ON EXTENSIONS OF LIE GROUP, TRANSFOMATION
GROUP AND FIBRE BUNDLE

Yosnrnmo TASHIRO

In a series of his Notes [2, 3] on extensions [prolongements in
French], C. Ehresmann has given a new view point of differential geo-
metry of higher order. The purpose of the present Note is to show some
theorems on extensions of Lie groups, transformation groups and fibre
bundles from the view point.

In §1, we shall give preliminaries and a lemma. In §2, we shall
show that the extension of a Lie group is also a Lie group, and establish
a formula on the first extended group, which is due to Prof. T. Otsuki.
In §3, we shall consider the extension of a transformation group and
prove a theorem on effectiveness. In §4, we clear up the relation
between the extensions of a fibre bundle and its associated principal
bundle, and at the end of the paragraph we introduce the vertical exten-
sion of a bundle, which plays important roles in several places of differ-
ential geometry,

§1. Preliminaries. We take C'spaces X and ¥). If there is a
local C*map f:%,x—%,y, then we denote by 7i(f) the 7r-jet (r <)
with source x and butt y. If R* is a %-dimensional euclidean space
and f is a local map R*, 0 — X, x, then the 7-jet X =j5(f) is called a
k-spread [vitesse] at x.

Let ¥ be a C"space of dimension #. The space of k"-spreads at a
point x € X is denoted by 7i(X, x) and the union xe\éTZ(i, %) by TQE),

which we shall call the k™-exfension [prolongement]| of the space X. The
kr-extension Ti(X) has a bundle structure

l’:(?’) ';.ky 2;) P: ¢1)

with fibre ¥;,= Ti(R*, 0), structure group ;=1L projection p and
family of coordinate functions ¢". Ti(X) is a space of class C*”, and,
with respect to a local coordinate system, an element X & THZX) can be
represented by
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i=1,...,mn,

X =(x, X)‘tl, X}\t,tg,---,X}‘ij---ir) i=1,...,k

In the particular case 2=7=1, 1'-spreads are ordinary tangent

vectors and 71X) = Ti(X) is equivalent to the bundle of tangent vectors
of ¥ [1].

If 6 isa C-mapping X — 9, then the 7-jet j3(6) induces a mapping
0% T, %) —» Tr(D,y), y==6(x), and 65 = j7(9) defines a bundle homo-
morphism of class C7: TiX) — Ti¥). That is, the commutativity
f#op=gqe 6% holds in the diagramm

0%
THX) — T

| |

xr — 9

0% is called the 7-extended map of 6.

In the case k=7 =1, the 1-extended map 04 = 6% is the ordinary
induced map of the tangent space T(X) into 7Y(9) [1]. If with respect
to local coordinate systems (x*) in X and (y*) in %), the mapping 6 is
represented by functions y*=6*(x*), then the induced map 64, at x is
represented by

vy (O A
vy = (Z5) X\, Xe TE %)
ox“ Ed
We can easily obtain TH(XXY) = TiX)x T49).
Now we consider three C*-spaces %, ¥ and B and a C-map
9:%%x9, (x,9) — 3, 2
For a fixed point x € X, we define a map
0.:9—3 by 6.(y)=06(x, y),
and similarly, for a fixed point y =9,
6,:¥—>3 by 6,(x) = a(x, .
Then there give rise to three r-extended maps

0%: TiE)YX THY) » TiR),
04 THD) — Ti3B),
05 TUX) — THB).
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Denoting the natural projections by
p: TiX) — X q: T -, r: Ti3)— 3,

the commutativity

r(0x X, Y)) =0(p(X), q(Y))

holds.
By means of local coordinate systems, we can have

Lemma. In thecase k=7=1,

0*()((X), 'Y(y)) = 01;*( Y) -+ 07*( X)o

§2. k"-extended group. In place of three manifolds X, ¥, B and
a map at the end of §1, we now take a Lie group & and the composition
law of the group 6:8x8— &. As usual we write gg' =¢é(g, g').
Then the maps 6. and 4, turn to the left and right translations. For
distinction between them, the left translation will be denoted by 4,

while the right one by p,, g €G.

We consider the £™-extension TH®) of & as an analytic space, and
denote by Li(®) the space T, e) at the neutral element e of . Then
TH®) is identified with the product &x Li((8) by the identification

G=(g E)
where G € Ti(®, g) and we have put
E =(6,)4G) = LiUG).
The composition law # induces the r-extended map
6%: TH®)X Ti®) > TuUOS).

From definitions, for

G =ji;) = (g, E), 2R 05 @, g,
G'=ji")=(E), +:R0-6,g

15

the image 64(G’, G), denoted sometimes by G’'G, is given by
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GG = 7'3(7‘”) — (grg’ E™,

where ¢, defined by ;"(z) = ;" (a)y(u), u €N, is a map R, 0O, g'g
and E' = (8g¢ )07,

The k"-spread of the constant map R* — e, which will be indicated
by e too, gives a left and right neutral element, i. e.,

eG=Ge=G for any G & TH®).

Moreover, for an element G & Ti(®), the inverse element G™' is given
by

=juy) = (g7, E)
where F(u)=(;@)):R,0->E, g7 and E =ji6,7). Thus we have
Theorem 1. The k-extension Ti®) of a Lie group © is a Lie

group with the r-extended map 6% as composition law. We call it the
k-extended group of O,

In the case B=7r=1, L(®)=L{(O) is homeomorphic to the Lie
algebra of &, Taking account of Lemma in §1, we have formula

. GeTG, g),
G’G = ﬁ*(G'. (_7) = Bgl*(G) + pg*(G,) Gl e T(@, g’)’
the right hand side of which is equal to

00:*((1‘) + Pg*(G') = 00!* ° gg*(E) + Pq* e 001*(E’)
= 0gx © Ogx( E -+ 047" © pou( EN)
= 0y E +ad(g™ E’).

Consequently,

Theorem 2. The multiplication law of the first extended group
T(®) =X L(®) is explicitly given by

(g', E") (g, E)=(g'g, E+ad(g™)E".

The neutral element is (e, 0) and the inverse of an element (g, E) is
(g7, —ad(g)E).
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§3. Extension of transformation group. Now let & be a Lie
group, ¥ a C'space and - a map

z: G xYPY-A.

We write sometimes g(y) for z(g,y). It is said that & C“operates
effectively on ¥ and r is the operation law, if the following properties
are satisfied :

i) = isofclass C' in g and y,

ii) for any g€ ®, ¢, is an automorphism of %,

iii) (transitivity) for any g,g'€® and any y= 9,

=(g', (g, y)=<(i(g', g), »),
or
2'(gy) =(g'g)y.

iv) (effectiveness) z(g, y)=y holds for every y =9 if and only
if g=e.

From the transitivity iii), it is observed that the mappings z,: ) —
D, 7,:® — P satisfy relations

Ty © Tg = Togy
Te o Ty =1y Op,

fr"(v) =Ty° Pa -

We now prove the following

Theorem 3. If @ Lie group & C'-operates effectively on a space
9, then the k'-extended group Ti®) C-operates effectively on the
".extension TuD).

The fact that Ti(®) C*"-operates on TiJ)) follows from the com-
position of 7-jets. The effectiveness is proved as follows: If (G, Y)=
Y for any point Y = Ti(¥), then, denoting the natural projections
p: Ti®)—® and g: T — Y,

(p(G), ¢Y)) =gq(z:UG, Y)) = g(Y)

holds for any point y =¢q(Y)E?). Hence, by effectiveness of ® on 9,
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p(G) should be identical with the neutral element e of &. We may
therefore confine ourselves to a neighborhood of e in & and that of any
point y in ¥ with local coordinate systems (g®) and (y*) respectively.
Taking a coorinate system (#!) in ¥, G& L{®) has local coordinates
(e®, Gf, -+, Gi....:) and Y has (y* Y% -, Yt....). The first set
(r =1) of local coordinates of Y'=17,(G, Y) is related to those of G
and Y by the equations

’ 67“ @ a‘\'-'”. )
&= (Em)e.v(n + W)e.y Y.

If these equations replaced for Y'i by YV hold for any Y%, we have

(g—;:,)e,ycf =0.

The effectiveness of group & on 9) implies the essentiality of the para-
meter g° in transformation functions <*(g® ), and therefore Ei(y) =
(g?r:)c,y are linearly independent with constant coefficients. Since GY
are independent of y, we have Gi=0. By induction on 7, we can see
that £3(y)G"%,.... = 0 should hold and therefore all G%,...: vanish.

It is finally concluded that G is (e, 0) =e.

§4. kK -extended bundle. We now consider a fibre bundle B(¥X, 9,
®, 7, @) of class C', that is, we assume that the base space X, the
fibre space ¥, the bundle space B, the projection =, and the coordinate
functions ¢;E ¢ are all of class C*, and the structure group © is a Lie
group.

Then we have the k™-extension Ti®B) of the bundle space B as a
C’-space, and there are induced the 7-extended maps

7% Tu®B) — TiX)
of the projection = and
ekt TUVIX THD) — Ti(B)

of the coordinate functions ¢;.
If X=jja), a: R0 %x and ¥ =7(3), 3:R50-9, y and
if x=V,N\V,, then we have
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¢i5x(Y) = (X, Y)

and

(@)™ ¢ 0idx(Y) = () (X, Y))
=" (¢3Ni (@) ala), FH(3))
= j(g)Usa), 73(3))
=gm'=(X, Y) =g:z§=x(Y).

Hence (¢j) 'o¢i is identical with the 7-extended map gk: Ti(ViN
THV) > TiS). Since Ti(®) operates effectively on Ti(9), k™-exten-
sion Ti(B) has a bundle structure

Ti®) (TiX), TYY), TiO), =& @),

where ¢ is the family of the 7-extended coordinate functions ¢i. The
bundle T'%®B) is called the k-extension of B,

Let us denote the associated principal bundle of a bundle B(%, 9, &,
a, @) by BE, G, &, @), which is also of class C'. The coordinate
functions ¢'s: Vix® — B’ is given by

Sall(x> g) = %.x"g-
The right hand side of this expression means an admissible map
¢1.:°8 1 D D (9. being the fibre over x)

of B, and the associated principal bundle B’ may be identified with
the set of admissible maps of the bundle B.
On the one hand, a mapping e¢#x is an admissible one of the fibre
Ti9) onto the fibre over X & Ti(X). On the other hand, we have the
".extension of the associated principal bundle ¥B’:

THONTE), TKY), TUO), 5 ¢

By use of a, 3 in this paragraph and 3 in §2 defining X, ¥ and G
respectively, we have
P X, G) (V) =7(g)Fal@), ToGNFD)
= jilgila, 7)) 75(3)
=jilgi(a, 7) (3N
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= joloua, 7(8)))
= j7(e)(Gsa), Fi(7)Ga(BN)
= 501;(}(, G(Y)).

Since Ti(®) operates effectively on Ti(9), we have
90’1;(}{, G)= 9?i>lr<x°G-
Thus the following theorem is obtained.

Theorem 4. The k-extension of the associated principal bundle
B of a bundle B is equivalent to the associated principal dbundle of
the k-extension Ti(B) of the bundle ‘B.

In the k-extension 7i(¥) of a space ¥, the neutral 2"-spreads form
a trivial cross-section under its projection f, which may be identifies
with the space X. Then we consider the portion over X of the A'-
extension T4®B) of a bundle B, and denote it by B(X). Its coordinate
transformations g5 are given by

gn=gs| ViNV,
and they are maps
gx:ViNV,;— G,
® operating on Ti%2) as a subgroup of TU®), i.e.
gY)=:gY)
Its coordinate functions ¢, are given by
¢ = o | Vix Ti(D),
and the projection 7. by
g%, ¥)) =2
Consequently, the portion B(X) has a bundle structure
BE, THY), O, 7, 9)

and we call it the verticall k -extension of the bundle B.
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