ON GEODESIC COORDINATES IN FINSLER SPACES
TOMINOSUKE OTSUKI

§ 1. Introduction.
Let V. be an n-dimensional Riemann space whose line element ds
is given by

ds® = g(x)dx'dx’ (1)

in local coordinates (x%). As is well known, the coordinates are called
geodesic along a geodesic arc y: x' =x'(s), 0 s </, if the Christoffel’s
symbols made by g, vanish on y. If (x') are geodesic along y, then

xs) =x4+a's, gux)a'a’=1

and any contravariant vector field with constant components defined on
v is parallel displaced along 7.
If we take a coordinate transformation such that

x=xi+ax* + ax, «=12,...,n—1,
g‘U(xO) a{a,{=8x,x, 2,]1';1, 2, vy Ny d,f:a‘,

then the coordinates (%'} are also geodesic along 7, y is written in the
coordinates as

2 =0, a=12..., n—1,

) 0<s<!

RI Ry

f
%

and
gu(f (s)) = 6(J~

From this consideration, we can define a unique geodesic coordinate
system along a geodesic arc y which has no self-intersecting points, for
a field of orthogonal frames (x(s), e(s),...,e.(s)), 0<s <! defined on
7, such that each ei(s) is paralled displaced along y and e,(s) is the
tangent unit vector to y at x(s), as follows.

For any point x(s) €y and any tangent unit vector to V, at x(s)
orthogonal to y, 33511 €4(s) b*, let y(b% s) defined by the equation x =
x(t; b% s) be the geodesic through x(s) and tangent to the vector, where
! is arc-length measured on the geodesic from the point x(s). Now, if we
put
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u" = b u"=s,

(#',..., #") become a local coordinate system in a suitable neighborhood
of y. For the coordinates (#'), we have clearly
gU(O,.--, O, u")=3;;, (2)
I'%0,..., 0,2 =0 (3)

since (x(s), e(s), ..., e.(s)) is a parallel displaced orthogonal frame along
y. Furthermore, we have

1ha()uuP =0 (4)

and
rie©0,..., 0, 20=0 (5)

since #® =50, u" =s are geodesics.

In the following, we will show that we can also define coordinates (z')
as above mentioned in Finsler spaces but they are essentially different
from the ones in Riemann spaces.

§ 2. Induced coordinates along geodesic arcs
We will use the notations and the equations in E. Cartan’s book [1].
Let F, be an n-dimensional Finsler space whose line element ds is geven
by
ds = L(x*, dx") (6)

in local coordinates (x*). Let y:x'=2x's),0<_s<{l, be a geodesic arc
in F,, then the tangent unit vector e.(s) of y is parallel displaced along
r- Let (x(s), es),...,e.s)) be a frame defined on y, such that e,(s)
are parallel displaced along y and orthogonal each other with respect to
the direction element (x(s), e.(s)), e.(s) =(dx'(s)/ds). We denote the space
of tangent directions of F, by S. For a direction element (x°, ™), the
metric tensor of F, is defned by

F(x, x') F=

ax'9x7 L (7

g‘)(xr x,) =

If (a}) are the components of e\(0) with respect to the tangent vectors
8/0x', we have by the above assumption

g%l @) arai= . (8)
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By means of the properties of the Euclidean connection defined by E.
Cartan [1] and j; being a geodesic, such constructions of frames are

admissible. .
According to [1], in local coordinates (x’), putting

I‘fj(x, x") =gk"(x, x") Lg%, x7)

1 agi,,_ 6g;u G‘g,_,) oG” ~ oG”
= — + + G r - r
Fos=5Gx T ox o2 ur g Crir

Cin = 1 6gij _ 1 6'F
T2 5™ T 2 bxlox'ox™
. o°F oF
G =g" Gn 2G, ax"™ox* - ax™’

the Euclidean connection of F, is given by the Pfaffian forms

w{ = (x xNdx" + C n(x x') dx'
(—N%0M+&MMWL
where
r tjn =g *r ':km r :kn = [y — Curr ’G‘Gm

sjn = Lcijn,
=Dl I*=x"{L(x, x").

For the sake of simplicity, we suppose that F, is analytic.

Ciu(x, x')x'™ = 0, the equations of deodesics are

'zt s, dx) dx’ dx* _
ds® ds’ ds ds
From this, we get inductively
d’x! dx dx’ dx’»
ds® +I“,l J(x,ds dS ....'d—s—o
P=2,30\.....
where 7., ., aredefined by
- 1 ST CZA TR T o SRR Yo )
[ e (p+1)| 61“—]5’”{ ax””ﬂ,‘ - axjm y 0x'p+1

=l 35 ,[‘J':,;,,”}

(9)

(10)

(11)

(12)

(13)

(14)

Since

(15)

(16)
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and &,,, is the permutation group which operates on the indexes 1, 2,
ey p1 of Fiuenn, Fpate

Now, a vector field »' 6/ix' defined on y which is parallel displaced
along y with respect to its direction element (x'(s), dx'(s)/ds), is given
by

dyl *f dx J dxk
— - {x, ==)y =~ =0, 17
ds | r}k(x, dS )J’ ds ( )
From this we get inductively
"yt . ap dx, ,dx" dx'n
== . e e =0,
g5+ Minen, B g0 58 ds
m=12,....
where we put
M_‘]l: = I‘jik ’
k ::—1———- N g {a ';kl"'km . aAd’fi‘;l“"‘m ";Glh
B L TR (’n+ 1) ! @m-ﬂao’ 6xb"”‘1 axm 6x'k7"+]
- Mikl""‘)n[‘j;:vn*-l -—m Mjh’kl"'km—l[":::lkm-i-l} (18)

We can easily verify the relation

1
*i — {
. Fk]...lcm —m@mz; aMch...Icm
From the above assumption, y is given, near the point (x3), by the
equations

o »
E(s) = xb+sat — 320, (%, @) @' .. ads (20)

p=2 P!

a = at,

Furthermore, the components of 7. of e, are

i

70(8) = a@u— D1~ MYy i (%, a)aid. .. a". (21)

S
mml M

Lastly, the geodesic y(b”,s) through the point (£'(s)) at which
the tangent vector is

i
:;Tx =59 =5, (") #0), (22)
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is given, near the point (£'(s)), by the equations

xE=Es) |ty — %’F I (ES), )t Loyt (23)
If we put
u” = b"t,

the above equations (23) are written as

xt '—E (s) + T.; (S)u"— ll -F [‘ edyp (Eh 3), S)MB)

X7“1(S) . 7;,’;(3) u*... u'r (24)

In a sufficiently small neighborhood of 7, w,..., u*', s=u" be-
come a coordinate system of F,, which is uniquely determined by the
Sframe (x(s), e(s),...,e.s)). Wecall it the induced coordinate system
from the parallel displaced orthogonal frame along the geodesic arc y.
We shall investigate the differentiability class of such coordinate system
in the following.

For ¢540, the coordinate system is analytic and we have from (24)

oxt = 1 0[";‘
DLy gty i) (25)
-0y
a?xt o 1 = j
oo = T 2 pT {W (& gy
61
+p *’—Ml—xﬁc‘”—' E, Pigans +apay’. gl
+P(p 1} Fhkjl jp_.(f, 77:7}’&;71&_ . 7;jp-2} (26)

ox_ e oo 1 (00, et O, 07,
os  ds s = p! ox" ds ax™ @s /Y
07 _;

-'_p[ iyeedpy 5SL e 7/"’"_]} (27)
6‘3x‘ _ gﬁ B = L{(G-‘F dp di 61“;‘;.,,1” 67/
tu"cs ~ ds 1= p! \\ 8x%ex" T ds ' 9xox™ Y T as

vk
01',...5, %) gt

ox™ ds
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’)

g (Lt B o

xn dS Ox'h 77“7/ . 7/ pr—1
ory oy L 07" d-qﬁ
+p W”I ‘/‘” 5 771 r—-l+p[‘;jl pﬁ]a—vh_ . 7711,_1
" ot
+ p(p—l)r,l‘,,,]__,p_zé g n e z;jp—Z} (28)
Hence we get
i ory ol
—lim aupa @ = ( (a 7% 6x’.’ll.k x!! +
[ o Ay
+ ; axm;l;:m x/j,x'fz)(x(‘,, ab¥)akas (29)

which depends generally on (b%) %= (0). If this quantity is independent
of (b*), the coordinate system is of class C® on its domain of definition.

Now, we get from [, x”—gcf,c and [1, (XV)]
ar LAY 1 -
n24
= Zi;"‘—co?x"' = :}; = A‘khlj v (30

and

i v P
_._[__ 13 __ a 6[“1"2 xljl x’jg—- 01 hjy x,jz
ax"‘dx”‘x hgth= ox™\ ox"* ox'%

= 6 m(A Jok1 J lj)x"’ Aim‘ul

Since we have [%; = 45— 10, and Il'; = 0, the right hand side is written
as

= (A5, U)n 12— Al s V

= Al gyun P VP2 — Al U
Now we have
Ayt gyundil2 = g"Ayper s un Pil%
Putting
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6'F ,8Cin

Aum Z% L oxrexonmoxn® = L' 5z B1)
we get
Acpie = Aignr + Aipndsc (32)
Then we have
Ay m = {2000 _ 2AmBC _ g1,
— Al — Al T} 1
- {L a%‘!é% -1 aié';":’ gf ~ Ausas G
— Al 5= Ay i = Aunes U5} 17
— A,u‘;j‘:,;f‘ x™— A,,k%?‘j’” 2™ — A, g; ‘:’:;J"" X"
= (Anzrsim — AsmsAisin— AweBrgim— AnsAij i) 1™
Making use of (32), this equation is written as
Aiimip ™ = (Avis i+ Ay by — A4l m
— A Aby ) — A ALy ™ (33)
From the equations above we get easily
Ajztk AT = Amu2. jlljlljz- (34)
On the other hand, we have from (32)
Aplt = —Aip, (35)
hence
Ay P2 = — Al 510
By virtue of these equations, we obtain
g,—{%;% x"x'e = Ailctuz: jlljll""l — Ak = —2A%, s, (36)

hence
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* ® a*ry
s (o SRy e
= [‘7,‘,5 + Ainku lj . (37)

By means of this relation, we get lastly

2.4 .
—lim a—zf,,;‘um« = (M + Al V), aip)azag (38)

In order that the above quantity is independent of (b*) = (0), it is
sufficient that

(& (I + Al 1’)) (x5, aibalatay = 0. (39)

If the condition hold good for any geodesic arc of F, and 2> 4, it
follows that

9
ox’’

0 m n
=L'é?3 F?:k+A‘kalnanl +A!nk|J—AtMlml l,=0.

L [“;,,ik‘*—(A;l,klm lm)lj

By (33) and [1, (44)], we get
A‘hk Tmig lm = - ZA“)Amk | mlm + gﬂAmk‘ 1m i Jlm

hence
L2 I (A nd™y =
axu nk Rk | m! |1
= A;u & A}wu r g""A;.,wlm - A):aAlc"J |m m— Ak'IAhfjlm "
+ Al:kAa{j im lm - 2AujALM:1mlm (40)

+ A‘hkjlm lm —_ AahlaA‘djl " lm . AiakAsh.jlm Im . Ai)uAslcj " lm + Aiuk P
We define a tensor of F,

Mjhb = A s+ Aim Tha Ai;u 1e—2 (A(sJA-shfcl w A‘.mAsmn m (41)
+ A‘akA’jn l W™ — g‘"‘Aw tm + A‘m | md™ ’

which is symmetric with respect to j, s, k. Thus we obtain the following
theorem.

Theorem 1. In an n-diemensional Finsler space, in order thal
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any induced coordinate system along each geodesic arc is of class
C:, it is necessary and sufficient that the temsor M'y; vanishes
everywhere (1> 4).

§3. V.(E) and geodesic coordinates.
For a given field £ of tangent directions defined on a domain of F,,
we obtain there a Riemann space V.(F) whose metric tensor g;;(x) is

gu(x) = gifx", (pk(x)) (42)

in local coordinates (x') where ¢*(x) represents £ at the point (x°).
Since we have

ag_u_—. r~
’5x_j"_[ihj+rhlj

7] 0
= 0ng+ f,’: aﬁ,—[(nj +rhlj+zcihka 5

the parameters /") of the connection of Levi-Civita of V,.(§) are by
means of (9), (10), (13)

. (0G* aG* | a¢*
! ‘M—I"mj‘*‘ Cuu.( nt ax’) Cﬁ*’“(ax" + - )

oxt
aG* 0
— Cise (m + azh (43)

where x'* in the right hand side are ¢'(x).

Now, we assume that for a given geodesic arc y:x'=x'(s) of F, in
the domain of definition of V,.(£), the tangent directions of y are ele-
ments of £, that is

) — 42
qo(x(S))—dS, 0ls<I.

Then we get from (43) on »

dx'dx’ ( dx) dx* dx’

s ds ds ~ Iis (% *ds/) ds ds -

Hence we have

Theorem 2. For a field £ of tangent directions of F, which
contains the tangent directions of a given curve C, C is simulia-
neously a geodesic arc in F, and V,(¥).
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Now, if C is a geodesic arc, then we haveon C=7

aG' | dx’  d’x' . (. dx\dx’dx*
(ax1T~ ds = dst T1n ( ds)ds ds =0
and
- dx’ G
LY BT Y »

Furthermore, we assume that the field £ is transversal to a family of
hyper surfaces f(x) = constant.
By the assumption, we get

Fuf0)g2) = o) L2, (45)
from which
J ~2 8 ~
(%2 +263 xl¢’+g~ - a:‘éic’“ M 5;%"%9%
hence

~ . o¢’ o’ ap @
P+ Py’ + 8 3= p sl + 3l O

Along y, we get by (44)

m . dx’ 090 BG‘)_ *f 18p dx'
&" I'ni g +( T axn) =P 6x"‘dx"g p 0x* ds

Putting the relations into (43), we have the relation

o'f dx”‘)

I_‘m;=1‘7n,~+ C"‘k("ax“ax’ ]m; ds

) o*f . dx o*f dx”
+Cn' (“’axkax‘ e g ) N C"k("'ax"ax BTy ds ) (46)

on y. If f isalinear function of x',..., x* or more generally a func-
tion such that 8°f/@x'ax’ vanish along j, we have

G'” dax"
ds

+ Cf e ‘fj‘s 47)

ax™

v 0 Ep
! thy = r'lh} Cmm - Cm B my 3 T c;n Yy _—ds

and
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= . —,. dx* o dX™ e dx”
Ding = 1'ing = Cinnd 75 ds + Cu'T L + Cﬁfl fmi —dx_s
— Cf T omn ‘1;? (48)

Thus we obtain the following theorem.

Theorem 3. For a given geodesic arc y, a family of hypersur-
Sfaces f = constant transversal to y such that &* f]6x'cx’ =0 along y
and a field £ of tangent directions of F, transversal to the hyper-
surfaces defined on a neighborhood of y, if the coordinates (x') are
geodesic along y in the Riemann space V,(£), then ['j(x, ¢(x)) and
I'5%(x, ¢(x)) vanish along y, the converse is also true.

Remark. We have assume that F, is analytic, but the theorems in
the present paper will hold good if F, have a suitable differentiability.
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