NOTES ON BLOCKS OF GROUP CHARACTERS
Masaru OSIMA

Introduction. We consider a group & of finite order g = p“g’,
where p is a prime number and (g, p) =1. Let I = I'(®) denote
the corresponding group ring formed with regard to an algebraic
number field 2 which contains the g-th roots of unity. Let K, K,
------ , K, be the classes of conjugate elements of ®. Then I' splits
into a direct sum of m simple ideals I';:

(1) r=r@r,®:- ®@r.,.

Denote the center of " by 4 = A(®). Corresponding to the decom-
position (1) we have

(2) 4 :A1®A2® """ @Amy

where each 4, is isomorphic to £.

Let o be the ring of all integers of £ and let p be a prime ideal
of o dividing . We denote by o* the ring of all p-integers of 2, i.e.,
of all a/b, where @, b lie in o and (,p) =0o. The ideal p generates
an ideal of o* which will be denoted by y*. We then have

@* = o¥[p* = ofp

for the residue class field. Let I'* = r*(®) be the modular group
ring of & over 2* and let 4* = 4*(®) be its center.

In the present paper we study the structure of the center 4%
and derive some results [1], [2] stated by R.Brauer without proofs.
Some new results are also obtained. In section 1 certain ideals of
4* are defined. We determine the primitive idempotent elements of
A% in section 2, Let

A = AF@AFE e € A

be the decomposition of 4* iInto indecomposable ideals 4%*. The
ordinary irreducible characters x, of & and the modular irreducible
characters ¢, of @ (for p) are distributed into s blocks B, B,, ------
B,, each %, and ¢, belonging to exactly one block B,. In section 3
we investigate the properties of the defect group of a block B,.

1) The same result has been obtained by H. Nagao independently.
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Section 4 deals with the elementary divisors of the Cartan matrix
C, of B,.

1. The classes of conjugate elements K,, K, ----- , K, of &
form a basis of 4. Here each class K, is interpreted as the sum of
all elements in K,. We then have

(3) KmKﬁ = ;ammeQ

where the a,,, are rational integers, @,y =0. Evidently a,s = Gg.y.
Further we see easily that Xla,.; = g3, where gz denotes the number

of elements in Kz. The order of the normalizer 9(G,) of G, in &
is given by #n, = g/g. for every element G, in K,. Let K,+ denote
the class which contains the elements reciprocal to those of K.
Lemma 1. @,5 = o7y /M. '
Proof. Let G (i =1,2, - , &) be the elements in K, and let
G; be a fixed element in K,. The number of elements GG, which
lie in K, is equal to a,+,,. Hence

KK, = K,( 3 G'G,G) = 3 G'K,G,G

Gin® Gin®
-4
= 31 G X GPG) G = SaxpnK,.
Gin® ji=1 b%

On the other hand, it follows from (3) that
nBK,,KB = 2a¢‘377lBKy.
Y

This proves our assertion.

We shall say.that a group $, of order p'* is the defect group
[2] of a class K, if $, is a p-Sylow-subgroup of the normalizer of
suitable elements in K,. The exponent 2%, is called the defect of K,.
If we consider conjugate subgroups of & as not essentially different,
then 9, is uniquely determined by K,.

Lemma 2. Let o be a fixed rational integer such that 0 < p < a.
The classes K, with hg < p form a basis of an ideal 3B, of the center
A* of the modular group ring I'* .

Proof. If hy < hy, then @, =0 (mod p) by Lemma 1, whence
for any class K,

1) See [7], §4.
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Kd Kﬂ = 2 (Z,,BYKY (mOd p),

where the sum extends over all K, with %, < 4.
We have by Lemma 2 the following series:

(4) 4* = 8u = 484103801 b= 3-8% >0 (Ogak)-

Lemma 3. If no element of K, lies in the centralizer C(9,) of
9, in O, then @, = 0 (mod p).0

Assume that a@,p,50 (mod p) in (3). It follows from Lemma 3
that there exists an element in K; which commutes with all elements
of $,, and hence 9, ¢ $.» We then have

Kng = EamByKy (mOd P),
Y

where the sum extends over all K, with ©, € ;. Thus we obtain
the
Lemma 4. Let K, be a given class with the defect group 9.
The classes K, with ©, € Dp form a basis of an ideal 3(9;) of A*.
Let 9,9, %, «---., 9 % be a system of defect groups of order
P such that every defect group of order p* is conjugate to exactly
one .. We then see that

Sa; = B(®) + BOS) + e + BO) + '8“11-1 :
If we set

Sa‘(u) = 8(‘@1:”(“‘)) + e + :8(@:(“‘)) + Sa‘ﬂ ’
then every 8, is an ideal of 4* and
(5) 8«, = 8%(0) > -81:‘“) = 2 Sa‘(t—l) =2 8«1“1'

Further if we set (3(9) + 8._,)/ Ba,, = Wy, then
Be/Ba,, = THED QD - DI,

2. Every ordinary irreducible character x; of & determines a
character o, of 4 which is given by
(6) "’t(Ku) = ngt(Ga)le s

where G, is an element in K, and 2z, is the degree of x,. The

1) See [1], p.112.
2) Strictly speaking, §y is conjugate in ® to a subgroup of 9g.
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modular characters «* of 4% are obtained by considering the different
o, (mod p). As was shown in [6], two characters », and x; belong
to the same block if and only if for every class X,

wz(Kw) = wj(Kw) ' (mod P).

As is well known, the primitive idempotent element e, of 4 cor-
responding to the character %, is expressed in the form

(7) e = %ilzixi(cm—l) Km .
We set
E&r = Eleé = ii(z, ziZi(Gm—l))le
3 &g w=1 ¢

where the sum extends over those 7 for which the x, belong to a
block B,. If we set ‘

bn& = %EIZLXi(Gm_I)U

then b5, =0 for any p-singular class X, [5]. We may assume that

K,K,, - , K. are the p-regular classes of &. We then have
‘m¥ m¥
(8) E = 35K, - %?’:@' 20V ) Ko,
where V, is an element in K, (=1, 2, .--.-- , m*). Denote by 7, the

character of the indecomposable constituent of the regular repre-
sentation of & corresponding to ¢, and by #, its degree. Since

2}’ 2V, = %}’ u.o VY,

we see that the b, (a=1,2, ----- , m*) are p-integers of 2. Observe
m¥
that #, = 0 (mod 2% for every x. Since o,(E)) = b, 0,(K,) =1 for
a=1
any character x, in B,, we have
m*
(9) Db K) = 1,
o=

where b3 = b, (mod p). This implies that there exists a koefficient
b, such that b 0. If we set EX = E, (mod p), then we see by
the above discussion that Ej == 0. Evidently

E} = (E}), EXEX =0 (o)
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and hence s primitive idempotent elements of A* are given by E}*
(6=1,2, ..., 8). .
Theorem 1. Every block B, contains an indecomposable character
7, of degree u,==0 (mod p**').
Proof. Suppose that #, =0 (mod p**Y) for all », in B,. Then
b,=0 (mod p) for « =1, 2, ----.- , m*. This gives a contradiction.
We have for any x; outside of B,

(10) w/E,) = glbmw,(Km) =0 (mod p).

We then obtain by (9)
Theorem 2. Two characters x;, and x; belong to the same block if
and only if o(K,) = o,(K,) (mod p) for all p-regular classes K, .
Lemma 5. Let V be a fixed p-regular element of &. If (V) =0
(mod p) for all x;, in B,, then ¢ (V) =0 (mod p) for all ¢, in B,.
Proof. Denote by y, the number of modular characters ¢, in B,.
Our assertion follows immediately from the fact that the decomposi-
tion matrix D, of B, has the rank y, when it is considered mod p [6].
Let p»* be the highest power of p dividing one of the number
g/z, with », in B,. The exponent d is called the defect of B,. In
the following we consider a block B, of defect d. Since o,(K,) =
Z.0{V) 2, = gu(V) [n,2, are algebraic integers, we have for all
p-regular classes K, with %, > d and for all x in B,

uVe) =0 (mOd p).

Hence it follows from Lemma 5 that 5} = 0 for all p-regular classes
K, with 2, > d. On the other hand, we have o/K,) =0 (mod p) for
all p-regular classes K, with 2, < d and for all x; in B,. Conse-
quentily we have for any g, in B,

(11) 20F oK) = 1,

where the sum extends over all p-regular classes KX, of defect d.
This implies that two characters z, and x; belonging to blocks of
defect d appear in the same block if and only if o/(K,) = o,(K,)
(mod p) for all p-regular classes of defect d. ’

It follows from (11) that there exists a p-regular class K, of
defect d such that

12 bF %0, w*(K,) %0
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for any », in B,. We have by (12) the

Lemma 6. A character y; belongs to a biock of defect d if and
only if o(K,) =0 (mod p) for all p-regular classes K, with h, < d
and o,(K,) 2= 0 (mod p) for at least one p-regular class K, of defect d.

We see further that if o,(K,)==0 (mod p) for a p-regular class
K,, then y, belongs to a block of defect d < 4,.

We consider a character x, of degree z, =0 (mod p%. We set

e = %%LZEX{(GJI)K«’ = ai‘:amKw'
Then a, =0 (mod p) for all K, with &, > 0 since #,(G,") =0 (mod p)
for G, in these classes. Hence

13) Sla.0(K,) =1 (mod p),

where the sum extends over all K, of defect 0. Thus we see that
there exists a class X, of defect 0 such that (X)) ==0 (mod p).
Since any class of defect 0 is p-regular, we have by Lemma 6 the
following
Lemma 7. A character x, of degree z,=0 (mod p% belongs to a
block of defect 0. .
Theorem 3. Let B be a set of ordinary characters of & such that
> x(ViudS) =0 for any p-regular element V and for any p-singular
{In
element S. Then B is a collection of blocks of ®.”
Proof. Denote by B, the set of characters x, which lie in both
B and B,. We then have [6, Theorem 6]

SYa(VyuS) = 0,

where the sum extends over all z, in B,. We shall prove that if
B, is not empty, then B, = B, namely, B contains all %, in B,. For
a fixed p-regular element V, we consider a generalized character

@V(G) = E’X{(V) xz(G),

where the sum extends over all y, in B,. Applying Theorem 17 [4]
to 6,(G), we have 6,(G) = > s(V)7(G). Since the x,(V) are algebraic

integers, the s (V) are also algebraic integers.” This impliés that

1) The converse of the theorem ie also true. See Theorem VIII [5].
2) Cf. the proof of second half of Theorem 17 [4].
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%@Va) - %Z’Z;xi(V) = %;ms‘(w

is a p-integer for any p-regular element V and so
m*
E, = — B(SVzu(Vo)) K, (mod )

is an idempotent element of 4*. Since o,(E;) =1 for %, in B,, E,==0
(mod y). Suppose that a character x, in B, does not appear in B..
Then o, (E!) =0. On the other hand, we have o.(E.) =1 (mod p)
since w,{K,) = 0,;(K,) (mod p). This gives a contradiction. Hence if

B contains a character %, in B,, then all characters in B, appear
in B.

3. Let  be any subgroup of & and let its order be p* k2 =0.
Denote by €(9) the centralizer of  in @ and by N(9) the normalizer
of D in & Let M be a subgroup such that

14) PC®) € N c N(D).

If K? is the part of K which lies in €(D), then either K =0 or K
is a sum of complete classes of M. As was shown in [2], we have
from (3)

(15) KIK} = 50 Ky (mod ).

Hence the classes K, with K =0 form a basis of an ideal 7* of
A*. On the other hand, the K. = 0 can be considered as the basis
of a subring R* of the center 4*(N) of the modular group ring I'*(N)
of N. (15) implies

(16) R* = A*|T*.

Let E* be a primitive idempotent element of A* corresponding
to B,. Suppose that E¥ ¢ T* and let E* be the element of R*
corresponding to E* (mod 7*) in (16). Then E}* is a sum of primi-
tive idempotent elements of 4*(R). We denote by B the collection
of blocks of A*() determined by Ej*. If a block B, of 4*®) is
contained in B, then we say that B, determines the block B, of
4%, We have for z, in B, and %, in B,

an o (K,) = gap(z?,) (mod p),

where I?,L ranges over all classes of | which lie in K, and whose
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elements belong to the centralizer €(9) of . If K, belongs to 7%,
then

18 o (K =0 (mod p).

Lemma 8. If E}¢ T*, then there is a class K, in T* such that
o(K,;) =0 (mod p) for x, in B,, and conversely.

As was shown in section 2, there is a p-regular class X, of
defect d such that 5* &= 0 and o,*(K,) %0 for x, in B, of defect d.
Let © be a subgroup of & which is not conjugate to a subgroup of
the defect group 9, of K, and let §* be its order. Choose % in (14)
as the normalizer N(H) of . Our assumption implies that K,'= 0
and hence K, lies in 7*. Since «;(K,) =0 (mod p), it follows from
Lemma 8 that E* € T*. Consequently b, = 0 for any class K, out-
side of T*. We then have .

Theorem 4. Let EF = 30*K, be a primitive idempotent element

of A* corresponding to a block !B,r and let b} X0, o*(K,) =0 for z
in B,. If b0, then ., 9,.

The defect group 9, of K, in Theorem 4 is called the defect
group of the block B,. Theorem 4 implies that the defect group of
B, is uniquely determined by B, if we consider conjugate subgroups
of @ as not essentially different. The defect group of B, will be
denoted by ®,. It follows that 4% = A*E}* c 3(D,).

Corollary 1. Let B, be a block of defect d with the defect group
D. Then > b,0(K,) =1 (mod p) for x, in B,, where the sum extends

over all p-ngular classes K, with 9, = D.

Corollary 2. Two characters x. and x, belonging to blocks with
the defect group D appear in the same block if and only if o,(K,)
= w,(K,) (mod p) for all p-regular classes K, with 9, = 2.

It follows from (18) that if w(K,)==0 (mod p) for x, in B, with
the defect group D, then Dc ,.
. Lemma 9. If & contains a normal subgroup © of order p°, d > 0,
then all blocks of & have at least the defect d.

Proof. Since every block B, of & contains at least one character
of &/9H, our assertion is proved readily.
. Theorem 5. The defect group © of a block B, is a maximal

normal p-subgroup of the normalizer WD) of D in ®.

Proof. Choose 9 in (14) as the normalizer (). Since there

exists a p-regular class K, with the defect group 9, =2 such that
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~( )sz (mod p) for 7; in B, and since K, contains only one class
K, of N(D) which consists of elements of €(P), we have by (17)

0 (K) = oK) %= 0 (mod p)

for any %, in a block B, of W(®) corresponding to B,. Hence it
follows from Lemmas 6 and 9 that the defect group of B, is ©. We
then see by Lemma 9 that © is a maximal normal p-subgroup of
RN(D).

Let  be a normal subgroup of @ and let its order be p*, A > 0.
We choose 9 in (14) now as the normalizer () = ®. Since €)
is a normal subgroup of &, if K)=0, then K? = K,. The classes
K, such that K &= 0 form a basis of a subring R* of 4*. We then
have

(19) A* = R* 4 T*, R* =~ A4*|T*.

Since the defect group of every block B, of & contains $,° no EJf
lies in T* and hence Ej* e R*. Consequently T* is contained in
the radical of 4*. This, combined with Theorem 4, yields the

Lemma 10. Let  be a normal p-subgroup of & and let B, be a
block of © with the defect group . Then

= E bd*Km >

where the sum extends over the p-regular classes K, with £, = 9.

Now we can prove the following

Theorem 6. & possesses r blocks of defect d with the defect
group D if and only if WD) possesses r blocks of defect d (with the
defect group D).

Theorem 7. If O contains a normal p-subgroup © and if the
centralizer €(D) of © in & is also a p-group, then & possesses only
one block.®

Proof. The subring R* of A4* in (19) can be considered as the
subring of the center 4*(E(D)) of I'*(€(H)). Hence, by our hypothesis,
R* contains only one primitive idempotent element. Since any primi-
tive idempotent element of A4* is contained in R*, we see that 4* is
completely primary.

4. We arrange ¢ (V,), 7.(V,) in matrix form

1) See Lemma 1 [3].
2) This is an improvement of Lemma 2 [3].
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0 = (¢dVa)), H = (2(Va)
(¢ row index, « column index; s, a=1, 2, .-----, m¥). We have by [6]
20) 0] + (mod ).
We denote by @ the transepose of @ = (¢(V,?)). Then
OH = (n,0,5) = T.

We set Y= HT' = (5(V,)/#n,), where the (V,) /n, are p-integers
[5, Theorem V]. Since @'Y = I, we have by (20)

1) | Y| 2=0 (mod p).

If the block B, contains y, modular characters ¢,, then we can
choose a minor | @, | of degree y, containing y, rows of @ corre-
sponding to B, such that |®,|==0 (mod p). It can be shown that
it is possible to make this selection of y, columns for each block B,
in such a manner that every column appears for one and only one
block. Hence we may assume without restriction that

D, "
m2
(22) 0 = . , e, ==0 (mod p).
* . 0,
In what follows we shall denote by K, ,, K, ,, «+- » K, ,, the

p-regular classes of & associated with B, by the preceding construc-
tion. We set

Yu' = (7];:(Vcr . a)/na' .w) .
We then have

23) | Y. | = |e,||C. || [Tn,..,

a=]

where C, is the Cartan matrix of B,. Since | Y, | is p-integer and

| Cs| is a power of p, it follows from (22) and (23) that |C,| > ﬁr lp"“'“.
On the other hand, we have

C| = ]gflcu,] — ]Z'(jz”lprm.m).
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Hence | C, | = GI:’;L p"*. This implies |Y,|==0 (mod p). If we set
0,Y, = Q,, then | Q, | <=0 (mod p) and
(24) 0.C,0, = Q. 7T,,

where T, = (1, .045). If we work in the ring o* of p-integers of &,
we obtain by (24) the following

Theorem 8. Let K, , K, ., - , K, . be the p-regular classes
of O associated with the block B,. Then the elementary divisors of
C. are the powers of p with the exponents h, , (@ =1, 2, - . s Va)e

We see easily that our theorem is identical with [1, Theorem 2].
Now we set

Then

S=0M= (1" 3 eVinv.)

na’." @« in B

= (G2 3 wVin..) = 6685 0w,
B,

n"'-" X; in Bs

where each row is characterized by a pair of indices r, 8 and each

column is characterized by a pair of indices o, a. Since | Y, |==0
(mod p), we have
(25) ) [S]==0 (mod P).

By the simple computation we see that

(26) K..E. = 3} ( 1 5 ,_.,.(v,,,,)mv;fs))ls:,g

na.u Xt in Bo'

= ?‘:’;S(T' B; o, ) K, 4.

Let © be the defect group of B.. Since EXe€ 3(D), if $, %D, then
S(t,B; g, @) =0 (mod p). We see also that s(r, 8; o, a) =0 (mod p)
if 9,0 F9,,.. It follows from (26) that ‘

(27) (Kl.lEl’ K-x.zEu """ ’ Ks,hEx) = (K;,lsKl,Es """ ’ K;,ys)s-

(25) implies that {K, ,E*} are linearly independent. If
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KI,IEI; Kx,zEu """ ’ K-l..'/lEL’ K.‘.',IE_" """ ’ Ks.ﬂsEs

are taken in a suitable order corresponding to (4), we have by the
above argument

W, 0

We
PSP = " (mod p),

* W.,
where P denotes a suitable permutation matrix. K, , and K, , range
over only the p-regular classes of defect @, in W,, = (s*(r, B; 4, @),
where s*(, 8; ¢, a) = s, B; o, ) (mod p). (25) yields

(28) | We,| % 0.
Moreover we may assume by (5) that
4, 0
4,
Wa; = »
0 )

where K, ; and K, , range over only the p-regular classes with the
defect group 9. in 4, = (s*(r, 8: 0, @)). Hence

(29) 4,1 = 0.

Consequently we have the

Lemma 11. There exists at least one class K,z with 9, 5 = Do,
such that s*(x, 8; o, a) =0 in (26).

Theorem 9. ILet K, , (=12, .- , ¥.) be the p-regular classes
of ®& associated with a block B, of defect d with the defect group .
Then 9,,, €D (@a=1,2, - » ¥,) and there exisits exactly one class
K, . with ©, , = <.

Proof. Lemma 11 implies $, .c D. It follows from (27) that
E} is expressed as a linear combination of K, ,E* (@ =1, 2, - AR
Hence there exists at least one class, say, K,,, with §, , =D. Sup-
pose that §,,, = D. Then »(V,,)=x(V,,.) =0 (mod p) for x in B,
whose degree 2z, is divisible by p*~™. Let x; and %, be two characters
in B, such that 2,50, 2,==0 (mod p***"). Since w;(Vs,) = @,(V,,)

(mod p), we have z,(V,,) =2 %(V.,) (mod ). Similarly, z,(Vs,) =
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%z,( V.. (mod p). We set Z, = (x,(V,,.)), where row index i ranges
over all ¥, in B,. It follows by the above argument that Z, has the
rank 7 < y, when it is considered mod p. But this gives a contradic-
tion and hence the theorem is proved.

Corollary 1. Let C, be the Cartan matrix of a block B, of
defect d. C, has one elementary divisor p* while all other elemeniary
divisors of C, are powers of p wilth exponents smaller than d.

Corollary 2. If there exist k p-regular classes K, in & with 9,
=D, then & possesses at most k blocks with the defect group 2.

If B, is a block of defect 0, then B, consists of exactly one
ordinary character x, and one modular character ¢,. Moreover y(V)
= ¢ (V) for any p-regular element V. Since x, with z,=0 (mod p%)
belongs to a block of defect 0, x; forms a block B, of its own.

Theorem 10. Lel K, (=12, - . ¥.) be the p-regular classes
of & associated with a block B, with the defect group © and let 7, ,,
be the number of classes K, ,, with 9, .= 9" (0 =a). Then 7, ,,
depends only the subgroup 9. and the block B,.

Proof. Let K, , (a=1,2, , ¥.) be a second set of p-regular
classes of & associated with B, and let 7, ,, be the number of classes
K ., with 9, , = 9®. We have for K, , with 9, , = H®

30) K. E} = 3lt.aK: oEF.

Here the sum extends over only those K/ zE* with 9 , ¢ 9., since
K_ .E}e 3(9"). Moreover there exists at least one K. , with the
defect group £, such that #,; & 0. Suppose that 7, ,, > 7, ,,. Then
we can conclude that the », ,, K, ,E/ are linearly dependent (mod
B.-) and hence | 4, ! = 0. This contradicts (29), so that 7, ,, <7/ .
Similarly, we have 7, ,, > 7., and hence 7, ,, = 7,

G 4Py *
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