/ B, where B,=BM\A,. We put »=[B: B,].
In order to prove that the number of components of A is finite, it is suf-
ficient to show v <Coe.

Let Z be the center of G and put H= H-Z, H'=H'-Z where
H'= KMHs. On the other hand H/H~ B, under the isomorphism k-H—>
«~', Thus we have

B/B,~ K/H/ﬁ/H ~ K/H
v=[K: H] [H': H].

It is easy to see [I;": }}]g[H\;: H)] and we can see from [1] [ Hz: HI<
oo, Hence it is sufficient to prove [K: H'] << oo,

We can assume that G is an adjoint group. In fact, let G=G/Z, H
=H-Z|/Z=H/Z, then G/H is an effective affine symmetric space. If K
is the normalizer of H in G, then

v=[K: Hl=[K/Z: HIZ\L[K'/Z: H]Z] = %,

where K’ is a suitable subgroup of G such that K’/Z =K. Under this
assumption, we put 2 7'-> (k) =a for any ke K. Since K is >l-invariant,
@ ¢ K and 3)(a)=¢"! and it is clear that Ad(e)/$=id. and Ad(a)I =M.

Operating >} on the both sides of

alexptx)a ' = exptAd(a) X for xe,

we have a Nexp tX)a = exp tAd (@) X. Since a VexptX)a=-exp Ad (a™)X,
we get Ad{(a )X = Ad(a)X which implies Ad(e)’=id. By virtue of the
lemma the number of such elements « is finite. We denote these elements
by g1, g2, ***, gi. If the element ¢ is identical with some g;,, we have
k1 33(k") = g, for some element k'¢ K, then k- k~'=3(k'+%£"") and hence
ke HsN\K=H' Thus wesee k'-H'=k-H' and [K: H']<]. The last
part of the theorem follows from this.

Example: For SL(2n, R)/S,(#, R) it is easy to see

fn=cven, v=2 and p=2,
ifn=o0dd, v=1 and p=4.
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